
Dec 20, 2011:ETHZ

The Lovasz-Vempala algorithm for computing the volume of a 
convex body in O*(n^4) - Theory and Implementation

Mittagsseminar, 20. Dec. 2011

Christian L. Müller, MOSAIC group, 
Institute of Theoretical Computer Science, ETH Zürich

396 L. Lovász, S. Vempala / Journal of Computer and System Sciences 72 (2006) 392–417

Fig. 1. The pencil construction when K is a pentagon. The cross-section is a ball near the tip and K at the base.
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2.2. The pencil construction

Let K be the given body in Rn and ! > 0. Let C denote the cone in Rn+1 defined by
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x ! Rn+1 : x0 !0,
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where x = (x0, x1, . . . , xn)
T. We define a new convex body K " ! Rn+1 as follows (recall that B # K #

DB):

K " =
&
[0, 2D] $ K

'
% C.

In other words, K " is an (n + 1)-dimensional “pencil” whose cross-section is K, which is sharpened and
its tip is at the origin. Note that by the definition of D, the part of K " in the halfspace x0 !D is inside C
and so it is a cylinder over K. Also, since K contains a unit ball, the part of K " in the halfspace x0 "1 is a
cone CB over the unit ball. See Fig. 1 for an illustration. It is trivial to implement a membership oracle
for K ".

The volume of the pencil K " is at least half the volume of the cylinder [0, 2D]$K . Hence, if we know
the volume of K ", it is easy to estimate the volume of K by generating O(1/!2) sample points from the
uniform distribution on [0, 2D] $ K and then counting how many of them fall into K ". Note that K " is
contained in a ball of radius 2D.

2.3. The multi-phase Monte-Carlo

Now we describe the “morphing” part of the algorithm. For each real number a > 0, let

Z(a) =
(

K "
e&ax0 dx,

where x0 is the first coordinate of x. For a"!/D, an easy computation shows that

(1 & !)vol(K ")"Z(a)"vol(K "),
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Abstract

We present a new algorithm for computing the volume of a convex body in Rn. The main ingredients of the
algorithm are (i) a “morphing” technique that can be viewed as a variant of simulated annealing and (ii) a new
rounding algorithm to put a convex body in near-isotropic position. The complexity is O!(n4), improving on the
previous best algorithm by a factor of n.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Efficient volume computation in high dimension is an important question both theoretically and prac-
tically. The first polynomial time randomized algorithm to compute the volume of a convex body in Rn

was given by Dyer et al. in their pathbreaking paper [6]. The convex body is specified either by a sepa-
ration oracle or by a membership oracle and a point in the body [8]. This result is quite surprising, given
that no deterministic polynomial-time algorithm can approximate the volume to within a factor that is
exponential in n [7,2]. A very high power of the dimension n (about 23) occurred in the complexity bound
of the algorithm, but subsequent improvements [14–17,1,5,11] brought the exponent down to 5. In this
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a b s t r a c t

Recently an O⁄(n4) volume algorithm has been presented for convex bodies by Lovász and Vempala,
where n is the number of dimensions of the convex body. Essentially the algorithm is a series of Monte
Carlo integrations. In this paper we describe a computer implementation of the volume algorithm, where
we improved the computational aspects of the original algorithm by adding variance decreasing modifi-
cations: a stratified sampling strategy, double point integration and orthonormalised estimators. Formu-
las and methodology were developed so that the errors in each phase of the algorithm can be controlled.
Some computational results for convex bodies in dimensions ranging from 2 to 10 are presented as well.

! 2011 Elsevier B.V. All rights reserved.

1. Introduction

During the last 15 years there has been remarkable progress
with respect to randomized algorithms for computing the volume
of a convex body in polynomial time. The important paper of Dyer
et al. [4] opened a way for finding randomized algorithms for com-
puting volume in polynomial time. Subsequent papers in this area
by Lovász et al. [7–9,15] and others brought down the initial expo-
nent of 27 to a much smaller value. Presently the last paper in this
series of improvements seems to be that of Lovász and Vempala
[11], who gave an O⁄(n4) algorithm, where n is the number of
dimensions of the convex body. (The O⁄(!) notation indicates, that
logarithmic factors are suppressed.)

In this paper we describe the randomized volume algorithm as
presented in Lovász and Vempala [11]. Its main result states, that
the volume vol(K) of a convex body K, given by a membership ora-
cle can be approximated to within a relative error !rel with proba-
bility prel using O⁄(n4) oracle calls. The description is augmented
with details rectifying small omissions in [11] and give full algo-
rithmic details of the implementation. (We would like to call the
readers attention, that there are two papers under the same title
[11,12] – the second paper is more extensive and has less errors,
so it should be preferred.) The main contribution of this paper is

the description of the first computer program implementing the
algorithm, and the computational results. Basically this algorithm
is a Monte Carlo integration technique, estimating the volume of
a convex body. Here the computational aspects of the algorithm
are emphasized and the variance decreasing modifications are de-
scribed in detail, the theoretical background concerning the com-
putational complexity of the algorithm can be found in the
previously mentioned papers. For more details on random number
generation and different kinds of Monte Carlo computations see
any standard textbook, e.g. [2].

In Section 2 we give a high-level, brief overview of the random-
ized volume algorithms. Section 3 gives a short overview of the
underlying ideas, collecting the main ingredients of the Lovász–
Vempala algorithm. In Section 4 we describe the computational
difficulties arising during the computer implementation, then their
solutions are discussed. In Section 5 we give the necessary auxil-
iary algorithms with full details. The last section presents the re-
sults of the computer implementation and some conclusions are
drawn. In our computations we experimented with problems, in
dimensions ranging from 2 to 10.

