
Oct 26, 2012:IAIS

Randomized black-box optimization:
Concepts, theory, and practical algorithms

Machine learning seminar, Fraunhofer IAIS, October 26, 2012 

Christian L. Müller, Bonneau lab, 
Courant Institute, NYU, New York



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

joint work with

2

Ivo F. Sbalzarini 
(MPI-CBG)

Bernd Gärtner 
(ETH Zurich)

Sebastian Stich 
(ETH Zurich)



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

joint work with

2

Ivo F. Sbalzarini 
(MPI-CBG)

Bernd Gärtner 
(ETH Zurich)

Sebastian Stich 
(ETH Zurich)



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

Black-box systems

OutputInput

3



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

Black-box systems

Mathematical model

Computer simulation

Real-world experiment

OutputInput

3



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

Black-box systems

f(x) ∈ R
OutputInput

x1
x2

xi

xn

...

...

x ∈ Rn

4



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

Black-box systems

f(x) ∈ R
OutputInput

x1
x2

xi

xn

...

...

x ∈ Rn

Systems biology models

4



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

Black-box systems

f(x) ∈ R
OutputInput

x1
x2

xi

xn

...

...

x ∈ Rn

Analog circuit design

4



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

Black-box systems

f(x) ∈ R
OutputInput

x1
x2

xi

xn

...

...

x ∈ Rn

4

Design Engineering 



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

• Cost

• Criterion

• Objective

• Energy/Fitness

• Loss/Likelihood

Black-box systems

f(x) ∈ R
OutputInput

x1
x2

xi

xn

...

...

x ∈ Rn

• Variables

• Parameters/Factors

• Configuration

4

Design Engineering 



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

Adaptive feedback quantum control

f(x) ∈ R
Quantum yield measurementControllable input of LASER

x1
x2

xi

xn

...

...

x ∈ Rn

5



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

Optimal hyper-parameters in ML tasks

f(x) ∈ R
Generalization errorHyper-parameters in SVM

x1
x2

xi

xn

...

...

x ∈ Rn

6

(a) Original dataset: MNIST digits

(b) Training data: Mixture of digits

(c) Independent component analysis

(d) Non-negative matrix factorization

(e) Linearly constrained Bayesian matrix factorization

Figure 4: Data and results of the analyses of an image separation problem. a) TheMNIST digits data
(20 examples shown) used to generate the mixture data. b) The mixture data consists of 4000 images
of two mixed digits (20 examples shown). c) Sources computed using independent component
analysis (color indicate sign). d) Sources computed using non-negative matrix factorization. e)
Sources computed using linearly constrained Bayesian matrix factorization (details explained in the
text).

edges. Two sources stand out: One is a black blob of approximately the same size as the digits, and
another is an all white feature, which are useful for adjusting the brightness.

5 Conclusions

We presented a linearly constrained Bayesian matrix factorization method as well as an inference
procedure for this model. On an unsupervised image separation problem, we have demonstrated that
the method finds sources that have a clear an interpretable meaning. As opposed to ICA and NMF,
our method finds sources that visually resemble handwritten digits.

We formulated the model in general terms, which allows specific prior information to be incorpo-
rated in the factorization. The Gaussian priors over the sources can be used if knowledge is available
about the covariance structure of the sources, e.g., if the sources are known to be smooth. The con-
straints we used in our experiments were separate forA andB, but the framework allows bilinearly
dependent constraints to be specified, which can be used for example to specify constraints in the
data domain, i.e., on the productAB.

As a general framework for constrained Bayesian matrix factorization, the proposed method has
applications in many other areas than blind source separation. Interesting applications include blind
deconvolution, music transcription, spectral unmixing, and collaborative filtering. The method can
also be used in a supervised source separation setting, where the distributions over sources and
mixing coefficients are learned from a training set of isolated sources. It is an interesting challenge
to develop methods for learning relevant constraints from data.
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LB is the triple (X , dX, f) consisting of

1. X = [l,u] ⊂ Rn with l,u ∈ Rn.

2. definition of neighborhood/similarity
based on a distance dX.

3. a black-box function f .
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• Fitness landscape in evolutionary biology (Sewall Wright, 1932) 

• Energy landscape in physics (Stillinger, Berry, Wales, Wolynes, 1980’s) 

• Control landscapes in quantum chemistry (Rabitz and co-workers, 2000’s)  

• Cost landscape in combinatorial optimization (Boese, Stadler, 1980/1990’s)

Landscape metaphor as unifying theme to understand complex 
phenomena in science and engineering

Landscapes in science
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are connected to (mapped onto) minima 

by solutions to the multidimensional 

equation 

ar/as = -VF(r) (1) 

where the vector r comprises all 3N 
atomic coordinates and where s is a 
virtual "time coordinate" for the de- 
scent (4). Starting at any randomly cho- 
sen r(s = 0), the solution r(s) as s --> 

locates the requisite minimum. The dot- 
ted lines in Fig. 1 outline the regions 
containing all points that map onto the 
same interior minimum. Notice from 

Fig. 1 that boundaries separating neigh- 
boring regions pass through saddle 

points on the (I hypersurface. 
Having introduced this division of the 

configuration space, a primary goal will 
be to describe motion within and transi- 
tions between the regions and how that 
motion depends on temperature. 

Computer Simulation 

The complicated topography of the FI 
surface (Fig. 1) profoundly influences 

experimental measurements for the sub- 
stance under consideration. But such 
measurements have very limited capaci- 
ty to determine the topography and to 
follow details of the system's dynamical 
motion across the "eI-scape." Digital 
computer simulation offers an insightful 
alternative, at least for small (and one 

hopes representative) collections of 102 

to 103 atoms. Our own work in this area 
has relied on a computer to solve classi- 
cal Newtonian equations of motion, sub- 

ject to suitable initial and boundary con- 

ditions, with analytical potential func- 

tions that have been selected to repre- 
sent specific materials of interest. As the 
classical dynamical trajectory is being 
generated the computer is required to 

carry out in parallel and frequently an- 

other set of tasks, namely to identify the 

I minimum onto which the instanta- 

neous dynamical configuration would 

map by the steepest-descent construc- 
tion (Eq. 1). This parallel activity sup- 
plies a running record of the fiducial 
minima over whose regions the Newto- 
nian dynamics takes the system. This 

would be analogous to a listing of names 
of counties passed over during a trans- 
continental flight from New York to San 
Francisco. 

If initial conditions for the dynamics 
so decree, the system can be trapped at 

low total energy in the neighborhood of a 

single minimum. In that event the map- 
ping yields a consistently monotonous 

result. But at higher energy, escape over 
saddle points becomes possible and the 

984 

running mapping onto minima reveals 
kinetic details about transitions between 

contiguous regions. Figures 2 and 3 pro- 
vide a case in point. They refer to a 

computer simulation for an amorphous 
alloy at low temperature (174 K) com- 

prising 120 nickel atoms and 30 phospho- 
rous atoms. Figure 2 shows how the 

potential energy per atom, 4, varies with 
time during a 3.1-picosecond interval, 
along the classical dynamical trajectory 
executed by this 150-atom system in its 
450-dimensional configuration space. 
The thermal motion of the atoms in this 
solid deposit consists primarily of har- 
monic motion; but more than that is 

Fig. 1. Schematic representation of the poten- 
tial energy surface for an N-atom system. 
Minima are shown as filled circles and saddle 

points as crosses. Potential energy is constant 

along the continuous curves. Regions belong- 
ing to different minima are indicated by 
dashed curves. 

-5.35 

-5.40 

-5.45 

-5.50 

Step number 

Fig. 2. Time variation of (), the potential 
energy per atom, in a 150-atom nickel-phos- 
phorous amorphous deposit, as simulated by 
computer. Temperature is 174 K. The 104 

computer time steps shown correspond to 3.1 
picoseconds of elapsed time. The quantity 4) 
is shown on a reduced basis; the energy unit 
used is 1.855 kilocalories per mole. 

present. Figure 3 shows, for exactly the 
same interval, the value of () at the 

nearby potential energy minima. Obvi- 

ously the system has not merely execut- 
ed vibrations around a single minimum 
but has undergone ten transitions be- 
tween neighboring minima. In this case 
all the minima visited correspond to 

amorphous packings of the given set of 
atoms. 

If the temperature is increased for the 
nickel plus phosphorus system to which 

Figs. 2 and 3 refer, the transition rate 
between regions surrounding distinct 
minima increases dramatically. This 

temperature-dependent rate can be ana- 

lyzed with an Arrhenius plot (logarithm 
of rate versus 1/7) to estimate the mean 
barrier, height. For the few cases that 
have been carefully examined this way, 
the mean barrier height for liquids turns 
out only to be about half of that which 

emerges from a corresponding Arrhenius 

plot for self-diffusion rates. The implica- 
tion is that many transitions "get no- 

where," that is, either involve motion 
into and out of culs-de-sac in the config- 
uration space or must dynamically be 
followed by a surmounting of higher bot- 
tleneck barriers for diffusion to occur. 

Certainly, computer modeling of bulk 
matter involving only 102 to 103 atoms 

requires care in interpretation. Never- 

theless, the modest kinds of mapping-to- 
minima calculations just illustrated ap- 
parently produce several results of gen- 
eral validity. Included among them are 
the following: 

1) Transitions are localized. The 
atomic arrangements for two successive- 

ly visited packings (such as those indi- 
cated in Fig. 3) normally differ only by 
rearrangement of a small set of atoms 
that form a compact grouping in three- 
dimensional space. Most of the material 

present stays put, or at most responds 
elastically to the local rearrangement. 
Evidently, overall restructuring requires 
a sequence of many localized transitions. 

2) The transition rate is an extensive 

quantity, that is, the rate is proportional 
to the system size at least in the macro- 

scopic limit. This feature follows from 

point 1 above. By doubling the size of 
the system (while holding temperature 
and composition fixed), the number of 
sites at which localized transitions could 
occur also doubles. Consequently, the 
mean residence time in any given mini- 
mum region becomes halved. In con- 

junction with results from small-system 
computer simulation, this extensivity re- 

quires truly formidable transition rates 
for macroscopic samples of matter. For 

example, one estimate (2) implies that 1 
mole of liquid argon near its melting 

SCIENCE, VOL. 225 

Potential energy
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Fitness landscape
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• Invariance under order-preserving transformations of the objective 
function 
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• (Approximate) Invariance under scaling of the search space

• (Approximate) Invariance under translation and rotation of the search 
space

• Invariance under order-preserving transformations of the objective 
function 
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Multivariate normal distribution as search operator
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•                     completely described by a mean vector and a covariance 
matrix (which is positive definite)

• Convenient geometric interpretation

N (m,C)

• Following Jaynes’ Maximum Entropy Principle it is the least 
biased choice among all distributions for fixed first and 
second moment

• Easily extendible to convex domains via the truncated 
multivariate normal distribution
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Unconstrained optimization problem

RANDOM PURSUIT 5

2.1. Discrete Sampling. As our analysis below reveals, the random vector
uk enters the analysis only in terms of expectations of the form E[�x, uk�uk] and
E[��x, uk�uk�2]. In Lemmas 3.3 and 3.4 we show that these expectations are the same
for uk ∼ Sn−1 and uk ∼ {±ei : i = 1, . . . , n}, the set of signed unit vectors (here and
in the following, the notation x ∼ A for a set A, denotes that x is distributed according
to the uniform distribution on A). It follows that continuous sampling from Sn−1 can
be replaced with discrete sampling from {±ei : i = 1, . . . , n} without affecting our
guarantees on the expected runtime. Under this modification, fast convergence still
holds with high probability, but the bounds get worse [17].

2.2. Quasiconvex Functions. If f and g are functions, g is called a strictly
monotone transformation of f if

f(x) < f(y) ⇔ g(f(x)) < g(f(y)), x, y ∈ Rn.

This implies that the distribution of xk in RPµ is the same for the function f and
the function g ◦ f , if g is a strictly monotone transformation of f . This follows from
the fact that the result of the line search given in Definition 2.1 is invariant under
strictly monotone transformations.

This observation allows us to run RPµ on any strictly monotone transformation
of any convex function f , with the same theoretical performance as on f itself. The
functions obtainable in this way form a subclass of the class of quasiconvex functions,
and they include some non-convex functions as well. In Section 6.2.3 we will exper-
imentally verify the invariance of RPµ under strictly monotone transformations on
one instance of a quasiconvex function.

2.3. Function Basics. We now introduce some important inequalities that are
useful for the subsequent analysis. We always assume that the objective function is
differentiable and convex. The latter property is equivalent to

f(y) ≥ f(x) + �∇f(x), y − x� , x, y ∈ Rn . (2.5)

We also require that the curvature of f is bounded. By this we mean that for some
constant L1,

f(y)− f(x)− �∇f(x), y − x� ≤ 1

2
L1 �x− y�2 , x, y ∈ Rn . (2.6)

We will also refer to this inequality as the quadratic upper bound. It means that the
deviation of f from any of its linear approximations can be bounded by a quadratic
function. We denote by C1

L1
the class of differentiable and convex functions for with

the quadratic upper bound holds with the constant L1.
A differentiable function is strongly convex with parameter m if the quadratic

lower bound

f(y)− f(x)− �∇f(x), y − x� ≥ m

2
�y − x�2 , x, y ∈ Rn , (2.7)

holds. Let x∗ be the unique minimizer of a strongly convex function f with parameter
m. Then equation (2.7) implies this useful relation:

m

2
�x− x∗�2 ≤ f(x)− f(x∗) ≤ 1

2m
�∇f(x)�2 , ∀x ∈ Rn . (2.8)
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2m
�∇f(x)�2 , ∀x ∈ Rn . (2.8)
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2.1. Discrete Sampling. As our analysis below reveals, the random vector
uk enters the analysis only in terms of expectations of the form E[�x, uk�uk] and
E[��x, uk�uk�2]. In Lemmas 3.3 and 3.4 we show that these expectations are the same
for uk ∼ Sn−1 and uk ∼ {±ei : i = 1, . . . , n}, the set of signed unit vectors (here and
in the following, the notation x ∼ A for a set A, denotes that x is distributed according
to the uniform distribution on A). It follows that continuous sampling from Sn−1 can
be replaced with discrete sampling from {±ei : i = 1, . . . , n} without affecting our
guarantees on the expected runtime. Under this modification, fast convergence still
holds with high probability, but the bounds get worse [17].

