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Red-Black Gauss-Seidel Method

Red-Black Gauss-Seidel is an iterative method used to solve a linear system of equations
resulting from a finite difference discretization of a given partial differential equation. In
this exercise, we solve the Poisson equation

∂2u

∂x2
+

∂2u

∂y2
= 1.0 (1)

on a unit square domain (Ω ∈ [0, 1]× [0, 1]) with Dirichlet boundary conditions

u(x, y) = 0 x, y ∈ ∂Ω. (2)

Figure 1: Red black ordering of nodes on Cartesian grid

The finite difference discretization of Eq .1 using a local five-point stencil on a Cartesian
grid results in the following system of equations

ui+1,j − 2ui,j + ui−1,j

h2
x

+
ui,j+1 − 2ui,j + ui,j−1

h2
y

= 1 i ∈ {2, . . . , Nx − 1}, j ∈ {2, . . . Ny − 1},

ui,j = 0 i ∈ {1, Nx}, j ∈ {1, Ny}

where Nx and Ny are the number of grid points in the x- and y-direction respectively. hx

and hy are the grid spacings in the x- and y-direction respectively. Setting Nx = Ny so that
hx = hy = h, ui,j is given by:

ui,j =
ui+1,j + ui−1,j + ui,j+1 + ui,j−1 − h2

4
. (3)
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From Eq. 3 and Fig. 1, we observe that ui,j at a red node is calculated using the node values
at the 4 neighboring black nodes and vice versa. Thus, in the first pass, ui,j is calculated
for all red nodes. In the second pass, ui,j is calculated for all black nodes. This procedure
is repeated until the residual is reduced below certain tolerance limit while maintaining the
specified boundary conditions. This procedure can be used to solve the Poisson equation
on a single processor.

Simple domain decomposition

Figure 2: Domain decomposition

To solve the Poisson equation using multiple processors, the square domain is broken down
into smaller blocks and each block is assigned to a processor (as indicated in Fig. 2). The
following guidelines are used in the parallel implementation.

• Each processor allocates memory for all the internal nodes as well as for nodes lying
on ghost layer on each side. For example, the ghost layer at the “bottom” of the red
domain in Fig. 2 is the layer of nodes at the top of the green domain.

• Ghost layers are populated by values from adjacent processors. For example, the
ghost layer at the “bottom” of the red domain in Fig. 2 is populated by the values
carried by the layer of nodes at the top of the green domain.

• Each processor calculates ui,j only at the internal nodes (internal nodes are all nodes
excluding the ghost layer nodes).

• Processes at the global domain boundary initialize their ghost layers to fulfill the
boundary conditions.

Question 1: Parallel Implementation

a) Solve the Poisson equation using Red-Black Gauss-Seidel as described above by taking
the following steps:

1. Write a subroutine rb gs(...) that locally performs one iteration of the Red-Black
Gauss-Seidel scheme. First, calculate ui,j at the red nodes with the five-point stencil
scheme. Subsequently, calculate ui,j at the black nodes using the red nodes.
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2. Write a subroutine residual(...) that locally computes the residual r such that

r =
∑
i,j

∣∣∣∣ui+1,j + ui−1,j + ui,j+1 + ui,j−1 − 4ui,j

h2
x

− 1

∣∣∣∣ . (4)

3. Write a subroutine boundary conditions(...). This subroutine fills the ghost
layers of processes at the global domain boundary with the appropriate values. To
check if a process is at the global domain boundary, check if their neighbor is equal
to MPI PROC NULL.

4. Write a subroutine comm(...) to fill the ghost layers with new values.

5. Write your main program.

• Calculate the ranks of the adjacent processors left, right, top, bottom.
Set the rank of non-existing neighbors to MPI PROC NULL.

• Calculate the sub-domain size with and without ghost layers.

• Calculate the spacing h.

• Allocate and initialize the field u to 1. Also initialize the receive and send buffer
in order to avoid reallocations at each iteration.

• In the main loop: update the ghost layers, update the field, compute the resid-
ual, collect the residual and stop if r < tol = 0.01. Also check to not exceed a
maximal number of iterations Nit = 20000.

b) Write the final field u into a file and plot it using a tool of your choice.

c) Increase the number of processors and record the runtimes to obtain a speed-up plot of
your implementation. Reason out the speed-up curve that you obtain.

Note:

1. Split up your code into several modules.

2. Explore different communication schemes and if possible, try to achieve latency hiding
by using non-blocking communication.
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