2. Volume algorithms – general description

First we give an informal summary into previous randomized
volume algorithms [7,12], then a short overview of the Lovász–
Vempala algorithm. A nice compact survey of the main focal points
of the developments up to 2004 can be found in [19].

Previous randomized algorithms worked along the following
general outline. First of all the convex body is preprocessed into

0377-2217/$ - see front matter ! 2011 Elsevier B.V. All rights reserved.
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Problem statement

• Given a convex body                accessible via a membership 
oracle and

• Compute the volume               with relative error   

3

K ⊂ Rn

�vol(K)

B(0, 1) ⊆ K ⊆ B(0, R)
K
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than known deterministic algorithms but only a few known instances where randomness provably
helps.

One problem for which randomness makes a dramatic difference is estimating the volume of
a convex body in Rn. The convex body can be accessed as follows: for any point x ! Rn, we can
determine whether x is in the body or not (a membership oracle). The complexity of an algorithm
is measured by the number of such queries. The work of Elekes [12] and Bárány and Füredi [4]
showed that any deterministic polynomial-time algorithm cannot estimate the volume to within
an exponential (in n) factor. We quote their theorem below.

Theorem 1. (See [4].) For every deterministic algorithm that uses at most na membership queries
and given a convex body K with Bn " K " nBn outputs two numbers A,B such that A #
vol(K) # B , there exists a body K $ for which the ratio B/A is at least

!
cn

a logn

"n

where c is an absolute constant.

In striking contrast, the celebrated paper of Dyer, Frieze and Kannan [10] gave a polynomial-
time randomized algorithm to estimate the volume to arbitrary accuracy (the dependence on
n was about n23). This result has been much improved and generalized in subsequent work
(n16 [17]; n10 [2,16]; n8 [9]; n7 [18]; n5 [15]; n4 [19]); the current fastest algorithm has com-
plexity that grows as roughly O(n4/!2) to estimate the volume to within relative error 1 + !

with high probability (for recent surveys, see [22,23]). Each improvement in the complexity has
come with fundamental insights and lead to new isoperimetric inequalities, techniques for ana-
lyzing convergence of Markov chains, algorithmic tools for rounding and sampling logconcave
functions, etc.

These developments lead to the question: what is the best possible complexity of any ran-
domized volume algorithm? A lower bound of "(n) is straightforward. Here we prove a nearly
quadratic lower bound: there is a constant c > 0 such that any randomized algorithm that approx-
imates the volume to within a (1 + c) factor needs "(n2/ logn) queries. The formal statement
appears in Theorem 2.

For the more restricted class of randomized nonadaptive algorithms (also called “oblivious”),
an exponential lower bound is straightforward (Section 5.1). Thus, the use of full-fledged adap-
tive randomization is crucial in efficient volume estimation, but cannot improve the complexity
below n2/ logn.

In fact, the quadratic lower bound holds for a restricted class of convex bodies, namely par-
allelopipeds. A parallelopiped in Rn centered at the origin can be compactly represented using
a matrix as {x: %Ax%& # 1}, where A is an n ' n nonsingular matrix; the volume is simply
2n|det(A)|(1. One way to interpret the lower bound theorem is that in order to estimate |det(A)|
one needs almost as many bits of information as the number of entries of the matrix. The main
ingredient of the proof is a dispersion lemma which shows that the determinant of a random
matrix remains dispersed even after conditioning the distribution considerably. We discuss other
consequences of the lemma in Section 8.

Our lower bound is nearly the best possible for this restricted class of convex bodies. Using
O(n2 logn) queries, we can find a close approximation to the entire matrix A and therefore any
reasonable function of its entries. This naturally raises the question of what other parameters
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The break-through: Randomized algorithms

• There is a polynomial time randomized algorithm that computes 
the volume with high probability           with arbitrarily small 
relative error   . 

• Break-through paper by Dyer, Frieze, and Kannan in J.ACM, 
1991describes a randomized algorithm with O*(n23) complexity 

4

1− δ
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364 M. Simonovits

Authors Walk Sandwiching Sampling Remark #S
Type method

Dyer-Frieze grid d = n
!

n Break-
-Kannan [36] +Minkowski sum through n23

Lovász- grid Localization
-Sim.[78] Lemma n16

Applegate grid two cubes Metropolis
-Kannan [8] d = n n10

Lovász Ball
[76] walk n8

Dyer-Frieze grid two cubes
[35] n8

Lovász ball randomized, d = cn Metropolis
-Sim.[80] walk

!
Rn e"!, Cost: n7 n10

Kannan-Lovász ball Isotropic, interlaced c1n
3d2+ Theorems

-Sim. [60] walk Cost: n5 c2Nn2d2 1 2 n5

Lovász [77] Hit-and Warm start Warm
-Run see Remark 11 start n5

Lovász “Simulated See
-Vempala [84] Annealing” Appendix II n4

7. Eigenvalues, conductance, Isoperimetric
Inequalities and Rapid Mixing

7.1. Why are the isoperimetric inequalities important?

In these algorithms it is very important to understand, why the isoperimetric inequalities
are important.

Isoperimetric inequalities belong to the classical part of mathematics. In analyzing
Rapid Mixing of Markov Chains they are important for the following reason:

Consider the example of two intersecting balls in Section 2.3. There we have defined
a non-convex body: the union of two unit balls, D#(0, x). Choose x at random from the
unit sphere. If we start a random walk say from the origin, then we have only exponen-
tially small chance to reach the center of the other ball, because they can be separated
from each other by an exponentially small surface: there is a bottleneck between the two
balls and we have no chance to find this bottleneck.