2.2. Quasiconvex Functions. If f and g are functions, g is called a strictly
monotone transformation of f if

f(x) < f(y) ⇔ g(f(x)) < g(f(y)), x, y ∈ Rn.

This implies that the distribution of xk in RPµ is the same for the function f and
the function g ◦ f , if g is a strictly monotone transformation of f . This follows from
the fact that the result of the line search given in Definition 2.1 is invariant under
strictly monotone transformations.

This observation allows us to run RPµ on any strictly monotone transformation
of any convex function f , with the same theoretical performance as on f itself. The
functions obtainable in this way form a subclass of the class of quasiconvex functions,
and they include some non-convex functions as well. In Section 6.2.3 we will exper-
imentally verify the invariance of RPµ under strictly monotone transformations on
one instance of a quasiconvex function.

2.3. Function Basics. We now introduce some important inequalities that are
useful for the subsequent analysis. We always assume that the objective function is
differentiable and convex. The latter property is equivalent to

f(y) ≥ f(x) + �∇f(x), y − x� , x, y ∈ Rn . (2.5)

We also require that the curvature of f is bounded. By this we mean that for some
constant L1,

f(y)− f(x)− �∇f(x), y − x� ≤ 1

2
L1 �x− y�2 , x, y ∈ Rn . (2.6)

We will also refer to this inequality as the quadratic upper bound. It means that the
deviation of f from any of its linear approximations can be bounded by a quadratic
function. We denote by C1

L1
the class of differentiable and convex functions for with

the quadratic upper bound holds with the constant L1.
A differentiable function is strongly convex with parameter m if the quadratic

lower bound

f(y)− f(x)− �∇f(x), y − x� ≥ m

2
�y − x�2 , x, y ∈ Rn , (2.7)

holds. Let x∗ be the unique minimizer of a strongly convex function f with parameter
m. Then equation (2.7) implies this useful relation:

m

2
�x− x∗�2 ≤ f(x)− f(x∗) ≤ 1

2m
�∇f(x)�2 , ∀x ∈ Rn . (2.8)

For any convex function holds

A convex function is smooth if

A function is called strongly convex if
2 S. U. STICH, C. L. MÜLLER AND B. GÄRTNER

via a suitable oracle. We here relax this requirement and investigate a true random-
ized gradient- and derivative-free optimization algorithm: Random Pursuit (RPµ).
The method comprises two very elementary primitives: a random direction genera-
tor and an (approximate) line search routine. We establish theoretical performance
bounds of this algorithm for the unconstrained convex minimization problem

min f(x) subject to x ∈ Rn , (1.1)

where f is a smooth convex function. We assume that there is a global minimum and
that the curvature of the function f can bounded by a constant. Each iteration of
Random Pursuit consists of two steps: A random direction is sampled uniformly at
random from the unit sphere. The next iterate is chosen such as to (approximately)
minimize the objective function along this direction. This method ranges among the
simplest possible optimization schemes as it solely relies on two easy-to-implement
primitives: a random direction generator and an (approximate) one-dimensional line
search. A convenient feature of the algorithm is that it inherits the invariance un-
der strictly monotone transformations of the objective function from the line search
oracle. The algorithm thus enjoys convergence guarantees even for non-convex objec-
tive functions that can be transformed into convex objectives via a suitable strictly
monotone transformation.

Although Random Pursuit is fully gradient- and derivative-free, it can still be un-
derstood from the perspective of the classical gradient method. The gradient method
(GM) is an iterative algorithm where the current approximate solution xk ∈ Rn is
improved along the direction of the negative gradient with some step size λk:

xk+1 = xk + λk(−∇f(xk)) . (1.2)

When the descent direction is replaced by a random vector the generic scheme reads

xk+1 = xk + λku , (1.3)

where u is a random vector distributed uniformly over the unit sphere. A crucial
aspect of the performance of this randomized scheme is the determination of the step
size. Rastrigin [34] studied the convergence of this scheme on quadratic functions
for fixed step sizes λk where only improving steps are accepted. Many authors ob-
served that variable step size methods yield faster convergence [24, 18]. Schumer and
Steiglitz [36] were among the first to develop an effective step size adaptation rule
which is based on the maximization of the expected one-step progress on the sphere
function. A similar analysis has been independently obtained by Rechenberg for the
(1+1)-Evolution Strategy (ES) [35]. Mutseniyeks and Rastrigin proposed to choose
the step size such as to minimize the function value along the random direction [26].
This algorithm is identical to Random Pursuit with an exact line search. Conver-
gence analyses on strongly convex functions have been provided by Krutikov [22] and
Rappl [33]. Rappl proved linear convergence of RPµ without giving exact conver-
gence rates. Krutikov showed linear convergence in the special case where the search
directions are given by n linearly independent vectors which are used in cyclic order.

Karmanov [16, 17, 42] already conducted an analysis of Random Pursuit on gen-
eral convex functions. Thus far, Karmanov’s work has not been recognized by the
optimization community but his results are very close to the work presented here. We
enhance Karmanov’s results in a number of ways: (i) we prove expected convergence
rates also under approximate line search; (ii) we show that continuous sampling from



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

Random Pursuit on convex functions

17

• We consider the simplest possible randomized scheme that is invariant to 
monotone transformations of the search space

• Two simple primitives: i) Draw a direction from an isotropic multivariate 
Gaussian Distribution; ii) Do an approximate line search along the 
directions 
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limitations of the scheme that may be alleviated by more elaborate randomization
primitives. We also provide a number of promising future research directions.

2. The Random Pursuit (RP) Algorithm. We consider problem (1.1) where
f is a differentiable convex function with bounded curvature (to be defined below).
The algorithm RPµ is a variant of scheme (1.3) where the step sizes are determined
by a line search. Formally, we define the following oracles:

Definition 2.1 (Line search oracle). For x ∈ Rn
, a convex function f , and a

direction u ∈ Sn−1 = {y ∈ Rn : �y�2 = 1}, a function LS : Rn × Sn−1 → R with

LS(x, u) ∈ argmin
h∈R

f(x+ hu) (2.1)

is called an exact line search oracle. (Here, the argmin is not assumed to be unique,

so we consider it as a set from which LS(x, u) selects a well-defined element.) For

accuracy µ ≥ 0 the functions LSapproxrel
µ and LSapproxabs

µ with

LS(x, u)− µ ≤ LSapproxabs
µ (x, u) ≤ LS(x, u) + µ, and, (2.2)

s ·max{0, (1− µ)} · LS(x, u) ≤ s · LSapproxrel
µ (x, u) ≤ s · LS(x, u), (2.3)

where s = sign(LS(x, u)), are, respectively, absolute and relative, approximate line
search oracles. By LSapproxµ, we denote any of the two.

This means that we allow an inexact line search to return a value h̃ close to an
optimal value h∗ = LS(x, u). To simplify subsequent calculations, we also require that
h̃ ≤ h∗ in the case of relative approximation (cf. (2.3)), but this requirement is not
essential. As the optimization problem (2.1) cannot be solved exactly in most cases,
we will describe and analyze our algorithm by means of the two latter approximation
routines.

The formal definition of algorithm RPµ is shown in Algorithm 1. At iteration k
of the algorithm a direction u ∈ Sn−1 is chosen uniformly at random and the next
iterate xk+1 is calculated from the current iterate xk as

xk+1 := xk + LSapproxµ(xk, u) · u. (2.4)

Algorithm 1 Random Pursuit (RPµ)

Input:
A problem of the form (1.1) N ∈ N : number of iterations
x0 : an initial iterate µ > 0 : line search accuracy

Output: Approximate solution xN to (1.1).

1: for k ← 0 to N − 1 do

2: choose uk uniformly at random from Sn−1

3: Set xk+1 ← xk + LSapproxµ(xk, uk) · uk

4: end for

5: return xN

This algorithm only requires function evaluations if the line search LSapproxµ
is implemented appropriately (see [9] and references therein). No additional first or
second-order information of the objective is needed. Note also that besides the start-
ing point no further input parameters describing function properties (e.g. curvature
constant, etc.) are necessary. The actual run time will, however, depend on the
specific properties of the objective function.
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• We first analyze the expected progress rate:

• This leads to the following theorems that shows linear convergence of RP
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The same result can be derived when the vector u is chosen to be a random signed
unit vector.

Lemma 3.4. Let u ∼ U := {±ei : i = 1, . . . , n} where ei denotes the i-th standard
unit vector in Rn. Then
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4. Single Step Progress. To prepare the convergence proof of Algorithm RPµ

in the next section, we study the expected progress in a single step, which is the
quantity

E [f(xk+1) | xk] .

It turns out that we need to proceed differently, depending on whether the function
under consideration is strongly convex (the easier case) or not. We start with a
preparatory lemma for both cases. We first analyze the case when an approximate
line search with absolute error is applied. Using an approximate line search with
relative error will be reduced to the case of an exact line search.

4.1. Line Search with Absolute Error.
Lemma 4.1 (Absolute Error). Let f ∈ C1

L1
and let xk ∈ Rn be the current iterate

and xk+1 ∈ Rn the next iterate generated by algorithm RPµ with absolute line search
accuracy µ. For every positive h ∈ R and every point z ∈ Rn we have

E [f(xk+1) | xk] ≤ f(xk) +
h

n
�∇f(xk), z − xk�+

L1h2

2n
�z − xk�2 +

L1µ2

2
.
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5. Convergence Results. Here we use the previously derived bounds on the

expected single step progress (Corollaries 4.3 and 4.4) to show convergence of the

algorithm.

5.1. Convergence Analysis for Strongly Convex Functions. We first prove

that algorithm RPµ converges linearly in expectation on strongly convex functions.

Despite strong convexity being a global property, it is sufficient if the function is

strongly convex in the neighborhood of its minimizer (see Theorem 5.2).

Theorem 5.1. Let f ∈ C1
L1

and let f be strongly convex with parameter m, and
consider the sequence {xk}k≥0 generated by RPµ with absolute line search accuracy
µ. Then for any N ≥ 0, we have

E [f(xN )− f(x∗
)] ≤

�
1− m

L1n

�N

(f(x0)− f(x∗
)) +

L2
1nµ

2

2m
.

Proof. We use Corollary 4.3 with h =
1
L1

and the quadratic lower bound to

estimate the progress in one step as

E [f(xk+1)− f(x∗
) | xk] ≤ f(xk)− f(x∗

)− 1

2nL1
�∇f(xk)�2 +

L1µ2

2

(2.8)
≤

�
1− m

nL1

�
(f(xk)− f(x∗

)) +
L1µ2

2
.

After taking expectations (over xk), the tower property of conditional expectations

yields the recurrence

E [f(xk+1)− f(x∗
)] ≤

�
1− m

nL1

�
E [f(xk)− f(x∗

)] +
L1µ2

2
.

This implies

E [f(xN )− f(x∗
)] ≤

�
1− m

nL1

�N

(f(x0)− f(x∗
)) + ω(N)

L1µ2

2
,

with

ω(N) :=

N−1�

i=0

(1− m

L1n
)
i ≤ L1n

m
.

The bound of the theorem follows.

We remark that by strong convexity the error �xN − x∗� can also be bounded

using the results of this theorem. Thus, the algorithm does not only converge in terms

of function value, but also in terms of the solution itself.

Each strongly convex function has a unique minimizer x∗
. Using the quadratic

lower bound (2.8) we recall that:

f(x)− f(x∗
) ≥ m

2
�x− x∗�2 , ∀x ∈ Rn. (5.1)

It turns out that instead of strong convexity (2.7) the weaker condition (5.1) is suffi-

cient to have linear convergence.
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• We first analyze the expected progress rate:

• This leads to the following theorems that shows linear convergence of RP
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4. Single Step Progress. To prepare the convergence proof of Algorithm RPµ

in the next section, we study the expected progress in a single step, which is the
quantity

E [f(xk+1) | xk] .

It turns out that we need to proceed differently, depending on whether the function
under consideration is strongly convex (the easier case) or not. We start with a
preparatory lemma for both cases. We first analyze the case when an approximate
line search with absolute error is applied. Using an approximate line search with
relative error will be reduced to the case of an exact line search.

4.1. Line Search with Absolute Error.
Lemma 4.1 (Absolute Error). Let f ∈ C1

L1
and let xk ∈ Rn be the current iterate

and xk+1 ∈ Rn the next iterate generated by algorithm RPµ with absolute line search
accuracy µ. For every positive h ∈ R and every point z ∈ Rn we have

E [f(xk+1) | xk] ≤ f(xk) +
h

n
�∇f(xk), z − xk�+

L1h2

2n
�z − xk�2 +

L1µ2

2
.

10 S. U. STICH, C. L. MÜLLER AND B. GÄRTNER

5. Convergence Results. Here we use the previously derived bounds on the

expected single step progress (Corollaries 4.3 and 4.4) to show convergence of the

algorithm.

