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Question 1: Two gamblers

Two gamblers (A and B) play a game where a coin is flipped. If the result is heads, player
A pays player B one coin. If the result is tails, player B pays player A one coin. At the
start of the game, player A has 1 coin and player B has 2 coins. If a player runs out of
money, the game stops and that player is declared broke.

a) What is the transition matrix of this process?

b) Which states are absorbing states?

c) P
(n)
i,j denotes the probability that a player starts with i coins and then ends up with j

coins in n steps. Show that for an even number steps (n) for a game where no player

wins/loses that P
(n)
1,1 =

(
1
2

)n
. Assume the same initial conditions given above.

Question 2: Mouse house

A mouse is in a maze with four cells (1 − 4) and a path to freedom (cell 0) that can only
be reached from cell 4. The transition matrix of the mouse in the maze is given below with
indices from 0 − 4 on each axis.

Pi,j =

0 1 2 3 4


0 1 0 0 0 0
1 0 0 1/2 1/2 0
2 0 1/2 0 0 1/2
3 0 1/2 0 0 1/2
4 1/3 0 1/3 1/3 0

a) Draw the maze using the information from the transition matrix.

b) What is the probability that the mouse starts at 1 and then ends at 1 in two steps?

c) What is the 2-step transition matrix?
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Question 3: Telephone calls

The number of telephone calls arriving in a call center follows a Poisson process with a rate
of 1 phone call every 20 minutes (λ = 3 hour−1). What is the probability of getting at most
3 phone calls at time [0, 1) (in hours), and then at least 4 phone calls at time [1, 2), and
then at most 3 phone calls at time [2, 3)?

Question 4: Chapman-Kolmogorov

A Markov chain has the transition probability matrix given below. What is the 2-step
transition probability P

(2)
0,2 ? Solve this problem two ways by using the Chapman-Kolmogorov

equation and by calculating the 2-step transition matrix.

Pi,j =

0 1 2( )0 0.6 0.3 0.1
1 0.2 0.5 0.3
2 0.4 0.4 0.2

Question 5: Drunk friends

Your three drunk friends (A, B, and C) are walking back home from a party in your
house. Because two of them (A and B) live together, you tie their hands together. One
hour later, you discover that none of them have reached their homes! Assume that each
person independently chooses to walk in a random direction (north, south, east, or west)
at a rate of 1 step per second, and that A and B will only move if they agree on the direction:

a) Simulate 500 possible trajectories ofA (andB) and C after 1 hour. Plot the distributions
of the distance from your house.

b) From the results of your simulation, how far away from your house should you search
for A (and B) and C to have a 60% chance of finding each of them?
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