So to hope for rapid mixing we need lower bounds for the sizes of separating sur-
faces, and these are the Isoperimetric Inequalities. We cannot hope for such inequalities
in all the cases but we can if K is convex.

7.2. Localization Lemma

In [78] we established a method which made easier to prove various isoperimetric
inequalities.

Dyer, Frieze and Kannan conjectured an isoperimetric inequality which we proved
in a stronger form [78]:

Theorem 9 (An isoperimetric inequality). Let K $ Rn be convex, with diameter d.
Assume that a surface with (n " 1)-dimensional measure f splits K into two sets K#
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samples from a density proportional to e!x0/T with monotonically increasing values of T (in simulated
annealing, T, the “temperature”, is decreased).

On two points this new approach brings in new difficulties. The first is related to the fact that we have to
sample from distributions that are not uniform over K. Various methods for sampling convex bodies have
been extended to logconcave distributions, and indeed our density functions are logconcave; but they do
not satisfy any smoothness conditions, and so we have to use recent results [18,19] that give sampling
algorithms with O"(n3) steps (oracle calls) per sample point, without any smoothness assumption.

The other difficulty is that these sampling algorithms need a “warm start”, i.e., they cannot be started
from a fixed point but from a random point that is already almost uniformly distributed, in the sense that
the ratio of the target density and the starting density is bounded at every point. In the standard version
of the volume algorithm, this could be guaranteed by using the sample points generated in the preceding
phase as starting points for the new phase. In our case this cannot be done, since the ratio of densities
is not bounded. Instead, we use the hit-and-run random walk which has a much milder dependence on
starting density. In [19], it was shown that the complexity of sampling by this walk depends only the
logarithm of the L2 norm of the starting density; i.e., it suffices that this norm is polynomially bounded.

The main result of the paper can be stated precisely as follows.

Theorem 1.1. The volume of a convex body K, given by a membership oracle, and a parameter R such
that B # K # RB, can be approximated to within a relative error of ! with probability 1 ! ! using

O

!
n4

!2 log9 n

!!
+ n4 log8 n

!
log R

"
= O"(n4)

oracle calls.

The oracle needed is a weak membership oracle [8]. The number of arithmetic operations is O"(n6), on
numbers with a polylogarithmic number of digits. As in all previous algorithms, it is a factor of O"(n2)
more than the oracle complexity. In the next section, we describe the volume algorithm. For the analysis
(Section 2.4 gives an outline), we will need some tools about logconcavity and probability (Section 3).
In the description of the volume algorithm, we will assume that B # K # O"(

$
n)B. In Section 5, we

show how to achieve this by an algorithm that “rounds” a given convex body.

2. The volume algorithm

In this section, we describe the main volume algorithm. We will assume that the convex body of interest,
K # Rn, contains the unit ball B and is contained in the ball DB, where D = O(

$
n ln(1/!)). If this

is not true for the given K, it can be achieved by a pre-processing step (finding and applying a suitable
affine transformation) which is described in Section 5. To avoid some trivial difficulties, we assume that
n!16.

The main part of the algorithm consists of a modification of K, called the “pencil" construction, described
in Section 2.2, followed by a multi-phase Monte-Carlo estimation. The algorithm uses a subroutine for
convex body sampling as a black box, described next.

Lovasz and Vempala
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Part 1: Tools for volume computation                       
- Membership oracle and boundary oracles                                                    
- MCMC methods and the Hit-and-Run sampler                                               
- “Classical” volume computation                                                                             
- Simulated Annealing and log-concave functions
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Membership oracle

Output

6

Convex body K

Input

x1
x2

xi

xn

...

...

x ∈ Rn

“Yes” if x ∈ K

“No” otherwise
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Boundary oracles for line samplers

• Boundary oracle: Given a interior point in the body and an arbitrary direction. 
Return the upper and lower bounds of the body along the direction

• Boundary oracles are known for linear constraints, ellipsoidal constraints, 
and semidefinite constraints (Polyak et al. 2006)

• Boundary oracles can be constructed from membership oracles using 
bisection

7
11

Ax ≤ b

xTAx ≤ 1

A0 + x1A1 + . . .+ xnAn � 0 .
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MCMC sampling

General objective: Draw unbiased samples from a continuous target 
probability distribution that is given in black-box form (and most often only up 
to a normalizing constant) 

x
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MCMC sampling

General objective: Draw unbiased samples from a continuous target 
probability distribution that is given in black-box form (and most often only up 
to a normalizing constant) 

... 

Black-box sampling

x
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• Evaluate density at new sample and calculate the Metropolis criterion: 

• Draw a random number u from U(0,1) and accept             if u < α

α(x(g),x(g+1)) = min

�
1,

f(x(g+1))

f(x(g))

�

x(g+1)

 MCMC sampling
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• Markov Chain methods that iteratively sample from a fixed proposal 
distribution (often Gaussian distribution) and evaluate the target density 
there

• Random Walk Metropolis algorithm (Metropolis et al., 1953) 

 MCMC sampling
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• Markov Chain methods that iteratively sample from a fixed proposal 
distribution (often Gaussian distribution) and evaluate the target density 
there

• Random Walk Metropolis algorithm (Metropolis et al., 1953) 

x(g)

x(g-1)

 MCMC sampling
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MCMC and Hit-and-Run sampler

11

K (R. L. Smith, 1984) 
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MCMC and Hit-and-Run sampler

11

K (R. L. Smith, 1984) 

Lovasz shows in 1999 that Hit-and-Run mixes in                    for the 
uniform distribution. He also shows that the bound is best possible in 
terms of R and n.