5.1. Convergence Analysis for Strongly Convex Functions. We first prove

that algorithm RPµ converges linearly in expectation on strongly convex functions.

Despite strong convexity being a global property, it is sufficient if the function is

strongly convex in the neighborhood of its minimizer (see Theorem 5.2).

Theorem 5.1. Let f ∈ C1
L1

and let f be strongly convex with parameter m, and
consider the sequence {xk}k≥0 generated by RPµ with absolute line search accuracy
µ. Then for any N ≥ 0, we have

E [f(xN )− f(x∗
)] ≤

�
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L1n
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(f(x0)− f(x∗
)) +

L2
1nµ

2

2m
.

Proof. We use Corollary 4.3 with h =
1
L1

and the quadratic lower bound to

estimate the progress in one step as
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) | xk] ≤ f(xk)− f(x∗

)− 1

2nL1
�∇f(xk)�2 +

L1µ2

2

(2.8)
≤
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nL1
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)) +
L1µ2

2
.

After taking expectations (over xk), the tower property of conditional expectations

yields the recurrence

E [f(xk+1)− f(x∗
)] ≤
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nL1

�
E [f(xk)− f(x∗

)] +
L1µ2

2
.

This implies
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2
,

with

ω(N) :=
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.

The bound of the theorem follows.

We remark that by strong convexity the error �xN − x∗� can also be bounded

using the results of this theorem. Thus, the algorithm does not only converge in terms

of function value, but also in terms of the solution itself.

Each strongly convex function has a unique minimizer x∗
. Using the quadratic

lower bound (2.8) we recall that:

f(x)− f(x∗
) ≥ m

2
�x− x∗�2 , ∀x ∈ Rn. (5.1)

It turns out that instead of strong convexity (2.7) the weaker condition (5.1) is suffi-

cient to have linear convergence.
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Theorem 5.2. Let f ∈ C1
L1

and suppose f has a unique minimizer x∗ satisfy-
ing (5.1) with parameter m. Consider the sequence {xk}k≥0 generated by RPµ with
absolute line search accuracy µ. Then for any N ≥ 0, we have

E [f(xN )− f(x∗)] ≤
�
1− m

4L1n

�N

(f(x0)− f(x∗)) +
2L2

1nµ
2

m
.

Proof. To see this we use Corollary 4.4 with property (5.1) to get

E [f(xk+1)− f(x∗) | xk] ≤
�
1− hk

n

�
(f(xk)− f(x∗)) +

L1h
2
k

2n
�xk − x

∗�2 + L1µ
2

2

≤
�
1− hk

n
+

L1h
2
k

mn

�
(f(xk)− f(x∗)) +

L1µ
2

2
.

Setting hk to m
2L1

, the term in the left bracket becomes (1 − m
4L1n

). Now the proof
continues as the proof of Theorem 5.1.

5.2. Convergence Analysis for Convex Functions. We now prove that al-
gorithm RPµ converges in expectation on smooth (not necessarily strongly) convex
functions. The rate is, however, not linear anymore.

Theorem 5.3. Let f ∈ C1
L1

and let x∗ a minimizer of f , and let the sequence
{xk}k≥0 be generated by RPµ with absolute line search accuracy µ. Assume there
exists R, s.t. �y − x∗� < R for all y with f(y) ≤ f(x0). Then for any N ≥ 0, we
have

E [f(xN )− f(x∗)] ≤ Q

N + 1
+

NL1µ
2

2
,

where

Q = max
�
2nL1R

2
, f(x0)− f(x∗)

�
.

Proof. By assumption, there exists an R ∈ R, s.t. �xk − x∗� ≤ R, for all k =
0, 1, . . . , N . With Corollary 4.4 it follows for any step size hk ≥ 0:

E [f(xk+1)− f(x∗) | xk] ≤
�
1− hk

n

�
(f(xk)− f(x∗)) +

L1h
2
k

2n
R

2 +
L1µ

2

2
. (5.2)

Taking expectation we obtain

E [f(xk+1)− f(x∗)] ≤
�
1− hk

n

�
E [f(xk)− f(x∗)] +

�
hk

n

�2
nL1R

2

2
+

L1µ
2

2
.

By setting hk := 2n
k+1 for k = 0, . . . , (N − 1) we obtain a recurrence that is exactly of

the form as treated in Lemma A.1 and the result follows.
We note that for � > 0 the exact algorithm RP0 needs O

�
n
�

�
steps to guarantee

an approximation error of �. According to the discussion preceding Lemma 4.2, this
still holds under an approximate line search with fixed relative error.

In the absolute error model, however, the error bound of Theorem 5.3 becomes
meaningless as N → ∞. Nevertheless, for Nopt =

�
2Q/(L1µ

2) the bound yields

E
�
f(xNopt)− f(x∗)

�
≤ Q

Nopt
+

NoptL1µ
2

2
≤ µ

�
2QL1.
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Variable-metric randomized method in a nutshell

1. Start at a feasible point in search space and evaluate the objective

2. Propose new iterates based on a set of rules

3. Accept/reject/weight the new iterates in order to

- Advance in search space toward a better point

- Use some of the iterates to learn about the structure of the underlying 
search space by inferring an appropriate metric

4. Return to 2. until some stopping criterion is met
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Random Pursuit with Metric (learning)
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• Embed in RP a scheme that learns about the local geometry of the function  

• We employ and further develop a recent Randomized Hessian scheme 
(Leventhal and Lewis,2011)  

• Two schemes are analyzed: Fixed and Variable Metric RPVariable Metric Random Pursuit 5

F-RP(f,x0,Σ, N)

Output: Approximate solution xN to (1)
1 for k = 1 to N do

2 uk ∼ N (0,Σ)
3 xk ← LSf (xk−1,uk)

4 return xN

V-RP(f,x0, B0, N)

Output: Approximate solution xN to (1)
1 for k = 1 to N do

2 Bk ← updateHess(f,x, Bk−1)

3 uk ∼ N (0, B−1
k )

4 xk ← LSf (xk−1,uk)

5 return xN

Fig. 1 Fixed Metric Random Pursuit (left panel) and the Variable Metric version (right
panel). The generic sub-routine updateHess on line 2 exemplifies any function that generates
the metric Bk in step k. Two specific instantiations are discussed in Section 5 (cf. Fig. 2).

point no further input parameters describing function properties (such as cur-

vature constant etc.) are necessary. The actual run time will, however, depend

on the specific properties of the objective function.

Variable Metric Random Pursuit (V-RP) comprises an independent pro-

cess that gives an approximation of the Hessian at each iteration. The inverse

of the Hessian is then used as covariance matrix in the multivariate normal

distribution to generate the current search direction. In principle, any deter-

ministic or randomized gradient-free estimator can be used for this purpose.

In Section 5 we present two variants of a Randomized Hessian approximation

scheme recently proposed in [12] for which theoretical guarantees are known.

3 Definitions and Notations

3.1 Quadratic norms

Let PDn denote the set of symmetric positive definite n × n matrices. With

respect to A ∈ PDn, we can define an ’anisotropic’ inner product and a corre-

sponding norm by

�x,y�A := yTAx , and �x�2A := �x,x�A ,

for x,y ∈ Rn
. In statistics the induced metric is also known as the Mahalanobis

metric. We observe that

λmin(A) �x�2 ≤ �x�2A ≤ λmax(A) �x�2 , (5)

due to λmin(A) = min{xTAx : �x� = 1} and λmax(A) = max{xTAx : �x� =

1}. We will frequently need the following lemma.

Lemma 1 Let A,B ∈ PDn,x ∈ Rn with x �= 0. Then

λmin(B
−1A) ≤

�x�A
�x�B

≤ λmax(B
−1A) .
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• This leads to the following theorem that shows linear convergence of F-RP
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4. Single Step Progress. To prepare the convergence proof of Algorithm RPµ

in the next section, we study the expected progress in a single step, which is the
quantity

E [f(xk+1) | xk] .
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preparatory lemma for both cases. We first analyze the case when an approximate
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4.1. Line Search with Absolute Error.
Lemma 4.1 (Absolute Error). Let f ∈ C1

L1
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and xk+1 ∈ Rn the next iterate generated by algorithm RPµ with absolute line search
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h

n
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2n
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L1µ2

2
.
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On strongly convex function the convergence of F-RP is linear.

Theorem 2 Let f be convex with quadratic upper bound L1 ∈ PDn, and let
f in addition be strongly convex with parameter M ∈ PDn. Let x∗ ∈ Rn

denote the unique minimizer of f and let the sequence {xk}k≥0 be generated
by Algorithm F-RP with covariance Σ ∈ PDn. Then

E [f(xN )− f(x∗
)] ≤

�
1− λmin(MΣ)

Tr[L1Σ] + 2λmax(L1Σ)

�N

· (f(x0)− f(x∗
)) .

(21)

Proof We use Lemma 1 to bound

σ(xk) =
�∇f(xk)�2ΣL1Σ

�∇f(xk)�2Σ
≤ λmax(Σ

−1ΣL1Σ) = λmax(L1Σ)

for k = 0, 1, . . . , N − 1. Thus Lemma 8 yields

E [f(xk+1) | xk] ≤ f(xk)−
�

1

2Tr[L1Σ] + 4λmax(L1Σ)

�
�∇f(xk)�2Σ , (22)
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)) .
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) | xk] ≤

�
1− λmin(MΣ)

Tr[L1Σ] + 2λmax(L1Σ)

�
· (f(xk)− f(x∗

)) ,

for k = 0, . . . , N−1. Finally, taking expectation (over xk) yields the recurrence

E [f(xk+1)− f(x∗
)] ≤

�
1− λmin(MΣ)

Tr[L1Σ] + 2λmax(L1Σ)

�
· E [f(xk)− f(x∗

)] ,

and the theorem follows. ��

We remark that the progress is strict: With Σ = CCT , “Rotation” Lemma 2

in Section 3 along with Sylvester’s law of inertia yields that all the three terms

λmin(MΣ),Tr[L1Σ] and λmax(L1Σ) are positive.

It is not necessary that the function f is strongly convex everywhere for

linear convergence to hold. Let us recall that strong convexity with parameter

M implies that

f(x)− f(x∗
) ≥ 1

2
�x− x∗�2M , ∀x ∈ Rn . (23)

It turns out that, instead of strong convexity (8), the weaker condition (23) is

enough for linear convergence.
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Theorem 3 Let f be convex with quadratic upper bound L1 ∈ PDn, and let
f have unique minimizer x∗ ∈ Rn satisfying (23) with M ∈ PDn. Let the
sequence {xk}k≥0 be generated by Algorithm F-RP with covariance Σ ∈ PDn.
Then

E [f(xN )− f(x∗)] ≤
�
1− 1

4θ

�N

· (f(x0)− f(x∗)) , (24)

where

θ =
Tr [L1Σ]

λmin(MΣ)
+

2

λmin(ML
−1
1 )

.

Proof To see this, we use (16) to get

E [f(x+)− f(x∗) | x] ≤ (1− h) (f(x)− f(x∗))

+
h
2

2

�
Tr [L1Σ] �x− x∗�2Σ−1 + 2 �x− x∗�2L1

�

≤
�
1− h+ h

2θ

�
(f(x)− f(x∗)) ,

where we used Lemma 1 to bound

�x− x∗�2Σ−1 ≤ �x− x∗�2M · 1

λmin(MΣ)

and

�x− x∗�2L1
≤ �x− x∗�2M · 1

λmin(ML
−1
1 )

.

followed by (23).
Setting h to 1

2θ the term in the left bracket becomes
�
1− 1

4θ

�
and the proof

continues as the proof of Theorem 2. ��

5 Metric Learning in Random Pursuit

Our bounds on the progress rate of F-RP with fixed covariance matrix Σ
concisely describe the influence of the matrix upper and lower bounds and
the chosen covariance matrix on the convergence rate of RP algorithms. For
instance, for the special case of quadratic functions of the form f(x) = 1

2x
T
Hx

with H ∈ PDn and trivial quadratic upper and lower bound L1 = M = H, the

choice Σ = H
−1 leads to the expected progress rate

�
1− 1

n+2

�
(cf. Thm 2).

This rate is (i) near-optimal from a theoretical point of view [10] and (ii)
independent of the function f (i.e., the spectrum of H). For general strongly
convex functions f : Rn → R, the Hessian ∇2

f(x) is not constant for all
x ∈ Rn. However, if we assume that the Hessian is only mildly changing (for
instance, Lipschitz continuous) then for all x ∈ Rn that are close to the unique

14 S. U. Stich et al.

minimizer x∗ ∈ Rn
the corresponding Hessians will also be close, meaning that

∇2
f(x) ≈ ∇2

f(x∗
) in some norm. The choice Σ−1

= ∇2
f(x∗

) is thus likely

to also yield a good convergence rate on this function class.

We are now left with the challenge of how to efficiently learn a suitable co-

variance matrix (that induces the right metric) on smooth convex functions in

the present gradient-free setting. Iterative stochastic covariance matrix adapta-

tion schemes are well-established in gradient-free continuous optimization [11,

5,14] but notoriously difficult to study theoretically. A welcome alternative has

recently been introduced by Leventhal and Lewis [12] in form of a Randomized

Hessian approximation scheme. We here review and extend their scheme which

we refer to as Variable Metric (VM) update. For twice differentiable functions
f : Rn → R, x ∈ Rn

and initial iterate B0 ∈ PDn, Leventhal and Lewis al-

ready showed that the VM scheme generates a random sequence {Bk}k∈N of

iterates that converge to ∇2
f(x). For quadratic functions, their analysis also

reveals exact rates for the convergence in expectation of the sequence of es-

timates {Bk}k∈N to the true Hessian H. We are, however, interested in the

inverses of these matrices, since we want to understand convergence of the co-

variances Σ = B
−1
k , k ∈ N to the optimal covariance H

−1
. We know that for

a sufficiently large number K of steps, B
−1
K ≈ H

−1
almost surely, but explicit

bounds for K do not directly follow from existing results.

