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Abstract

This document describes the details of how the moments of displacement

and their scaling coefficients are computed for trajectory analysis. We also

present a rudimentary error analysis for the resulting figures.

1 Trajectory analysis

Analysis of motion was done by calculating different moments of displacement.
Let xℓ(n) the position vector (xℓ(n), yℓ(n)) on trajectory ℓ at time n∆t for n =
0, 1, 2, . . . , Mℓ − 1 where Mℓ is the total number of point detections in trajectory ℓ
(i.e. its length). ∆t is the real time difference between two subsequent frames. The
mean moment of order ν for a specific frame shift ∆n (corresponding to a time shift
δt = ∆n∆t) is defined as

µν(∆n) =
1

Mℓ − ∆n

Mℓ−∆n−1∑

n=0

|xℓ (n + ∆n) − xℓ (n)|
ν

where |·| denotes the L2-norm (Euclidean norm). The special case of ν = 2 is called
mean square displacement (MSD). Above-defined mean moments were calculated
for a set of νj ∈ R

+
0 and all ∆n between 1 and Mℓ/3 and drawn versus δt =

∆n∆t in a logarithmic plot. For each moment order ν, the slope γ of log µν(δt)
vs. log δt was determined using a linear least squares regression. In addition, the
diffusion coefficients of all orders were obtained from the y axis intercepts y0 as:
Dν = (dν)−1 · exp(y0). Of course, D2 corresponds to the regular diffusion constant
in the case of strongly self-similar, pure diffusion.

Since it can be misleading to judge the type of motion purely based on the second
moment [1], other moments were calculated as well. Assuming each moment to
depend on the time shift in a power law µν(δt) ∝ δtγν [1], all scaling coefficients γν

are determined by a linear least square fit to log µν versus log δt. A plot of γν vs.
ν is called moment scaling spectrum according to Ferrari et. al. [1]. For all strongly
self-similar processes, the moment scaling spectrum shows a straight line through
the origin (as γ0 is always equal to 0). If the slope of this line is 1/2, the motion is
pure diffusion. For unidirectional balistic motion, we get a slope of 1. The region
below the slope 1/2 line contains all subdiffusive cases whereas the superdiffusive

instances are located between the lines of slope 1/2 and 1. Accelerated directed
motion would have a slope larger than 1.
A curved or ”kinked” plot indicates weakly self-similar processes [1], which also
occur in practice. To determine the slope of the MSS (Smss), a regular least-
squares fit is performed. We do not incorporate the prior knowledge that the MSS
starts at the origin by fixing the regression line at (0, 0), as this would increase
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the residual in all weakly self-similar cases (in strongly self-similar cases it does
not matter anyway). This choice seems correct because the prior of linearity is not
correct in the weakly self-similar case. Incorporating further prior knowledge to
manifest this prior seems inappropriate.

2 error analysis

The variance of the MSD µ2 is given by [2]:

var(µ2(∆n)) =
(2dD2∆n∆t)

2

K
,

where d is the dimension of the space and

K =
3∆n (M − ∆n + 1)

2∆n2 + 1

corrects for the fact that the ensemble average has been replaced by a time average
with correlated samples. M denotes the total number of points in the trajectory,
and ∆n the frame shift. The variance thus grows with increasing frame shift. The
resulting variance of the diffusion constant then is [2]:

var(D2) =
2∆n

3 (M − ∆n)
.

By formal analogy, we conjecture (CHECK!)

var(µν(∆n)) =
(νdDν∆n∆t)2

K

and (CHECK!)

var(Dν) =
ν∆n

3 (M − ∆n)
.

Postulating

µν = dνDνδtγν

we find (taking the logarithm, followed by the variance, and assuming that Dν and
γν are uncorrleated)

var(log µν) = var(log Dν) + log 2δt var(γν)

and thus

var(γν) = [var(log µν) − var(log Dν)] log−2(∆n∆t) .

Since all terms are non-negative, this is smaller than the variance of µν , which
makes the mss slope the more precise measure than the MSD slope. Note that the
PDF of µν is not known, since we make no assumptions about the type of process
(i.e., we do not assume the generator to be a Gaussian). This makes it impossible
to express var(log x) in terms of the known var(x).
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