O
∗(n2

R
2)
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“Naive volume algorithm”

12

* 
* * 

* 

* 

* 

* 

* 

* 
* 

* * 

* 
* 

* 

* 

* 

* 

S 

vol(K) =
|S ∩K|

|S| vol(B)

Needs exponential size S 
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“Classical volume algorithm”

13

K0 = B0

Km = K
Ki = K ∩ Bi

Bi = 2i/nB0, i = 1, . . . ,m
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“Classical volume algorithm”

13

vol(K) =
vol(Km)

vol(Km−1)

vol(Km−1)

vol(Km−2)
. . .

vol(K1)

vol(K0)
vol(K0)

K0 = B0

Km = K
Ki = K ∩ Bi

Bi = 2i/nB0, i = 1, . . . ,m
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• It can be shown that the number of phases must be                      
and                     samples are needed per phase.

• The body must be sandwiched by the unit ball and an outer ball 
with radius                         . This can be achieved in               .

• Using Hit-and-Run to generate samples from the convex body 
results in an              algorithm. 

• This is best possible for this type of Multi-Phase Monte Carlo 
scheme. 

14

“Classical volume algorithm”

m = Ω(n)
m = Ω(n)

R = O
∗(
√
n)

O
∗(n5)

O
∗(n4)
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Simulated annealing
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• Simulated annealing has been introduced by Kirkpatrick, Gelatt, 
Vecchi in 1983 and Cerny in 1985.

• General-purpose heuristic optimizer for discrete and 
continuous problems         .  

• Identical to the Metropolis algorithm but the acceptance ratio 
α is parametrized by a “temperature” Ti that is continuously 
lowered (annealed) during optimization.

f(x)
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Log-concave functions

16

• For log-concave functions the following relationship holds:

• Examples are the indicator function and the Gaussian function

• Hit-and-run also mixes fast for log-concave densities.

f(θx+ (1− θ)y) ≥ f(x)θf(y)1−θ

f : Rn → R+
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Further reading
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Abstract. In some areas of theoretical computer science we feel that randomized algorithms are better and
in some others we can prove that they are more efficient than the deterministic ones.

Approximating the volume of a convex n-dimensional body, given by an oracle is one of the areas where
this difference can be proved. In general, if we use a deterministic algorithm to approximate the volume,
it requires exponentially many oracle questions in terms of n as n ! ". Dyer, Frieze and Kannan gave
a randomized polynomial approximation algorithm for the volume of a convex body K # Rn, given by a
membership oracle.

The DKF algorithm was improved in a sequence of papers. The area is full of deep and interesting
problems and results. This paper is an introduction to this field and also a survey.

1. Introduction

We shall consider n-dimensional convex bodies K # Rn and will try to calculate various
geometric parameters of these bodies. The most important ones are the volume, diameter
and width.

Computing the volume of a “given” 3-dimensional body is not too difficult. We may
assume that the convex body K is enclosed in a box B = Xi$3[ai, bi]. We can sim-
ply subdivide the intervals up to a given precision ! > 0 and then count how many of
the obtained small cubes have nonempty intersection with K . This number, properly
normalized, will give a sufficiently good approximation of the volume, vol(K).

The above method could be considered efficient in every fixed dimension, if poly-
nomiality is measured in 1/! but not if we measure it in n and n ! ": practically the
above method becomes useless.

Here we are looking for geometric algorithms that are polynomial in n, the dimension
of the considered body. So we cannot use the above method of “fine subdivision” for Rn.
Further, even the above simplistic approach rises a sequence of problems, theoretical
difficulties. Among others, we should ask:

Q1. What does it mean that a body K is given? In which form is it given? We shall
consider bodies given primarily by oracles (see §2).

Q2. How can we decide if a box has a nonempty intersection with K?
Q3. When do we regard an algorithm efficient? We are looking for geometric algorithms

polynomial in the dimension. We wish either the exact value of the quantity, or an
approximation of small relative error ! > 0. In this later case we also often require
the algorithm to be polynomial in 1

! . 1

M. Simonovits: Alfréd Rényi Mathematical Institute, Budapest, e-mail: miki@renyi.hu

1 Since the input size describes ! using only log(1/!) bits, this is a “relaxation” deserving some attention.

Combinatorial and Computational Geometry
MSRI Publications
Volume 52, 2005

Geometric Random Walks: A Survey

SANTOSH VEMPALA

Abstract. The developing theory of geometric random walks is outlined
here. Three aspects —general methods for estimating convergence (the
“mixing” rate), isoperimetric inequalities in R n and their intimate connec-
tion to random walks, and algorithms for fundamental problems (volume
computation and convex optimization) that are based on sampling by ran-
dom walks —are discussed.

1. Introduction

A geometric random walk starts at some point in R n and at each step, moves
to a “neighboring” point chosen according to some distribution that depends
only on the current point, e.g., a uniform random point within a fixed distance
!. The sequence of points visited is a random walk. The distribution of the
current point, in particular, its convergence to a steady state (or stationary)
distribution, turns out to be a very interesting phenomenon. By choosing the
one-step distribution appropriately, one can ensure that the steady state distri-
bution is, for example, the uniform distribution over a convex body, or indeed
any reasonable distribution in R n.