We here address this question and provide, in addition, two novel, theoret-

ically sound, and easy-to-implement VM updates. We also study their numer-

ical performance on Nesterov’s worst case function and quadratic functions

with (inverse) sigmoidal spectral distribution. For simplicity, we analyze VM

updates and their interplay with Random Pursuit solely on convex quadratic

functions. The general convex case is subject of future research.

5.1 Variable Metric update schemes

The generic VM update [12] comprises direct updates of a Hessian estimate.

Given a symmetric matrix B ∈ PDn as current Hessian estimate, a direction

u is selected uniformly at random from the n-dimensional hypersphere S
n−1

(i.e., u ∼ S
n−1

). The next iterate B+ is determined according to:

B+ = B + uT
(H −B)u · uuT

. (25)

This formula requires the evaluation of uT
Hu with unknown H. For twice

differentiable functions f the second derivative of f at x in direction u can be

well approximated by finite differences:

uT
Hu ≈ f(x+ �u)− 2f(x) + f(x− �u)

�2
(26)

for some small � > 0. In the convex quadratic case, the above formula is ex-

act for arbitrary � > 0. Note that this formula only requires two additional

function evaluations at x ± �u. In addition, the formula implies that the es-

timate B+ behaves at x like the unknown Hessian along direction u, that
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Theorem 3 Let f be convex with quadratic upper bound L1 ∈ PDn, and let
f have unique minimizer x∗ ∈ Rn satisfying (23) with M ∈ PDn. Let the
sequence {xk}k≥0 be generated by Algorithm F-RP with covariance Σ ∈ PDn.
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where
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Proof To see this, we use (16) to get
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+
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and
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≤ �x− x∗�2M · 1
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.

followed by (23).
Setting h to 1

2θ the term in the left bracket becomes
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1− 1

4θ

�
and the proof

continues as the proof of Theorem 2. ��

5 Metric Learning in Random Pursuit

Our bounds on the progress rate of F-RP with fixed covariance matrix Σ
concisely describe the influence of the matrix upper and lower bounds and
the chosen covariance matrix on the convergence rate of RP algorithms. For
instance, for the special case of quadratic functions of the form f(x) = 1

2x
T
Hx

with H ∈ PDn and trivial quadratic upper and lower bound L1 = M = H, the

choice Σ = H
−1 leads to the expected progress rate

�
1− 1

n+2

�
(cf. Thm 2).

This rate is (i) near-optimal from a theoretical point of view [10] and (ii)
independent of the function f (i.e., the spectrum of H). For general strongly
convex functions f : Rn → R, the Hessian ∇2

f(x) is not constant for all
x ∈ Rn. However, if we assume that the Hessian is only mildly changing (for
instance, Lipschitz continuous) then for all x ∈ Rn that are close to the unique
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minimizer x∗ ∈ Rn
the corresponding Hessians will also be close, meaning that

∇2
f(x) ≈ ∇2

f(x∗
) in some norm. The choice Σ−1

= ∇2
f(x∗

) is thus likely

to also yield a good convergence rate on this function class.

We are now left with the challenge of how to efficiently learn a suitable co-

variance matrix (that induces the right metric) on smooth convex functions in

the present gradient-free setting. Iterative stochastic covariance matrix adapta-

tion schemes are well-established in gradient-free continuous optimization [11,

5,14] but notoriously difficult to study theoretically. A welcome alternative has

recently been introduced by Leventhal and Lewis [12] in form of a Randomized

Hessian approximation scheme. We here review and extend their scheme which

we refer to as Variable Metric (VM) update. For twice differentiable functions
f : Rn → R, x ∈ Rn

and initial iterate B0 ∈ PDn, Leventhal and Lewis al-

ready showed that the VM scheme generates a random sequence {Bk}k∈N of

iterates that converge to ∇2
f(x). For quadratic functions, their analysis also

reveals exact rates for the convergence in expectation of the sequence of es-

timates {Bk}k∈N to the true Hessian H. We are, however, interested in the

inverses of these matrices, since we want to understand convergence of the co-

variances Σ = B
−1
k , k ∈ N to the optimal covariance H

−1
. We know that for

a sufficiently large number K of steps, B
−1
K ≈ H

−1
almost surely, but explicit

bounds for K do not directly follow from existing results.

We here address this question and provide, in addition, two novel, theoret-

ically sound, and easy-to-implement VM updates. We also study their numer-

ical performance on Nesterov’s worst case function and quadratic functions

with (inverse) sigmoidal spectral distribution. For simplicity, we analyze VM

updates and their interplay with Random Pursuit solely on convex quadratic

functions. The general convex case is subject of future research.

5.1 Variable Metric update schemes

The generic VM update [12] comprises direct updates of a Hessian estimate.

Given a symmetric matrix B ∈ PDn as current Hessian estimate, a direction

u is selected uniformly at random from the n-dimensional hypersphere S
n−1

(i.e., u ∼ S
n−1

). The next iterate B+ is determined according to:

B+ = B + uT
(H −B)u · uuT

. (25)

This formula requires the evaluation of uT
Hu with unknown H. For twice

differentiable functions f the second derivative of f at x in direction u can be

well approximated by finite differences:

uT
Hu ≈ f(x+ �u)− 2f(x) + f(x− �u)

�2
(26)

for some small � > 0. In the convex quadratic case, the above formula is ex-

act for arbitrary � > 0. Note that this formula only requires two additional

function evaluations at x ± �u. In addition, the formula implies that the es-

timate B+ behaves at x like the unknown Hessian along direction u, that

Variable Metric Random Pursuit 5

F-RP(f,x0,Σ, N)

Output: Approximate solution xN to (1)
1 for k = 1 to N do

2 uk ∼ N (0,Σ)
3 xk ← LSf (xk−1,uk)

4 return xN

V-RP(f,x0, B0, N)

Output: Approximate solution xN to (1)
1 for k = 1 to N do

2 Bk ← updateHess(f,x, Bk−1)

3 uk ∼ N (0, B−1
k )

4 xk ← LSf (xk−1,uk)

5 return xN

Fig. 1 Fixed Metric Random Pursuit (left panel) and the Variable Metric version (right
panel). The generic sub-routine updateHess on line 2 exemplifies any function that generates
the metric Bk in step k. Two specific instantiations are discussed in Section 5 (cf. Fig. 2).

point no further input parameters describing function properties (such as cur-

vature constant etc.) are necessary. The actual run time will, however, depend

on the specific properties of the objective function.

Variable Metric Random Pursuit (V-RP) comprises an independent pro-

cess that gives an approximation of the Hessian at each iteration. The inverse

of the Hessian is then used as covariance matrix in the multivariate normal

distribution to generate the current search direction. In principle, any deter-

ministic or randomized gradient-free estimator can be used for this purpose.

In Section 5 we present two variants of a Randomized Hessian approximation

scheme recently proposed in [12] for which theoretical guarantees are known.

3 Definitions and Notations

3.1 Quadratic norms

Let PDn denote the set of symmetric positive definite n × n matrices. With

respect to A ∈ PDn, we can define an ’anisotropic’ inner product and a corre-

sponding norm by

�x,y�A := yTAx , and �x�2A := �x,x�A ,

for x,y ∈ Rn
. In statistics the induced metric is also known as the Mahalanobis

metric. We observe that

λmin(A) �x�2 ≤ �x�2A ≤ λmax(A) �x�2 , (5)

due to λmin(A) = min{xTAx : �x� = 1} and λmax(A) = max{xTAx : �x� =

1}. We will frequently need the following lemma.

Lemma 1 Let A,B ∈ PDn,x ∈ Rn with x �= 0. Then

λmin(B
−1A) ≤

�x�A
�x�B

≤ λmax(B
−1A) .
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Theorem 3 Let f be convex with quadratic upper bound L1 ∈ PDn, and let
f have unique minimizer x∗ ∈ Rn satisfying (23) with M ∈ PDn. Let the
sequence {xk}k≥0 be generated by Algorithm F-RP with covariance Σ ∈ PDn.
Then
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where
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−1
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.
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1− h+ h
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−1
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.

followed by (23).
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�
and the proof

continues as the proof of Theorem 2. ��
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instance, for the special case of quadratic functions of the form f(x) = 1
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with H ∈ PDn and trivial quadratic upper and lower bound L1 = M = H, the

choice Σ = H
−1 leads to the expected progress rate
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1− 1

n+2
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(cf. Thm 2).

This rate is (i) near-optimal from a theoretical point of view [10] and (ii)
independent of the function f (i.e., the spectrum of H). For general strongly
convex functions f : Rn → R, the Hessian ∇2

f(x) is not constant for all
x ∈ Rn. However, if we assume that the Hessian is only mildly changing (for
instance, Lipschitz continuous) then for all x ∈ Rn that are close to the unique
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minimizer x∗ ∈ Rn
the corresponding Hessians will also be close, meaning that

∇2
f(x) ≈ ∇2

f(x∗
) in some norm. The choice Σ−1
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f(x∗

) is thus likely

to also yield a good convergence rate on this function class.

We are now left with the challenge of how to efficiently learn a suitable co-

variance matrix (that induces the right metric) on smooth convex functions in

the present gradient-free setting. Iterative stochastic covariance matrix adapta-

tion schemes are well-established in gradient-free continuous optimization [11,

5,14] but notoriously difficult to study theoretically. A welcome alternative has

recently been introduced by Leventhal and Lewis [12] in form of a Randomized

Hessian approximation scheme. We here review and extend their scheme which

we refer to as Variable Metric (VM) update. For twice differentiable functions
f : Rn → R, x ∈ Rn

and initial iterate B0 ∈ PDn, Leventhal and Lewis al-

ready showed that the VM scheme generates a random sequence {Bk}k∈N of

iterates that converge to ∇2
f(x). For quadratic functions, their analysis also

reveals exact rates for the convergence in expectation of the sequence of es-

timates {Bk}k∈N to the true Hessian H. We are, however, interested in the

inverses of these matrices, since we want to understand convergence of the co-

variances Σ = B
−1
k , k ∈ N to the optimal covariance H

−1
. We know that for

a sufficiently large number K of steps, B
−1
K ≈ H

−1
almost surely, but explicit

bounds for K do not directly follow from existing results.

We here address this question and provide, in addition, two novel, theoret-

ically sound, and easy-to-implement VM updates. We also study their numer-

ical performance on Nesterov’s worst case function and quadratic functions

with (inverse) sigmoidal spectral distribution. For simplicity, we analyze VM

updates and their interplay with Random Pursuit solely on convex quadratic

functions. The general convex case is subject of future research.

5.1 Variable Metric update schemes

The generic VM update [12] comprises direct updates of a Hessian estimate.

Given a symmetric matrix B ∈ PDn as current Hessian estimate, a direction

u is selected uniformly at random from the n-dimensional hypersphere S
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(i.e., u ∼ S
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). The next iterate B+ is determined according to:
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for some small � > 0. In the convex quadratic case, the above formula is ex-

act for arbitrary � > 0. Note that this formula only requires two additional

function evaluations at x ± �u. In addition, the formula implies that the es-

timate B+ behaves at x like the unknown Hessian along direction u, that
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distribution to generate the current search direction. In principle, any deter-

ministic or randomized gradient-free estimator can be used for this purpose.
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metric. We observe that
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due to λmin(A) = min{xTAx : �x� = 1} and λmax(A) = max{xTAx : �x� =

1}. We will frequently need the following lemma.

Lemma 1 Let A,B ∈ PDn,x ∈ Rn with x �= 0. Then

λmin(B
−1A) ≤

�x�A
�x�B

≤ λmax(B
−1A) .

14 S. U. Stich et al.

minimizer x∗ ∈ Rn
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) in some norm. The choice Σ−1
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) is thus likely

to also yield a good convergence rate on this function class.

We are now left with the challenge of how to efficiently learn a suitable co-

variance matrix (that induces the right metric) on smooth convex functions in

the present gradient-free setting. Iterative stochastic covariance matrix adapta-

tion schemes are well-established in gradient-free continuous optimization [11,

5,14] but notoriously difficult to study theoretically. A welcome alternative has

recently been introduced by Leventhal and Lewis [12] in form of a Randomized

Hessian approximation scheme. We here review and extend their scheme which

we refer to as Variable Metric (VM) update. For twice differentiable functions
f : Rn → R, x ∈ Rn

and initial iterate B0 ∈ PDn, Leventhal and Lewis al-

ready showed that the VM scheme generates a random sequence {Bk}k∈N of

iterates that converge to ∇2
f(x). For quadratic functions, their analysis also

reveals exact rates for the convergence in expectation of the sequence of es-

timates {Bk}k∈N to the true Hessian H. We are, however, interested in the

inverses of these matrices, since we want to understand convergence of the co-

variances Σ = B
−1
k , k ∈ N to the optimal covariance H

−1
. We know that for

a sufficiently large number K of steps, B
−1
K ≈ H

−1
almost surely, but explicit

bounds for K do not directly follow from existing results.

We here address this question and provide, in addition, two novel, theoret-

ically sound, and easy-to-implement VM updates. We also study their numer-

ical performance on Nesterov’s worst case function and quadratic functions

with (inverse) sigmoidal spectral distribution. For simplicity, we analyze VM

updates and their interplay with Random Pursuit solely on convex quadratic

functions. The general convex case is subject of future research.

