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Question 1: Another drunk friend

Your friend is drunk with Glühwein and wandered away from you while in the Christmas
market. Assume that he/she moves by a 1D random walk starting from your position at
the origin. For each second, he/she takes one step in either direction with a probability of
0.5.

a) What is the expectation and variance of your friend’s distance from the origin at any
time t?

b) What is the probability that your friend will be back at the origin at exactly time t = 10
seconds? Hint: Use the PMF of a binomial distribution to get the probability having the
number of steps to the right equal the number of steps to the left for a total of 10 steps.

c) Will your chances of finding each other at exactly t = 10 be better if you were also
drunk and started wandering around randomly in the same manner and initial time?
Hint: For two independent random walkers to meet again at time t = 10, they should
both end up with the same number of steps k to the right. This can be calculated using
the sum of the joint probabilities of the two random walkers for each possible case of k.

Question 2: 2D random walk

Your friend wanders by a 2D random walk instead, where he/she can step in any direction
along the x-axis or y-axis each second with equal probabilities 0.25. What is the probability
that he/she will be back at the origin in exactly t = 100 seconds?

To solve this problem, determine the number of possible paths that can occur where the
start and end are both at (0, 0) for a specific path length. For a path length of 2n beginning
and ending at (0, 0), if there are k steps to the right, then there should be k steps to the
left. Similarly, if there are (n− k) steps upwards, there should be (n− k) steps down. The
total number of steps is 2n = k+ k+ (n− k) + (n− k) and the number of possible paths is:

n∑
k=0

(2n)!

k!k!(n− k)!(n− k)!

Multiply each path by its probability and sum them all together to get the total probability
of returning to the origin at 100 seconds.
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Question 3: Gambler’s ruin

A gamblers starts with e k. On each turn of the game, he wins e 1 with a probability p
and loses e 1 with the probability q. The game will end if the gambler goes broke or wins
by accumulating e s (where s > k). What is the probability that the gambler wins?

Question 4: Wiener process

The standard Wiener process describes a continuous stochastic process W (t) that starts
at the origin W (0) = 0, moves with a displacement W (t2) − W (t1) ∼ N(0, t2 − t1), and
has independent non-overlapping increments. Find the conditional PDF of W (s) given
W (t) = a, where 0 ≤ s < t.
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