Geometric random walks are Markov chains, and the study of the existence
and uniqueness of and the convergence to a steady state distribution is a classical
field of mathematics. In the geometric setting, the dependence on the dimension
(called n in this survey) is of particular interest. Pólya proved that with prob-
ability 1, a random walk on an n-dimensional grid returns to its starting point
infinitely often for n ! 2, but only a finite number of times for n " 3.

Random walks also provide a general approach to sampling a geometric distri-
bution. To sample a given distribution, we set up a random walk whose steady
state is the desired distribution. A random (or nearly random) sample is ob-
tained by taking su!ciently many steps of the walk. Basic problems such as
optimization and volume computation can be reduced to sampling. This con-

Supported by NSF award CCR-0307536 and a Sloan foundation fellowship.
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Part 2: The Lovasz-Vempala algorithm                                                                     
- Key algorithmic steps                                                          
- The pencil construction                                                     
- Multi-phase Monte Carlo integration                                     
- Computational difficulties and solutions                                                                
- Numerical results for hypercubes  

18

Part 1: Tools for volume computation                       
- Membership oracle and boundary oracles                                                    
- MCMC methods and the Hit-and-Run sampler                                               
- “Classical” volume computation                                                                             
- Simulated Annealing and log-concave functions
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Key algorithmic steps
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• Preprocessing:  The body must be in isotropic position and 
it is well-rounded (Rudelson, 1998).

• We do the so-called pencil construction in n+1 dimension.       

• We define a sequence of log-concave densities over the pencil 
inspired by inverse simulated annealing.

• We generate random points from the densities using Hit-and-
Run sampling.

• We approximate the volume by a product of ratios of integrals 
of consecutive densities.
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The pencil construction

C = {x |x ∈ Rn+1, x0 ≥ 0,
n�

i=1

x2
i ≤ 2x2

0}

K� = C ∩ [(0, 2R)×K]
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0 
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The pencil construction

C = {x |x ∈ Rn+1, x0 ≥ 0,
n�

i=1

x2
i ≤ 2x2

0}

K� = C ∩ [(0, 2R)×K]
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A parametrized integral over the pencil

fi(x) = exp (−aix0), i = 1, . . . ,m x = (x0, . . . , xn) ∈ K�

Log-concave function
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A parametrized integral over the pencil

fi(x) = exp (−aix0), i = 1, . . . ,m x = (x0, . . . , xn) ∈ K�

ai ∼ 1/Ti a0 ≥ a1 ≥ . . . ≥ am (inverse annealing)

Log-concave function
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A parametrized integral over the pencil

fi(x) = exp (−aix0), i = 1, . . . ,m x = (x0, . . . , xn) ∈ K�

ai ∼ 1/Ti a0 ≥ a1 ≥ . . . ≥ am (inverse annealing)

a0 ≥ 6n ai = a0(1−
1√
n
)i, i = 1, . . . ,m

Log-concave function
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A parametrized integral over the pencil

fi(x) = exp (−aix0), i = 1, . . . ,m x = (x0, . . . , xn) ∈ K�

ai ∼ 1/Ti a0 ≥ a1 ≥ . . . ≥ am (inverse annealing)

a0 ≥ 6n ai = a0(1−
1√
n
)i, i = 1, . . . ,m

Parametrized integral

Z(a) =

�

K�
exp (−ax0)dx

Log-concave function
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A parametrized integral over the pencil

fi(x) = exp (−aix0), i = 1, . . . ,m x = (x0, . . . , xn) ∈ K�

ai ∼ 1/Ti a0 ≥ a1 ≥ . . . ≥ am (inverse annealing)

a0 ≥ 6n ai = a0(1−
1√
n
)i, i = 1, . . . ,m

Parametrized integral

Z(a) =

�

K�
exp (−ax0)dx

Log-concave function

Z(a0) =

�

K�
f0(x)dx ≤

�

C
exp (−a0x0)dx = n!π0a

−(n+1)
0

Z(am) =

�

K�
fm(x)dx
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0 

2R

A parametrized integral over the pencil

fi(x) = exp (−aix0), i = 1, . . . ,m x = (x0, . . . , xn) ∈ K�

1
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0 

2R

A parametrized integral over the pencil

fi(x) = exp (−aix0), i = 1, . . . ,m x = (x0, . . . , xn) ∈ K�

1

f0
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A parametrized integral over the pencil

fi(x) = exp (−aix0), i = 1, . . . ,m x = (x0, . . . , xn) ∈ K�
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f0
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Computing the pencil volume in each phase

Z(a) =

�

K�
exp (−ax0)dx

Z(am) = Z(a0)
m−1�

i=0

Z(ai+1)

Z(ai)

Product of ratios
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Z(a) =
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K�
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Z(ai)

Product of ratios
Monte Carlo approximation Wi
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Computing the pencil volume in each phase

Z(a) =

�

K�
exp (−ax0)dx

Z(am) = Z(a0)
m−1�

i=0

Z(ai+1)

Z(ai)

Product of ratios
Monte Carlo approximation Wi

k: Number of threads

Wi =
1

k

k�

j=1

exp (ai − ai+1)x
(j)
0
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Computing the pencil volume in each phase

Z(a) =

�

K�
exp (−ax0)dx

Z(am) = Z(a0)
m−1�

i=0

Z(ai+1)

Z(ai)

Product of ratios
Monte Carlo approximation Wi

k: Number of threads

Wi =
1

k

k�

j=1

exp (ai − ai+1)x
(j)
0

Final acceptance/rejection step
to get the volume V from V’ 
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398 L. Lovász, S. Vempala / Journal of Computer and System Sciences 72 (2006) 392–417

In order to get appropriate sample points from !i (i > 0) efficiently (i.e., satisfy assumptions (A1) and
(A2) of the sampler), we have to make a simple affine transformation, namely a scaling along the x0 axis.
Let "i = max(1, ai/

!
n) and

(Tix)j =
!