5.1 Variable Metric update schemes

The generic VM update [12] comprises direct updates of a Hessian estimate.

Given a symmetric matrix B ∈ PDn as current Hessian estimate, a direction

u is selected uniformly at random from the n-dimensional hypersphere S
n−1

(i.e., u ∼ S
n−1

). The next iterate B+ is determined according to:

B+ = B + uT
(H −B)u · uuT

. (25)

This formula requires the evaluation of uT
Hu with unknown H. For twice

differentiable functions f the second derivative of f at x in direction u can be

well approximated by finite differences:

uT
Hu ≈ f(x+ �u)− 2f(x) + f(x− �u)

�2
(26)

for some small � > 0. In the convex quadratic case, the above formula is ex-

act for arbitrary � > 0. Note that this formula only requires two additional

function evaluations at x ± �u. In addition, the formula implies that the es-

timate B+ behaves at x like the unknown Hessian along direction u, that

We can use the following curvature 
approximation for some epsilon:
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Corollary 1 Let {Bk}k≥0 with B0 symmetric a sequence of iterates generated
either by the VM update as implemented in updateHessCorr or the sequence
of internal matrices T in updateHess. Then the statement from Lemma 11
also holds for the sequence of error matrices {E�

k}k≥0 := {Bk −H}k≥0.

Proof The internal matrices T in updateHess are exactly updated according

to (27), hence nothing is to show. The iterates of updateHessCorr are almost

generated according to (27). The additional correction step (if necessary) can

be viewed as one step of the VM update (25) in a special (not random) di-

rection. However, by (i) of Lemma 11 the Frobenius norm of the error matrix

will not increase by this step. ��

Proof (of Lemma 11) We note that (i) and (ii) were already proven by Lev-

enthal and Lewis [12, Theorem 2.1]. It remains to show that (iii) follows from

Markov’s inequality. Since �Ek�F decreases monotonically, it suffices to prove

(iii) for k = K. We have

�
1− 2

n(n+ 2)

�K

≤ 1

(a
√
b)2

,

hence, by (ii),

E[�EK�2F ] ≤
1

b

�E0�2F
a2

.

By the Markov inequality, the probability that �EK�2F exceeds its expectation

by more than a factor of b is at most 1/b, and this yields the lemma. ��

In order to show the effectiveness of the V-RP algorithm we have to argue

that the convergence factor in Theorem 2 describing the single-step progress of

F-RP converges to 1−1/(n+2). To provide some intuition on the convergence

behavior, let us consider a quadratic function f(x) = 1
2x

T
Hx, with quadratic

upper and lower bound M = L1 = H. Then the convergence factor in Theo-

rem 2 depends only on the spectrum of HΣ, with Σ = B
−1
k = (H + Ek)

−1
.

Lemma 12 (VM convergence factor) Let H ∈ PDn, let {Ek}k≥0 with E0

symmetric be a sequence of iterates generated by the VM update (27) on the
function f(x) = 1

2x
T
Hx and let c < 1. If for k

� ≥ 0:

�Ek��2 ≤ c

�H−1�2
,

then the convergence factor from Theorem 2 can be upper bounded by

1− λmin(HΣ)

Tr[HΣ] + 2λmax(HΣ)
≤ 1− (1− c)

2

n+ 2
, (28)

for Σ = (H + Ek�)
−1.

• Recall that for quadratic functions we have M = L1 = H

• The convergence factor in F-RP only depends on the 
spectrum of H   , with    = Bk-1 = (H+Ek)-1.

• We can prove the following theorem  
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Proof To show the Lemma, we derive bounds on the smallest and largest
eigenvalues of the matrix HΣ. First we observe that

max
���λmin(Ek�H

−1)
�� ,
��λmax(Ek�H

−1)
��� =

��Ek�H
−1

��
2
≤ �Ek��2

��H−1
��
2

by the definition of the 2-norm and submultiplicativity. With the assumption
on the product of the two norms, the whole expression can be upper bounded
by c:

�Ek��2
��H−1

��
2
≤ c < 1 .

Therefore, the largest eigenvalue of HΣ is well defined and finite:

λmax(HΣ) =
1

λmin((HΣ)−1)
=

1

λmin(In + Ek�H−1)

=
1

1 + λmin(Ek�H−1)
≤ 1

1− c
.

With a similar argumentation we obtain a lower bound on the smallest eigen-
value of HΣ:

λmin(HΣ) =
1

1 + λmax(Ek�H−1)
≥ 1− λmax(Ek�H

−1) ≥ 1− c ,

where the first inequality follows from 1
1+x ≥ 1 − x for x > −1. These two

bounds together with the trivial estimate Tr[HΣ] ≤ nλmax(HΣ) yield:

λmin(HΣ)

Tr[HΣ] + 2λmax(HΣ)
≥ λmin(HΣ)

(n+ 2)λmax(HΣ)
≥ (1− c)2

(n+ 2)
,

and the claim follows. ��

Corollary 2 Let c < 1 and K = n(n+2) ln(
��H−1

��
2
�E0�F

√
b/c). Then (28)

holds with probability at least 1− 1
b .

Proof We observe that �Ek�2 ≤ �Ek�F . Now the result follows from Lemma 12
and Lemma 11 (iii) with a =

��H−1
��
2
�E0�F /c. ��

We can also interpret the statement of Corollary 2 as follows: By solving
the equation for c and plugging the result into (28), we obtain an upper bound
on the convergence factor depending only on b, the success parameter, and K,
the number of iterations. With probability at least 1− 1

b it holds:

c ≤
��H−1

��
2
�E0�F

√
be

− K
n(n+2) . (29)

In summary, these results guarantee the near-optimal linear convergence of
V-RP after an initial learning phase of at most K steps with high probability.
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Gaussian Adaptation

Gaussian Adaptation (GaA) (Kjellström and co-workers, 1969-1999) is a 
design-centering and black-box optimization method. 

General idea: Sample a single candidate solution from a multivariate 
normal distribution                         and iteratively adapt the mean m, 
covariance matrix C, and step size r such as to maximize the entropy of 
the sample distribution.

27

N (m, r2 C)
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Gaussian Adaptation

Gaussian Adaptation (GaA) (Kjellström and co-workers, 1969-1999) is a 
design-centering and black-box optimization method. 

• Sample acceptance depends on the specific computational task

• Step size and covariance is adapted in order to maximize entropy under 
the constraint of a fixed target acceptance probability P. 

General idea: Sample a single candidate solution from a multivariate 
normal distribution                         and iteratively adapt the mean m, 
covariance matrix C, and step size r such as to maximize the entropy of 
the sample distribution.
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N (m, r2 C)
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 Black-box design centering

General objective: Find the “center” of a feasible region described by a 
black-box or membership oracle.

Output

Feasible region A

Input

...

...

x ∈ Rn

“No” otherwise

“Yes” if x ∈ A

28



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

 Black-box design centering

A

29



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

 Black-box design centering

A

29



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

 Black-box design centering

A

29



Oct 26, 2012:IAISRandomized Black-box Optimization

Courant InsTitute new York University

A

Gaussian Adaptation

Maximization of the entropy of the Gaussian distribution.

Prob(x ∈ A) = P

Constraint:

How to solve the problem: Define an adaptive Markov Chain 
that converges to the desired maximum-entropy Gaussian.

Entropy:

H(N ) = log
��

(2πe)n det(C)
�

30
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0.) Initialization

The GaA algorithm

06/11/11 15

m(0)Feasible starting point

C(0) =
�
r ·Q(0)

� �
r ·Q(0)

�T

= r2
�
Q(0)

� �
Q(0)

�T
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P 1/e

Nm en

NC (n+1)2/log(n+1)

fe 1 + β·(1-P)

fc 1 - β·(P)

β 1/NC

Optimality proof based on 
information theory

Scaling arguments

Theoretical arguments

Standard parameter settings in GaA

06/11/11 17
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 Adapting the fitness threshold cT

f(x)

x

cT

A = {x : f(x) < cT}
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The Evolution Strategy with Covariance Matrix Adaptation (CMA-
ES) (Hansen and co-workers, 1994-now) is state-of-the-art in black-

box optimization.

36

• Rank-k update of the covariance matrix possible

• Exponential smoothing of the search path is used to control the  
step size
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Part 2: Theory and practical algorithms                                                                       
- Random Pursuit on convex functions                                                                          
-  Variable metric in a nutshell                                                          
- (Variable) Metric Random Pursuit on convex functions                                      
- Gaussian Adaptation and CMA-ES

Part 3: Numerical studies                                                               
- Probing the spectral invariance of BB schemes                                         
- A conjecture about Euclidean TSP 

Part 1: Useful concepts for black-box methods          
- Landscape paradigm                                                     
- Invariance as design principle                                    
- Multivariate normal distribution as search operator
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• Comparison between test functions enables probing of invariance 
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2. Definitions of the 25 CEC’05 Test Functions 

2.1 Unimodal Functions: 

2.1.1.  F1: Shifted Sphere Function 

2

1 1

1

( ) _
D

i

i

F z f bias
!

! "#x , ! $z x o , 1 2[ , ,..., ]Dx x x!x        

D: dimensions.  1 2[ , ,..., ]Do o o!o  : the shifted global optimum. 

 
Figure 2-1 3-D map for 2-D function 

 

Properties: 

! Unimodal  

! Shifted 

! Separable 

! Scalable 

! [ 100,100]D% $x , Global optimum: * !x o , 1( *) 1F f_bias!x = - 450 

 

Associated Data files: 

Name:   sphere_func_data.mat  

sphere_func_data.txt 

Variable:  o 1*100 vector  the shifted global optimum 

  When using, cut o=o(1:D) 

 

Name:   fbias_data.mat  

fbias_data.txt 

Variable:  f_bias 1*25 vector, record all the 25 function’s f_biasi 
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2.1.2.   F2: Shifted Schwefel’s Problem 1.2 

2

2 2

1 1

( ) ( ) _
D i

j

i j

F z f bias
! !

! "# #x , ! $z x o , 1 2[ , ,..., ]Dx x x!x       

D: dimensions 

1 2[ , ,..., ]Do o o!o  : the shifted global optimum 

 
Figure 2-2  3-D map for 2-D function 

 

Properties: 

! Unimodal  

! Shifted 

! Non-separable 

! Scalable 

! [ 100,100]D% $x , Global optimum * !x o , *

2 ( ) 2F f_bias!x = - 450 

 

Associated Data files: 

Name:   schwefel_102_data.mat  

schwefel_102_data.txt 

Variable:  o 1*100 vector  the shifted global optimum 

  When using, cut o=o(1:D) 

 6

2.1.3. F3: Shifted Rotated High Conditioned Elliptic Function 
1

6 21
3 3

1

( ) (10 ) _
iD

D
i

i

F z f bias
!

!

"

" #$x , ( )*" !z x o M , 1 2[ , ,..., ]Dx x x"x      

D: dimensions 

1 2[ , ,..., ]Do o o"o  : the shifted global optimum 

M: orthogonal matrix 

 
Figure 2-3 3-D map for 2-D function 

Properties: 

! Unimodal  

! Shifted 

! Rotated  

! Non-separable 

! Scalable  

! [ 100,100]D% !x , Global optimum * "x o , *

3 ( ) 3F f_bias"x =- 450 

 

Associated Data files: 

Name:   high_cond_elliptic_rot_data.mat  

high_cond_elliptic_rot_data.txt 

Variable:  o 1*100 vector   the shifted global optimum 

  When using, cut o=o(1:D) 

 

Name:  elliptic_M_D10 .mat  elliptic_M_D10 .txt   

Variable:  M 10*10 matrix   

 

Name:  elliptic_M_D30 .mat  elliptic_M_D30 .txt   

Variable:  M 30*30 matrix   

 

Name:  elliptic_M_D50 .mat  elliptic_M_D50 .txt   

Variable:  M 50*50 matrix   
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2.1.4. F4: Shifted Schwefel’s Problem 1.2 with Noise in Fitness 

2

4 4

1 1

( ) ( ( ) )*(1 0.4 (0,1) ) _
D i

j

i j

F z N f bias
! !

! " "# #x , ! $z x o , 1 2[ , ,..., ]Dx x x!x    

D: dimensions 

1 2[ , ,..., ]Do o o!o  : the shifted global optimum 

 
Figure 2-4 3-D map for 2-D function 

Properties: 

! Unimodal  

! Shifted 

! Non-separable 

! Scalable 

! Noise in fitness 

! [ 100,100]D% $x , Global optimum * !x o , *

4 ( ) 4F f_bias!x = - 450 

 

Associated Data file: 

Name:   schwefel_102_data.mat  

schwefel_102_data.txt 

Variable:  o 1*100 vector   the shifted global optimum 

  When using, cut o=o(1:D) 
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2.1.5. F5: Schwefel’s Problem 2.6 with Global Optimum on Bounds 

1 2 1 2( ) max{ 2 7 , 2 5}, 1,...,f x x x x i n! " # " # !x , * [1,3]!x , *( ) 0f !x  

Extend to D dimensions: 

5 5( ) max{ } _ , 1,...,i iF f bias i D! # " !x A x B , 1 2[ , ,..., ]Dx x x!x  

D: dimensions 

A is a D*D matrix, 
ija are integer random numbers in the range [-500, 500], det( ) 0$A , A

i
 is the 

i
th

 row of A. 

*i i!B A o , o is a D*1 vector, io  are random number in the range [-100,100] 

After load the data file, set 100io ! # , for 1,2,..., / 4i D! % &' ( , 100io ! ,for 3 / 4 ,...,i D D! ' () *  

 
Figure 2-5 3-D map for 2-D function 

Properties: 

! Unimodal  

! Non-separable 

! Scalable 

! If the initialization procedure initializes the population at the bounds, this problem will be 

solved easily. 

