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The geometric Brownian motion (GBM) process has the stochastic differential equation of
the form:

dXt = µXtdt+ σXtdWt

Its analytic solution is given in the equation below:

Xt = X0exp

((
µ− σ2

2

)
t+ σWt

)
Question 1: Euler-Maruyama method

Simulate one trajectory of the GBM process where µ = 0.3 and σ = 0.4 using the Euler-
Maruyama method and compare this with the simulation of its analytic solution. For both
simulations, use a time step of dt = 0.0001 from t = 0 to 1, and an initial condition of
X(0) = 0.1. Use the same Wiener process for dWt and Wt in SDE and solution to be able
to directly compare and overlay plots of the two trajectories.

Question 2: Milstein method

Repeat Q1 using the Milstein method instead of the Euler-Maruyama method.

Question 3: Strong convergence of Euler-Maruyama

Calculate the mean of the error of a Euler-Maruyama simulation against its solution over
the entire trajectory. Repeat this for several time steps dt but still using the same Wiener
process as in Q1.

dt = {0.001, 0.002, 0.005, 0.01, 0.02, 0.05}

Show that the Euler-Maruyama method has a strong convergence with order 0.5 by plotting
log10(mean of the error) vs. log10(dt) and taking the linear slope.

Question 4: Weak convergence of Euler-Maruyama

Calculate the error of the mean of Euler-Maruyama simulations against its solutions at
endpoint (t = 1). Run 5000 simulations, using a new Wiener process for each simulation,
to calculate mean values for each of the time step dt values as in Q3.

Show that the Euler-Maruyama method has a weak convergence with order 1 by plotting
log10(error of the mean) vs. log10(dt) and taking the linear slope.
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