"ix0 if j = 0,

xj otherwise.

This will ensure that the distributions we sample are well-rounded. The algorithm shown in the box takes
as input the dimension n of K, a sampling oracle for !i (i = 1, . . . , m), and an accuracy parameter !.
For calling the oracle, the roundness parameters and the warm start measure will always be bounded by
the same values, and so we do not mention them below. The output Z is an estimate of the volume of K ",
correct to within a 1 ± !

2 factor, with high probability.

Volume algorithm:

V1. Set m = 2#!n ln n
! $, k = 512

!2

!
n ln n

! , # = !2n%10 and ai = 2n
"

1 % 1!
n

#i

for i = 1, . . . , m.
V2. For i = 1, . . . , m, do the following.

• Run the sampler k times for convex body TiK
", with vector (ai/"i , 0, . . . , 0) (i.e.,

exponential function e%aix0/"i ), error parameter #, and (for i > 0) starting points
TiX

1
i%1, . . . , TiX

k
i%1. Apply T %1

i to the resulting points to get points X1
i , . . . , Xk

i .
• Using these points, compute

Wi = 1
k

k$

j=1

e(ai%ai+1)(X
j
i )0 .

V3. Return

Z = n!$n(2n)%(n+1)W1 . . . Wm

as the estimate of the volume of K ".

2.4. Outline of analysis

The analysis of the algorithm will verify the following claims. The first asserts that the estimate
computed by the algorithm is accurate, while the second and third address the conditions required by the
sampler.

1. The variance of the function e(ai%ai+1)x0 relative to the distribution !i is small enough so that k
sample points suffice to estimate its mean (Lemma 4.1) and the dependence between samples is
small enough that the output is accurate with large probability (Lemma 4.2).

The algorithm in a nutshell
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as the estimate of the volume of K ".
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The analysis of the algorithm will verify the following claims. The first asserts that the estimate
computed by the algorithm is accurate, while the second and third address the conditions required by the
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1. The variance of the function e(ai%ai+1)x0 relative to the distribution !i is small enough so that k
sample points suffice to estimate its mean (Lemma 4.1) and the dependence between samples is
small enough that the output is accurate with large probability (Lemma 4.2).

The algorithm in a nutshell

6n

6n
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Computational issues

• The computational paper gives all details for implementation. 
Code in FORTRAN is also available from the second author

• The algorithm is numerically is extremely unstable.

• Large size differences between the first and the last volume.

• The ratios are initially large and then abruptly approach 1.

• Pre-factor in dimension dependence of the sampling size not 
clear for Hit-and-Run (when does it reach stationarity).

• Sample size in each phase is constant but should maybe be 
variable
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Computational enhancements

• Special treatment of the first integral using stratified 
sampling

• Extra sampling between phases to reach stationarity faster 

• Double-point estimator as variance reduction technique in 
integral computation

• 2n+1 ortho-normalized points around a random point is used 
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Numerical results on hypercubes in n=2,9

the value of the product Z!4.0E + 14. The factor Z0Z!1.0 "
103 = 1.0E + 3 greatly increases the partial errors and the overall er-
ror eV 0 . Actually we could not receive even a one-digit accurate re-
sult for n = 9 dimensional problems.

4.3. Numerical analysis

The algorithm as a whole is rather unpleasant from a numerical
point of view. This can be attributed to several points in the
algorithm:

# the initial volume Z$a0 % 6n& % n!pna
'$n(1&
0 is small compared to

the final volume V0!Z(am) = Z0 R0R1) ) )Rm'1 = Z0Z, due to the fact
that pn % 2

n
pn=2

C$n=2& is small, the factor a'$n(1&
0 is small (both

decrease with increasing n), but Z is large and this tremendously
increases the error of the final result,

# the ratios Ri are initially large, and abruptly decrease towards 1
(about half or more of these ratios are hardly above 1), and the
same is true for the variances of the estimates of Ri,

# each estimated ratio carries a sampling error, that is Wi = Ri + ei
(this error is equated with 3D(Wi) for simplicity), furthermore
practically the impact of this error ei cannot be made less than
1% or 0.1% of the value of V0 because the running time would be
too large,

# having evaluated the product of ratios Z0R0R1) ) ) Rm'1 it is mul-
tiplied by the estimated ratio of the pencil-volume V0 and the
cylinder-volume 2VD, this adds a relatively small error,

# and finally we mention the greatest possible problem, that was
discussed at the end of 4.2; the total error eV 0 with unchanged
sample size increases with increasing dimensions, because of
the great value of Z.

As a demonstration of the above said two typical computer runs
are presented in Table 1. The original convex polyhedra K are the
n = 2 and the n = 9 dimensional unit cubes, the pencil K0 is 3-
dimensional and 10-dimensional respectively. Sample sizes are
equal in each phases (except the first phase): s = 100 and
s = 1000, respectively, the number of threads was kthr = 25.

4.4. The first integral R0

When computing the ratios Ri, i = 0,1, . . . ,m ' 1 with equal sam-
ple sizes, the results’ variances are rather large for the first ratios and
abruptly decrease later – variances from phase to phase decrease
about half or one order of magnitude in each subsequent phase. So
special care should be taken to compute the first integrals.

The initial points for each thread are independent of each other,
the 0th coordinate of the initial point is generatedwith density func-
tion f0$x& % c0e'x0 ;x % $x0; x1; . . . ; xn& 2 K 0, with a suitable constant
c0. Accordinglywe generate a point in the cone C, andwith an accep-
tance–rejection step we retain those points that are in the pencil.