! [ 100,100]D+ #x , Global optimum * !x o , *

5 ( ) 5F f_bias!x = - 310 

 

Associated Data file: 

Name:   schwefel_206_data.mat  

schwefel_206_data.txt 

Variable:  o 1*100 vector   the shifted global optimum 

  A 100*100 matrix  

  When using, cut o=o(1:D)  A=A(1:D,1:D) 

In schwefel_206_data.txt ,the first line is o (1*100 vector),and line2-line101 is 

A(100*100 matrix)  

 9

2.2 Basic Multimodal Functions 

2.2.1. F6: Shifted Rosenbrock’s Function 
1

2 2 2

6 1 6

1

( ) (100( ) ( 1) ) _
D

i i i

i

F z z z f bias
!

"
#

# ! " ! "$x , 1# ! "z x o , 1 2[ , ,..., ]Dx x x#x  

D: dimensions 

1 2[ , ,..., ]Do o o#o  : the shifted global optimum 

 
Figure 2-6 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Shifted 

! Non-separable 

! Scalable 

! Having a very narrow valley from local optimum to global optimum 

! [ 100,100]D% !x , Global optimum * #x o , *

6 ( ) 6F f_bias#x = 390 

 

Associated Data file: 

Name:   rosenbrock_func_data.mat  

rosenbrock_func_data.txt 

Variable:  o 1*100 vector   the shifted global optimum 

  When using, cut o=o(1:D) 

f6f5f4

f3f2f1
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2.2.2. F7: Shifted Rotated Griewank’s Function without Bounds 
2

7 7

1 1

( ) cos( ) 1 _
4000

DD
i i

i i

z z
F f bias

i! !

! " # #$ %x  , ( )*! "z x o M , 1 2[ , ,..., ]Dx x x!x  

D: dimensions 

1 2[ , ,..., ]Do o o!o  : the shifted global optimum 

M’: linear transformation matrix, condition number=3 

M =M’(1+0.3|N(0,1)|) 

 
Figure 2-7 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Rotated 

! Shifted 

! Non-separable 

! Scalable 

! No bounds for variables x 

! Initialize population in [0,600]D , Global optimum * !x o is outside of the initialization 

range, *

7 ( ) 7F f_bias!x = -180 

 

Associated Data file: 

Name:   griewank_func_data.mat  griewank_func_data.txt 

Variable:  o 1*100 vector   the shifted global optimum 

  When using, cut o=o(1:D) 

 

Name:  griewank_M_D10 .mat griewank_M_D10 .txt   

Variable:  M 10*10 matrix    

 

Name:  griewank_M_D30 .mat griewank_M_D30 .txt   

Variable:  M 30*30 matrix    

 

Name:  griewank_M_D50 .mat griewank_M_D50 .txt   

Variable:  M 50*50 matrix   
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2.2.3. F8: Shifted Rotated Ackley’s Function with Global Optimum on Bounds 

2

8 8

1 1

1 1
( ) 20exp( 0.2 ) exp( cos(2 )) 20 _

D D

i i

i i

F z z e f bias
D D

!
" "

" # # # $ $ $% %x , ( )*" #z x o M ,  

1 2[ , ,..., ]Dx x x"x , D: dimensions 

1 2[ , ,..., ]Do o o"o  : the shifted global optimum;  

After load the data file, set 2 1 32jo # " # 2 jo  are randomly distributed in the search range, for 

1,2,..., / 2j D" & '( )  

M: linear transformation matrix, condition number=100 

 
Figure 2-8 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Rotated 

! Shifted 

! Non-separable 

! Scalable 

! A’s condition number Cond(A) increases with the number of variables as 2( )O D  

! Global optimum on the bound 

! If the initialization procedure initializes the population at the bounds, this problem will be 

solved easily. 

! [ 32,32]D* #x , Global optimum * "x o , *

8 ( ) 8F f_bias"x = - 140 

 

Associated Data file: 

Name:   ackley_func_data.mat  ackley_func_data.txt 

Variable:  o 1*100 vector   the shifted global optimum 

  When using, cut o=o(1:D) 

 

Name:  ackley_M_D10 .mat ackley_M_D10 .txt   

Variable:  M 10*10 matrix    

Name:  ackley_M_D30 .mat ackley_M_D30 .txt   

Variable:  M 30*30 matrix   

Name:  ackley_M_D50 .mat ackley_M_D50 .txt   

Variable:  M 50*50 matrix   
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2.2.4. F9: Shifted Rastrigin’s Function 

2

9 9

1

( ) ( 10cos(2 ) 10) _
D

i i

i

F z z f bias!
"

" # $ $%x , " #z x o , 1 2[ , ,..., ]Dx x x"x  

D: dimensions 

1 2[ , ,..., ]Do o o"o  : the shifted global optimum 

 
Figure 2-9 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Shifted 

! Separable 

! Scalable 

! Local optima’s number is huge 

! [ 5,5]D& #x , Global optimum * "x o , *

9 ( ) 9F f_bias"x = - 330 

 

Associated Data file: 

Name:   rastrigin_func_data.mat  

rastrigin_func_data.txt 

Variable:  o 1*100 vector   the shifted global optimum 

  When using, cut o=o(1:D) 
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2.2.5.  F10: Shifted Rotated Rastrigin’s Function 

2

10 10

1

( ) ( 10cos(2 ) 10) _
D

i i

i

F z z f bias!
"

" # $ $%x , ( )*" #z x o M , 1 2[ , ,..., ]Dx x x"x     

D: dimensions 

1 2[ , ,..., ]Do o o"o  : the shifted global optimum 

M: linear transformation matrix, condition number=2 

 
Figure 2-10 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Shifted 

! Rotated 

! Non-separable 

! Scalable 

! Local optima’s number is huge 

! [ 5,5]D& #x , Global optimum * "x o , *

10 ( ) 10F f_bias"x = - 330 

 

Associated Data file: 

Name:   rastrigin_func_data.mat  

rastrigin_func_data.txt 

Variable:  o 1*100 vector   the shifted global optimum 

  When using, cut o=o(1:D) 

 

Name:  rastrigin_M_D10 .mat  rastrigin_M_D10 .txt   

Variable:  M 10*10 matrix   

 

Name:  rastrigin_M_D30 .mat   rastrigin_M_D30 .txt   

Variable:  M 30*30 matrix   

 

Name:  rastrigin_M_D50 .mat  rastrigin_M_D50 .txt   

Variable:  M 50*50 matrix   
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2.2.6. F11: Shifted Rotated Weierstrass Function 
max max

11 11

1 0 0

( ) ( [ cos(2 ( 0.5))]) [ cos(2 0.5)] _
D k k

k k k k

i

i k k

F a b z D a b f bias! !
" " "

" # $ % #& & &x ,  

a=0.5, b=3, kmax=20, ( )*" $z x o M   , 1 2[ , ,..., ]Dx x x"x  

D: dimensions 

1 2[ , ,..., ]Do o o"o  : the shifted global optimum 

M: linear transformation matrix, condition number=5 

 
Figure 2-11 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Shifted 

! Rotated 

! Non-separable 

! Scalable 

! Continuous but differentiable only on a set of points 

! [ 0.5,0.5]D' $x , Global optimum * "x o , *

11( ) 11F f_bias"x = 90 

 

Associated Data file: 

Name:   weierstrass_data.mat    weierstrass_data.txt 

Variable:  o 1*100 vector   the shifted global optimum 

  When using, cut o=o(1:D) 

 

Name:  weierstrass_M_D10 .mat weierstrass_M_D10 .txt   

Variable:  M 10*10 matrix   

 

Name:  weierstrass_M_D30 .mat weierstrass_M_D30 .txt   

Variable:  M 30*30 matrix   

 

Name:  weierstrass_M_D50 .mat weierstrass_M_D50 .txt   

Variable:  M 50*50 matrix   
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2.2.7. F12: Schwefel’s Problem 2.13 

2

12 12

1

( ) ( ( )) _
D

i i

i

F f bias
!

! " #$x A B x , 1 2[ , ,..., ]Dx x x!x  

1

( sin cos )
D

i ij j ij j

j

a b% %
!

! #$A ,
1

( ) ( sin cos )
D

i ij j ij j

j

x a x b x
!

! #$B , for 1,...,i D!  

D: dimensions 

A, B are two D*D matrix, ija , ijb  are integer random numbers in the range [-100,100], 

1 2[ , ,..., ]D% % %!% ,
j%  are random numbers in the range [ , ]& &" . 

 
Figure 2-12 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Shifted 

! Non-separable 

! Scalable 

! [ , ]D& &' "x , Global optimum * !x % , *

12 ( ) 12F f_bias!x = - 460 

 

Associated Data file: 

Name:   schwefel_213_data.mat  

schwefel_213_data.txt 

Variable:  alpha 1*100 vector   the shifted global optimum 

  a 100*100 matrix  

  b 100*100 matrix  

  When using, cut alpha=alpha(1:D) a=a(1:D,1:D) b=b(1:D,1:D)  

In schwefel_213_data.txt, and line1-line100 is a (100*100 matrix),and line101-

line200 is b (100*100 matrix), the last line is alpha(1*100 vector),  16

2.3 Expanded Functions  

Using a 2-D function ( , )F x y as a starting function, corresponding expanded function is: 

1 2 1 2 2 3 1 1( , ,..., ) ( , ) ( , ) ... ( , ) ( , )D D D DEF x x x F x x F x x F x x F x x!" # # # #  

 

2.3.1. F13: Shifted Expanded Griewank’s plus Rosenbrock’s Function (F8F2)  

F8: Griewank’s Function: 
2

1 1

8( ) cos( ) 1
4000

DD
i i

i i

x x
F

i" "

" ! #$ %x  

F2: Rosenbrock’s Function: 
1

2 2 2

1

1

2( ) (100( ) ( 1) )
D

i i i

i

F x x x
!

#
"

" ! # !$x  

1 2 1 2 2 3 1 18 2( , ,..., ) 8( 2( , )) 8( 2( , )) ... 8( 2( , )) 8( 2( , ))D D D DF F x x x F F x x F F x x F F x x F F x x!" # # # #
 

Shift to 

13 1 2 2 3 1 1 13( ) 8( 2( , )) 8( 2( , )) ... 8( 2( , )) 8( 2( , )) _D D DF F F z z F F z z F F z z F F z z f bias!" # # # # #x

1" ! #z x o  , 1 2[ , ,..., ]Dx x x"x  

D: dimensions  1 2[ , ,..., ]Do o o"o  : the shifted global optimum 

 
Figure 2-13 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Shifted 

! Non-separable 

! Scalable 

! [ 3,1]D& !x , Global optimum * "x o , *

13 ( ) 13F f_bias"x (13)=-130 

 

Associated Data file: 

Name:   EF8F2_func_data.mat  

EF8F2_func_data.txt 

Variable:  o 1*100 vector   the shifted global optimum  

  When using, cut o=o(1:D)   
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2.3.2. F14: Shifted Rotated Expanded Scaffer’s F6 Function 

2 2 2

2 2 2

(sin ( ) 0.5)
( , ) 0.5

(1 0.001( ))

x y
F x y

x y

! "
# !

! !
 

Expanded to  

14 1 2 1 2 2 3 1 1 14( ) ( , ,..., ) ( , ) ( , ) ... ( , ) ( , ) _D D D DF EF z z z F z z F z z F z z F z z f bias"# # ! ! ! ! !x ,

( )*# "z x o M , 1 2[ , ,..., ]Dx x x#x  

D: dimensions 

1 2[ , ,..., ]Do o o#o  : the shifted global optimum 

M: linear transformation matrix, condition number=3 

 
Figure 2-14 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Shifted 

! Non-separable 

! Scalable 

! [ 100,100]D$ "x , Global optimum * #x o , *

14 ( ) 14F f_bias#x (14)= -300 

 

Associated Data file: 

Name:   E_ScafferF6_func_data.mat  E_ScafferF6_func_data.txt 

Variable:  o 1*100 vector   the shifted global optimum  

  When using, cut o=o(1:D)  

 

Name:  E_ScafferF6_M_D10 .mat E_ScafferF6_M_D10 .txt   

Variable:  M 10*10 matrix   

 

Name:  E_ScafferF6_M_D30 .mat E_ScafferF6_M_D30 .txt   

Variable:  M 30*30 matrix   

 

Name:  E_ScafferF6_M_D50 .mat E_ScafferF6_M_D50 .txt   

Variable:  M 50*50 matrix   
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(2 ) / 2 1/ 2

j j

j

j j

x x
y

round x x

! "#
$ %

&$#'

for 1, 2,..,j D$  

9 ( )f x : High Conditioned Elliptic Function 
1

6 21

1

( ) (10 )
iD

D
i

i

f x
(

(

$

$ )x  

10 ( )f x : Sphere Function with Noise in Fitness 

2

1

( ) ( )(1 0.1 (0,1) )
D

i i

i

f x N
$

$ *)x  

2i+ $ ,for 1, 2...,i D$  

, =[10; 5/20; 1; 5/32; 1; 5/100; 5/50; 1; 5/100; 5/100] 

iM  are all rotation matrices, condition numbers are [100 50 30 10 5 5 4 3 2 2 ]; 

 
Figure 2-24 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Rotated 

! Non-Separable 

! Scalable 

! A huge number of local optima 

! Different function’s properties are mixed together 

! Unimodal Functions give flat areas for the function. 

! [ 5,5]D- (x , Global optimum *

1$x o , *

24 ( ) 24F f_bias$x = 260 

 

 

 

Associated Data file: 
Name:   hybrid_func4_data.mat  

hybrid_func4_data.txt 

Variable:  o 10*100 vector  the shifted optima for 10 functions 

  When using, cut o=o(:,1:D)  

f24

f14f13f12

f11f10f9

f8f7
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2.4.6. F20: Rotated Hybrid Composition Function with Global Optimum on the Bounds 

All settings are the same as F18  except after load the data file, set 1(2 ) 5jo ! , for 

1, 2,..., / 2j D! " #$ %  

 
Figure 2-20 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Non-separable 

! Scalable 

! A huge number of local optima 

! Different function’s properties are mixed together 

! Sphere Functions give two flat areas for the function. 

! A local optimum is set on the origin 

! Global optimum is on the bound 

! If the initialization procedure initializes the population at the bounds, this problem will be 

solved easily. 

! [ 5,5]D& 'x , Global optimum *

1!x o , *

20 20( ) _F f bias!x =10 

 

Associated Data file: 
Same as F18. 
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Figure 2-15 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Separable near the global optimum (Rastrigin) 

! Scalable 

! A huge number of local optima 

! Different function’s properties are mixed together 

! Sphere Functions give two flat areas for the function 

! [ 5,5]D! "x , Global optimum *

1#x o , *

15 ( ) 15F f_bias#x = 120 

 

Associated Data file: 
Name:   hybrid_func1_data.mat  

hybrid_func1_data.txt 

Variable:  o 10*100 vector the shifted optimum for 10 functions 

  When using, cut o=o(:,1:D)  
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2.4.3. F17: F16 with Noise in Fitness 

Let (F16 - f_bias16) be ( )G x , then   

17 17( ) ( )*(1+0.2 N(0,1) ) _F G f bias! "x x    

All settings are the same as F16. 

 
Figure 2-17 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Rotated 

! Non-Separable 

! Scalable 

! A huge number of local optima 

! Different function’s properties are mixed together 

! Sphere Functions give two flat areas for the function. 

! With Gaussian noise in fitness  

! [ 5,5]D# $x , Global optimum *

1!x o , *

17 17( ) _F f bias!x =120 

 

Associated Data file: 
Same as F16.   

 22

2.4.2. F16: Rotated Version of Hybrid Composition Function F15 

Except iM  are different linear transformation matrixes with condition number of 2, all other 

settings are the same as F15. 

 
Figure 2-16 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Rotated 

! Non-Separable 

! Scalable 

! A huge number of local optima 

! Different function’s properties are mixed together 

! Sphere Functions give two flat areas for the function. 

! [ 5,5]D! "x , Global optimum *

1#x o , *

16 ( ) 16F f_bias#x =120 

 

Associated Data file: 
Name:   hybrid_func1_data.mat  

hybrid_func1_data.txt 

Variable:  o 10*100 vector  the shifted optima for 10 functions 

  When using, cut o=o(:,1:D)  

 

Name:  hybrid_func1_M_D10 .mat  

Variable:  M an structure variable 

Contains M.M1 M.M2, … , M.M10 ten 10*10 matrixes  

Name:  hybrid_func1_M_D10 .txt 

Variable:  M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 are ten 10*10 matrixes, 1-10 lines are 

M1, 11-20 lines are M2,....,91-100 lines are M10 

 

Name:  hybrid_func1_M_D30 .mat  

Variable:  M an structure variable contains M.M1,…,M.M10 ten 30*30 matrix  

Name:  hybrid_func1_M_D30 .txt   
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2.4.4. F18: Rotated Hybrid Composition Function 

1 2 ( )f ! x : Ackley’s Function 

2

1 1

1 1
( ) 20exp( 0.2 ) exp( cos(2 )) 20

D D

i i i

i i

f x x e
D D

"
# #

# ! ! ! $ $% %x   

3 4 ( )f ! x : Rastrigin’s Function 

2

1

( ) ( 10cos(2 ) 10)
D

i i i

i

f x x"
#

# ! $%x  

5 6 ( )f ! x : Sphere Function 

2

1

( )
D

i i

i

f x
#

#%x  

7 8 ( )f ! x : Weierstrass Function 

max max

1 0 0

( ) ( [ cos(2 ( 0.5))]) [ cos(2 0.5)]
D k k

k k k k

i i

i k k

f a b x D a b" "
# # #

# $ ! &% % %x ,  

a=0.5, b=3, kmax=20 

9 10 ( )f ! x : Griewank’s Function 

2

1 1

( ) cos( ) 1
4000

DD
i i

i

i i

x x
f

i# #

# ! $% 'x   

( =[1, 2, 1.5, 1.5, 1, 1, 1.5, 1.5, 2, 2]; 

) = [2*5/32; 5/32; 2*1; 1; 2*5/100; 5/100; 2*10; 10; 2*5/60; 5/60] 

iM  are all rotation matrices. Condition numbers are [2 3 2 3 2 3 20 30 200 300] 

10 [0,0,...,0]#o  

 
Figure 2-18 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Rotated 

! Non-Separable 

! Scalable 
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2.4.5. F19: Rotated Hybrid Composition Function with narrow basin global optimum 

All settings are the same as F18 except 

! =[0.1, 2, 1.5, 1.5, 1, 1, 1.5, 1.5, 2, 2];, 

" = [0.1*5/32; 5/32; 2*1; 1; 2*5/100; 5/100; 2*10; 10; 2*5/60; 5/60] 

 
Figure 2-19 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Non-separable 

! Scalable 

! A huge number of local optima 

! Different function’s properties are mixed together 

! Sphere Functions give two flat areas for the function. 

! A local optimum is set on the origin 

! A narrow basin for the global optimum 

! [ 5,5]D# $x , Global optimum *

1%x o , *

19 19( )F f_bias%x (19)=10 

 

Associated Data file: 
Same as F18.  
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2.4.8. F22: Rotated Hybrid Composition Function with High Condition Number Matrix 

All settings are the same as F21 except iM ’s condition numbers are [10 20 50 100 200 1000 

2000 3000 4000 5000] 

 
Figure 2-22 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Non-separable 

! Scalable 

! A huge number of local optima 

! Different function’s properties are mixed together 

! Global optimum is on the bound 

! [ 5,5]D! "x , Global optimum *

1#x o , *

22 ( ) 22F f_bias#x =360 

 

Associated Data file: 
Name:   hybrid_func3_data.mat  

hybrid_func3_data.txt 

Variable:  o 10*100 vector  the shifted optima for 10 functions 

  When using, cut o=o(:,1:D)  

 

Name:  hybrid_func3_HM_D10 .mat  

Variable:  M an structure variable 

Contains M.M1 M.M2, … , M.M10 ten 10*10 matrixes  

Name:  hybrid_func3_HM_D10 .txt 

Variable:  M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 are ten 10*10 matrixes, 1-10 lines are 

M1, 11-20 lines are M2,....,91-100 lines are M10 

 

Name:  hybrid_func3_HM_D30 .mat  

Variable:  M an structure variable contains M.M1,…,M.M10 ten 30*30 matrix  

Name:  hybrid_func3_MH_D30 .txt   

Variable:  M1 M2 M3 M4 M5 M6 M7 M8 M9 M10 are ten 30*30 matrixes, 1-30 lines are 

M1, 31-60 lines are M2,....,271-300 lines are M10 
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2.4.9. F23: Non-Continuous Rotated Hybrid Composition Function 

All settings are the same as F21. 

Except 
1

1

1/ 2

(2 ) / 2 1/ 2

j j j

j

j j j

x x o
x

round x x o

! " #$
% &

" '%$(

for 1, 2,..,j D%  

1 0 & 0.5

( ) 0.5

1 0 & 0.5

a if x b

round x a if b

a if x b

" #% '%!
$

% #&
$ ) ' '%(

,  

where a is x ’s integral part and b is x ’s decimal part 

All “round” operators in this document use the same schedule. 

 
Figure 2-23 3-D map for 2-D function 

Properties: 

! Multi-modal  

! Non-separable 

! Scalable 

! A huge number of local optima 

! Different function’s properties are mixed together 

! Non-continuous  

! Global optimum is on the bound 

! [ 5,5]D* "x , Global optimum *

1%x o , *( )f +x f_bias (23)=360 

 

Associated Data file: 

Same as F21. 
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2.4.7. F21: Rotated Hybrid Composition Function 

1 2 ( )f ! x : Rotated Expanded Scaffer’s F6 Function 

2 2 2

2 2 2

(sin ( ) 0.5)
( , ) 0.5

(1 0.001( ))

x y
F x y

x y

" !
# "

" "
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# ! "%x  
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F
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D

i i i

i

F x x x
!

"
#

# ! " !%x  

1 2 2 3 1 1( ) 8( 2( , )) 8( 2( , )) ... 8( 2( , )) 8( 2( , ))i D D Df F F x x F F x x F F x x F F x x!# " " " "x  

7 8 ( )f ! x : Weierstrass Function 

max max

1 0 0

( ) ( [ cos(2 ( 0.5))]) [ cos(2 0.5)]
D k k

k k k k

i i

i k k

f a b x D a b$ $
# # #

# " ! '% % %x ,  

a=0.5, b=3, kmax=20 

9 10 ( )f ! x : Griewank’s Function 

2

1 1

( ) cos( ) 1
4000

DD
i i

i

i i

x x
f

i# #

# ! "% &x   

[1,1,1,1,1,2,2,2,2,2]#( , 

) = [5*5/100; 5/100; 5*1; 1; 5*1; 1; 5*10; 10; 5*5/200; 5/200]; 

iM  are all  orthogonal matrix 

 
Figure 2-21 3-D map for 2-D function 
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• How fast can a BB scheme learn an unknown affine transformation?

• Rigorous testing using a parametrizable set of convex quadratic functions

• All quadratic functions should have constant trace and identical condition 
number L to allow a fair comparison 7
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(a) Comparison for different spectra.
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(b) The spectra of the functions.

Fig. 2. (a): Relation between method performance and spectral distribution in n = 50
for L = 1e6. We recorded #FES needed to reach accuracy 1e-9 on all parametrized
functions fSigm, fFlat and fLin; the median of 51 runs is indicated by a marker.
(b): Shape of the spectra of the quadratic benchmark functions. Thin blue lines show
fSigm(a) and fFlat(a) for intermediate a values.

the initial settings were x0 = 0, H0 = 1n (m0 = 0, C0 = 1n, respectively).

The initial step size of the algorithms with adaptive step size control was (em-

pirically) set such that the target success probability p = 0.27 is met for x0.

As performance measure we count the number of function evaluations (#FES)

needed to reach a target function value below 1e-9.
We first demonstrate the general influence of the spectral distribution on the

performance of all introduced variable-metric schemes. Experimental set-up and

results are summarized in Fig. 2. For all CMA schemes (CMA-ES, CMA-ESnp,

and GaA) we see a strong monotone dependence of their performance on the

spectral shape. The sigmoidal-shaped eigenspectrum presents the hardest prob-

lem, the flat spectrum the easiest. Both CMA-ES and GaA show the strongest

run time dependence on the spectra with CMA-ES being the fastest algorithm

on all functions and CMA-ESnp the slowest one. The performance of both RH

schemes is much less dependent on the shape with RH (1+1) being almost invari-

ant to the spectral distribution. We observe that RH (1+1) achieves the same

performance on fSigm(15) (the leftmost datum in Fig. 2a) as CMA-ES.

To study the influence of the condition number L on the qualitative con-

vergence behavior of the different algorithms we present results on fNes as rep-

resentative example in Figs. 3 and 4a for fixed dimension n = 50. The same
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(a) fNes, n = 50, L = 100
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(b) fNes, n = 50, L = 1000

Fig. 3. Evolution of function value vs. #FES on fNes for L = 100 (a) and L = 1000 (b).
We recorded #FES needed to reach accuracy 1e-9. The median trajectory of 11 runs
is depicted; mean and one standard deviation are indicated by markers.
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(a) Comparison for different spectra.
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(b) The spectra of the functions.

Fig. 2. (a): Relation between method performance and spectral distribution in n = 50
for L = 1e6. We recorded #FES needed to reach accuracy 1e-9 on all parametrized
functions fSigm, fFlat and fLin; the median of 51 runs is indicated by a marker.
(b): Shape of the spectra of the quadratic benchmark functions. Thin blue lines show
fSigm(a) and fFlat(a) for intermediate a values.

the initial settings were x0 = 0, H0 = 1n (m0 = 0, C0 = 1n, respectively).

The initial step size of the algorithms with adaptive step size control was (em-

pirically) set such that the target success probability p = 0.27 is met for x0.

As performance measure we count the number of function evaluations (#FES)

needed to reach a target function value below 1e-9.
We first demonstrate the general influence of the spectral distribution on the

performance of all introduced variable-metric schemes. Experimental set-up and

results are summarized in Fig. 2. For all CMA schemes (CMA-ES, CMA-ESnp,

and GaA) we see a strong monotone dependence of their performance on the

spectral shape. The sigmoidal-shaped eigenspectrum presents the hardest prob-

lem, the flat spectrum the easiest. Both CMA-ES and GaA show the strongest

run time dependence on the spectra with CMA-ES being the fastest algorithm

on all functions and CMA-ESnp the slowest one. The performance of both RH

schemes is much less dependent on the shape with RH (1+1) being almost invari-

ant to the spectral distribution. We observe that RH (1+1) achieves the same

performance on fSigm(15) (the leftmost datum in Fig. 2a) as CMA-ES.