First x0 is generated with density proportional to
!f 0$x0& % xn0e

'x0=2; x0 P 0 (a chi-square density function, with
2(n + 1) degrees of freedom); the corresponding distribution
function is denotedby F$x&. If v is uniformlydistributed in [0,1], then
F'1$v& has the desired density f0 [2]. Next for the acceptance–
rejection part first we scale the obtained first coordinate (compute
x0 = x0/(2a0)), then we generate a uniform point u = (u1,u2, . . . ,un)
in the n-dimensional unit ball, compute !x % $x0; x0u1; x0u2;
. . . ; x0un&. The point !x is accepted if !x 2 K 0, otherwise we restart the
generation process. The density (distribution) function of the ac-
cepted points’ first coordinate is denoted by !!f (F, resp.).

Since for the estimation of R0 only the first coordinate is used,
we consider the problem of integrating e$a0'a1&x0 as a one-dimen-
sional integration (here l0 is the probability measure defined in

Section 3.6). First of all the integral is transformed (by making
use of the lemma in Section 3.5):

R0 % Z$a1&
Z$a0&

%
Z

K 0
e$a0'a1&x0dl0 %

Z 2D

0
e$a0'a1&x0dF$x0&

%
Z 1

v%0
e$a0'a1&F'1$v&dv ; $9&

since in the first integral the first coordinate x0 is distributed with
distribution function F. Here we may use random points to estimate
R0, but a much more efficient way is to apply stratified sampling.
Simply stratifying the integration domain [0,1) of the last integral
in (9) with equal subintervals does not help; the integral in the ini-
tial intervals behave very nicely, but the integrands’ value wildly
varies for 0.98 6 v < 1, even with k = 10,000 subintervals (small
probability of one subinterval, but the integrand’s value and its var-
iance is large). So the saving stratification strategy is refining the
subdivision towards 1: we created intervals ti = [1 ' (1/2)i'1,
1 ' (1/2)i], i = 1,2, . . . ,k ' 1 with the last one tk = [1 ' (1/2)k'1,1],
in actual computations k = 30 ' 100 proved to be satisfactory.
(Other factors, like 1/3 or 2/3 can be used instead of 1/2.)

Algorithm First-integral FINT (s,W0)
Input total sample size s, output the estimate W0 of the first ratio

R0.

0. [Preparation] Estimate the variances vari in the
intervals ti, running this integration scheme with
some preset constant sample size. Divide the total
sample size s proportionally to the variances vari,
that is compute the sample size si % s var iP

var i
; i % 1;

. . . ; k. If si < Const, then set si = Const with some constant
Const ! 100.

1. Repeat for i = 1, . . .,k steps 2 through 6.

2. Set the initial value ki = 0, ri = 0 and repeat steps 3–6
si times:

3. Generate a point u uniformly in the interval ti, com-
pute v % F'1$u&.

Table 1
Estimated values of the ratio Ri, its standard deviation, and partial errors
di = Z0ZD(Wi)/Wi, for examples C2, C9. The sample size is s in each thread and in
each phase, the number of threads is kthr = 25.

i Dim. n + 1 = 3 Dim. n + 1 = 10
Sample size s = 100 Sample size s = 1000

Z0 = 0.0036, Z = 2.27E + 3 Z0 = 0.56E ' 11, Z ! 4.0E + 14

Wi D(Wi) Z0ZD(Wi)/Wi Wi D(Wi) Z0ZD(Wi)/Wi

0 36.041 0.43E'1 0.11E+1 57.68 0.01 0.59
1 12.545 0.17E'1 0.44E+0 58.73 5.00 0.18E+3
2 3.006 0.78E'3 0.19E'1 55.72 3.86 0.15E+3
3 1.437 0.10E'3 0.26E'2 56.30 3.13 0.12E+3
4 1.115 0.23E'4 0.57E'3 45.12 1.52 0.71E+2
5 1.033 0.62E'5 0.16E'3 27.00 0.40 0.31E+2
6 1.009 0.18E'5 0.45E'4 13.56 0.11 0.17E+2
7 1.003 0.53E'6 0.13E'4 7.37 0.06 0.16E+2
8 1.001 0.15E'6 0.38E'5 4.56 0.03 0.16E+2
9 3.18 0.02 0.14E+2
10 2.39 0.01 0.13E+2
11 1.89 0.01 0.11E+2
12 1.58 0.01 0.71E+1
13 1.38 0.34E'5 0.53E+1
) ) ) ) ) ) )
18 1.07 0.51E'3 0.10E+1
) ) ) ) ) ) )
28 1.00 0.88E'3 0.19E'1

156 L. Lovász, I. Deák / European Journal of Operational Research 216 (2012) 152–161
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Numerical results on hypercubes in n=2,9
Algorithm V0 (constants, V0)
The Main Volume Algorithm for computing V0. Input the constants,

output the volume V0 of K0. This is a crude overview only, the proper
algorithm contains the interlacing of the point-generation with the
phases as explained in Section 3.5.

0. [Initialization] Set constants: number of phases

m ! 2
!!!
n

p
ln n

e
" #

" 1, number of threads kthr, Wi = 0,

k(i) = 0, i = 1, . . .,m, d = n#10, a0 = 6n, compute ai !

a0 1# 1!!
n

p
$ %i

; i ! 1; . . . ;m.

Compute the initial integral value Z0 !
R
C f0dx0 ! n!pna

#$n"1%
0

1. Do for k = 1, . . .,kthr execute the steps in 2. (indices
for k are not shown in the next).

2. Do for i = 1,. . .,m
2/1. Make the next step in the thread S(y,x,ai): call

intersection routine, I(x,u,y,n) and I(x,#u,z,n)
obtaining the interval [y,z], (assume, that y0 6 z0),

2/2. Call the sampler S (or for greater efficiency
NT2N(. . .)) with parameters ai, ci,

2/3. Update Wi ! Wi " e$ai#ai"1%y0 .
2/4. Go back to the beginning of step 2 for each i

3. End of cycle for k = 1, . . .,kthr
4. Compute Wi =Wi/kthr, i = 1, . . .,m
5. Deliver Z ! Z0

Qm
i!1Wi as the estimate of the volume K0.

If we use the sampler NT2N in step 2/2, then the exponential
function e#aiy0 must be evaluated for the first coordinate y0 of all
the generated points and their sum is to be divided by 2(n + 1),
so instead of step 2/3 we have Wi ! Wi "

P2$n"1%
‘!1

e$ai#ai"1%y‘;0=$2$n" 1%%.

5.5. Finishing part

This part estimates the ratio of the volumes of K0 and the cylin-
der, and evaluates V.

Algorithm V (k,V0,V)
Ratio computing, input sample size k and the pencil volume V0, out-

put volume V of K.

1. Generate by the Thread technique N uniform points in
[0,2D] & K, and count the number Np of points inside K0.

2. Deliver V ! NV 0

2DNp
.

6. Computational results

6.1. Details of experimentation

Computer experiments were carried out on a 1.6 Gigahertz per-
sonal computer. All arithmetical operations were executed in dou-
ble precision to achieve correspondingly good results. The double
precision technique was really important in the intersection eval-
uation part, since in a very narrow cone (corner) the two terminal
points of the interval were frequently near to each other. (Also
note, that with n increasing volume is concentrated near the sur-
face, so the points of the Markov chain tend to stay near the bound-
ary of K0.) The computer program was written in Lahey/Fujitsu
FORTRAN95, compiled and run under the optimizing parameter
setting. The program itself can be found among the downloadable
materials at www.uni-corvinus.hu/'ideak1, switch to In English
in the 8th line, and then go to the end of the page.

The whole algorithm was preceded by a so called preliminary
phase. In thisphaseweusedafixedsample sizek = 100, say, todeter-
mine some constants, namely the estimates of the variancesD2(Wi),
the sample size k(i) in the ith phase (determined later so as the
partial error terms Z0Z D$Wi%

Wi
were about equal in each phase), the

expected values E(x0), the delay sizes di,S and finally the number of
threads kthr.

In the Tables 2–4 we present the details of the computer runs
for three examples. The rows contain the results in the ith phase,
the columns have the estimated values of the ratios Ri, its standard
deviation and the partial errors respectively. The column k(i) is the
number of samples in one thread in the ith phase, di,S is the average
delay number for stationarity, E(x0) is the average of the first coor-
dinate of the generated samples.

6.2. Generation of examples

The computer program was tested on a set of n-dimensional
cubes, having vertices at v = (d1,d2, . . . ,dn), where di is +1 or #1,
for all possible combinations – the n-dimensional cube was de-
noted by Cn (this is different from the constants in density func-
tions, denoted by Ci), results are summarized in Table 5.

6.3. Conclusions

The results presented here demonstrate, that the O⁄(n4) algo-
rithm can be implemented, the running times are not prohibitively
great. The stratification in the first integral and the antithetic tech-
nique used in theMonte Carlo integration made possible the imple-
mentation. Without these variance decreasing techniques no result
could have been obtained. Another point of interest in the computer
implementation is the approximate empirical determination of the
mixing time in the hit-and-run Markov chain, which proved to be
much smaller than the previously known upper bound.

The algorithm at present can not be run in higher dimensions;
further computational improvements are required to make the
algorithm faster and/or more accurate. No computational proof
could be obtained to show the O⁄(n4) complexity of the algorithm
due to insufficient accuracy. Unfortunately we could not experi-
ment with other convex bodies than cubes, because the oracle
describing the convex bodies took too long to run.
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Table 5
Results of three cube-pencils P3, P5, P9.

C2 C5 C8

n + 1 3 6 9
kthr 25 25 25
V0 8.268 101.7 1052.5
eV 0 0.43E#1 0.39E+1 0.22E+2
r 0.729 0.718 0.715
V 4.011 31.67 260.0
Exact V 4.000 32.00 256.0
eV 0.66E#1 0.55E+1 0.31E+2
Time (sec) 807 1901 7551
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Concluding remarks

• Theoretically, it might be possible to further bound the mixing 
time of Hit-and-Run

• There is room for improvement in almost all aspects of the 
implementation.

• Sequential Monte Carlo as alternative paradigm for integral 
approximation

• Parallelization is possible (independent threads).

• I try to implement the algorithm next year.  Any help, 
suggestions are welcome... 



DEc 20, 2011:ETHZThe Lovasz-Vempala Algorithm

MoSAIC GROUP ETH Zurich

30

Further reading

∗
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Thanks and Merry christmas and happy holidays
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Figures used in the presentation

I took the pencil construction image and the sandwiching balls 
from L. Lovasz’ 2004 slides on volume computation (http://
www.cs.elte.hu/~lovasz/presentations.html)

http://www.cs.elte.hu/~lovasz/presentations.html
http://www.cs.elte.hu/~lovasz/presentations.html
http://www.cs.elte.hu/~lovasz/presentations.html
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