To study the influence of the condition number L on the qualitative con-

vergence behavior of the different algorithms we present results on fNes as rep-

resentative example in Figs. 3 and 4a for fixed dimension n = 50. The same
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(a) fNes, n = 50, L = 100
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(b) fNes, n = 50, L = 1000

Fig. 3. Evolution of function value vs. #FES on fNes for L = 100 (a) and L = 1000 (b).
We recorded #FES needed to reach accuracy 1e-9. The median trajectory of 11 runs
is depicted; mean and one standard deviation are indicated by markers.
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Fig. 2. (a): Relation between method performance and spectral distribution in n = 50
for L = 1e6. We recorded #FES needed to reach accuracy 1e-9 on all parametrized
functions fSigm, fFlat and fLin; the median of 51 runs is indicated by a marker.
(b): Shape of the spectra of the quadratic benchmark functions. Thin blue lines show
fSigm(a) and fFlat(a) for intermediate a values.

the initial settings were x0 = 0, H0 = 1n (m0 = 0, C0 = 1n, respectively).

The initial step size of the algorithms with adaptive step size control was (em-

pirically) set such that the target success probability p = 0.27 is met for x0.

As performance measure we count the number of function evaluations (#FES)

needed to reach a target function value below 1e-9.
We first demonstrate the general influence of the spectral distribution on the

performance of all introduced variable-metric schemes. Experimental set-up and

results are summarized in Fig. 2. For all CMA schemes (CMA-ES, CMA-ESnp,

and GaA) we see a strong monotone dependence of their performance on the

spectral shape. The sigmoidal-shaped eigenspectrum presents the hardest prob-

lem, the flat spectrum the easiest. Both CMA-ES and GaA show the strongest

run time dependence on the spectra with CMA-ES being the fastest algorithm

on all functions and CMA-ESnp the slowest one. The performance of both RH

schemes is much less dependent on the shape with RH (1+1) being almost invari-

ant to the spectral distribution. We observe that RH (1+1) achieves the same

performance on fSigm(15) (the leftmost datum in Fig. 2a) as CMA-ES.

To study the influence of the condition number L on the qualitative con-

vergence behavior of the different algorithms we present results on fNes as rep-

resentative example in Figs. 3 and 4a for fixed dimension n = 50. The same
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(a) fNes, n = 50, L = 100
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(b) fNes, n = 50, L = 1000

Fig. 3. Evolution of function value vs. #FES on fNes for L = 100 (a) and L = 1000 (b).
We recorded #FES needed to reach accuracy 1e-9. The median trajectory of 11 runs
is depicted; mean and one standard deviation are indicated by markers.
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(a) fNes, n = 50, L = 10000
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(b) fSigm(15), n = 50, L = 10000
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(c) fFlat(6), n = 50, L = 10000
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(d) fRosen, n = 50

Fig. 4. Evolution of function value vs. #FES for different functions. We recorded #FES
needed to reach accuracy 1e-9. The median trajectory of 11 runs is depicted; mean and
one standard deviation are indicated by markers.

qualitative behavior has been observed for the other quadratic functions. We
see that the non-adaptive schemes RP and (1+1)-ES are (as expected) not even
competitive for L = 100. We will thus concentrate on variable-metric schemes in
the further discussion. For L ≥ 1000 we observe that the convergence behavior of
all variable-metric methods can be divided into three phases, (i) an initial short
tune-in phase with rapid progress, (ii) a learning (or adaptation) phase with
marginal progress in function value (of length quadratic in n), and (iii) a conver-
gence phase with strong function value decrease (of length linear in n). Moreover,
we see that the slope of the trajectory at the level of the target accuracy is dis-
tinct for all schemes. This measured convergence rate reflects the efficiency of the
adaptation process of the different schemes at this function value level. CMA-
ES and RH (1+1) show the steepest descent, CMA-ESnp and GaA the flattest
one. For L = 10000 CMA-ESnp and the non-adaptive methods do not reach the
target accuracy within a FES budget of 60n2. These observations are generally
confirmed on other quadratic functions having different spectral shapes with a
few notable exceptions. We here exemplify the performance of the schemes on
the two most extreme functions fSigm(15) and fFlat(6) (with L = 10000 in n = 50)
as well as on fRosen (as shown in Fig. 4). On fFlat(6) (cf. Fig. 4c) the Hessian
is well-approximated by all convergent schemes. The convergence rate in phase
(iii) is best for CMA-ES followed by RH (1+1) and GaA. RH RP’ convergence
takes longer because per line search 5-10 FES are needed on average. CMA-ESnp
is still in the adaptation phase within the displayed FES budget. On fSigm(15)

(cf. Fig. 4b) we observe that CMA-ES’ convergence rate is slower than the one
of RH (1+1) above accuracy 1e-7 eventually converging at optimal rate below
this level. This indicates that CMA-ES is still in adaptation phase even at low
function value level. Both CMA-ESnp and GaA are still in the adaptation phase
within the displayed FES budget. Inspection of the convergence trajectories also
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Fig. 2. (a): Relation between method performance and spectral distribution in n = 50
for L = 1e6. We recorded #FES needed to reach accuracy 1e-9 on all parametrized
functions fSigm, fFlat and fLin; the median of 51 runs is indicated by a marker.
(b): Shape of the spectra of the quadratic benchmark functions. Thin blue lines show
fSigm(a) and fFlat(a) for intermediate a values.

the initial settings were x0 = 0, H0 = 1n (m0 = 0, C0 = 1n, respectively).

The initial step size of the algorithms with adaptive step size control was (em-

pirically) set such that the target success probability p = 0.27 is met for x0.

As performance measure we count the number of function evaluations (#FES)

needed to reach a target function value below 1e-9.
We first demonstrate the general influence of the spectral distribution on the

performance of all introduced variable-metric schemes. Experimental set-up and

results are summarized in Fig. 2. For all CMA schemes (CMA-ES, CMA-ESnp,

and GaA) we see a strong monotone dependence of their performance on the

spectral shape. The sigmoidal-shaped eigenspectrum presents the hardest prob-

lem, the flat spectrum the easiest. Both CMA-ES and GaA show the strongest

run time dependence on the spectra with CMA-ES being the fastest algorithm

on all functions and CMA-ESnp the slowest one. The performance of both RH

schemes is much less dependent on the shape with RH (1+1) being almost invari-

ant to the spectral distribution. We observe that RH (1+1) achieves the same

performance on fSigm(15) (the leftmost datum in Fig. 2a) as CMA-ES.

To study the influence of the condition number L on the qualitative con-

vergence behavior of the different algorithms we present results on fNes as rep-

resentative example in Figs. 3 and 4a for fixed dimension n = 50. The same
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Fig. 3. Evolution of function value vs. #FES on fNes for L = 100 (a) and L = 1000 (b).
We recorded #FES needed to reach accuracy 1e-9. The median trajectory of 11 runs
is depicted; mean and one standard deviation are indicated by markers.
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(c) fFlat(6), n = 50, L = 10000
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(d) fRosen, n = 50

Fig. 4. Evolution of function value vs. #FES for different functions. We recorded #FES
needed to reach accuracy 1e-9. The median trajectory of 11 runs is depicted; mean and
one standard deviation are indicated by markers.

qualitative behavior has been observed for the other quadratic functions. We
see that the non-adaptive schemes RP and (1+1)-ES are (as expected) not even
competitive for L = 100. We will thus concentrate on variable-metric schemes in
the further discussion. For L ≥ 1000 we observe that the convergence behavior of
all variable-metric methods can be divided into three phases, (i) an initial short
tune-in phase with rapid progress, (ii) a learning (or adaptation) phase with
marginal progress in function value (of length quadratic in n), and (iii) a conver-
gence phase with strong function value decrease (of length linear in n). Moreover,
we see that the slope of the trajectory at the level of the target accuracy is dis-
tinct for all schemes. This measured convergence rate reflects the efficiency of the
adaptation process of the different schemes at this function value level. CMA-
ES and RH (1+1) show the steepest descent, CMA-ESnp and GaA the flattest
one. For L = 10000 CMA-ESnp and the non-adaptive methods do not reach the
target accuracy within a FES budget of 60n2. These observations are generally
confirmed on other quadratic functions having different spectral shapes with a
few notable exceptions. We here exemplify the performance of the schemes on
the two most extreme functions fSigm(15) and fFlat(6) (with L = 10000 in n = 50)
as well as on fRosen (as shown in Fig. 4). On fFlat(6) (cf. Fig. 4c) the Hessian
is well-approximated by all convergent schemes. The convergence rate in phase
(iii) is best for CMA-ES followed by RH (1+1) and GaA. RH RP’ convergence
takes longer because per line search 5-10 FES are needed on average. CMA-ESnp
is still in the adaptation phase within the displayed FES budget. On fSigm(15)

(cf. Fig. 4b) we observe that CMA-ES’ convergence rate is slower than the one
of RH (1+1) above accuracy 1e-7 eventually converging at optimal rate below
this level. This indicates that CMA-ES is still in adaptation phase even at low
function value level. Both CMA-ESnp and GaA are still in the adaptation phase
within the displayed FES budget. Inspection of the convergence trajectories also
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Fig. 5. #FES to reach the target accuracy vs. dimension n in log-log scale. The median
of 11 runs is depicted by a marker for all converged runs within the considered #FES
budget. Thin lines indicate quadratic scaling (top) or linear scaling (bottom) .

reveals that the length of learning phase is responsible for CMA-ES’ observed
dependence on the spectral shape.
The experiments on fRosen confirm that all variable-metric schemes (except GaA)
can efficiently learn a smoothly changing Hessian (without tune-in phase) con-
firming and extending known results for RH schemes [5] and CMA schemes [7].
We finally show the scaling behavior of the algorithms on selected functions in
Fig. 5. All algorithms show the expected quadratic scaling with dimension (for
n ≥ 20) with two notable exceptions. While GaA and CMA-ESnp on fSigm(15)

and GaA on fRosen exhibit scaling of higher order than quadratic, CMA-ES
shows super-linear convergence on fFlat(6). The latter result is in full agreement
with the empirical tests of CMA-ES on the cigar function [7, 8].

5 Discussion and Conclusions

We have empirically tested the performance of several randomized gradient-free
variable-metric optimization schemes on a novel set of quadratic functions whose
spectral distribution ranges (for any fixed dimension n and condition number L)
from a near-flat distribution to a sigmoidal shape under constant trace con-
straint. Using this benchmark set we have been able to show a clear monotonic
dependence of the performance of CMA schemes on the shape of the spectrum.
From the data we also conclude that the concept of the evolution path allows
a paramount speed-up of CMA schemes but does not alleviate the dependence
on the eigenvalue spectrum. The presented Randomized Hessian (RH) approx-
imation schemes [5], on the other hand, have been shown to be less dependent
or almost invariant to the specific distribution of eigenvalues. Our empirical
results also indicate that coupling our novel, numerically stable implementa-
tion of the RH scheme with adaptive step size control is more efficient than a
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In the open problem session EuroCG 2011 Häme stated the following 
conjecture about Euclidian TSP’s (Häme, Hyytiä, and Hakula, EuroCG 2011) 
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In the open problem session EuroCG 2011 Häme stated the following 
conjecture about Euclidian TSP’s (Häme, Hyytiä, and Hakula, EuroCG 2011) 

pi

αi

pi+1

pi−1

For any optimal TSP tour of length N:

fHäme(p) = 2/N
�N

i=1
cos (αi/2) ≤

√
3

!
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• The bound is tight for N=3 

• Construction of an optimal tour is available 
that converges to √3 for large N 

• A huge sample of random optimal TSP tours 
satisfy the bound for small N
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• The bound is tight for N=3 

• Construction of an optimal tour is available 
that converges to √3 for large N 

• A huge sample of random optimal TSP tours 
satisfy the bound for small N

27th European Workshop on Computational Geometry, 2011

Corollary 6 Let S 2, S 3, . . . be a sequence of cycles of n
nodes, where S j = ((1 − 1/ j, θ1), . . . , (1 − 1/ j, θn)) in po-
lar coordinates for all j ≥ 2. Then, lim j→∞ −L�S j

(0) = 2n.

3.5 Bounds for TSP tours

The shortening rate is generally governed by the tightness
and number of turns in a cycle. In some cases, even the
optimal TSP tour includes relatively tight turns. We state
the following for Euclidean TSP tours in the plane.

Conjecture 1 Let P be a node set in R2 involving n > 2
customers. The length of the shortest tour S (P) satisfies
LS (P)(0) − LS (P)(r) ≤

√
3nr in the Euclidean metric.

While the inequality in Conjecture 1 has not been proven
to be valid, there exist no known problems P for which
−L�S (P)(0) >

√
3n. The equality is achieved for n = 3 with

an equilateral triangle. In addition, it is possible to con-
struct a sequence of problems that asymptotically satisfies
the equality. For Manhattan TSP tours in the plane, the
upper bound is equal to that of arbitrary cycles.

Theorem 7 There exists (i) a sequence of problems
P4, P6, P8, . . . such that limk→∞

1
2k (−L�S (P2k)(0)) =

√
3 in

the Euclidean metric and (ii) for any r ≥ 0 a sequence of
problems P4, P12, P20, . . . such that LS (Pn)(0) − LS (Pn)(r) =
2nr for all n = 4(2k − 1), k ∈ N in the Manhattan metric,
where |Pj| = j for all j ∈ N.

π
3

π
3 + 2π

k
a

a

a cos θ1

a sin θ1a

Figure 4: Theorem 7. The left figure shows a structure
in which the shortening rate per node in the optimal Eu-
clidean solution approaches

√
3 as n → ∞. The right

figure shows an optimal Manhattan TSP tour where each
node is a U-turn and the cycle can be shortened by 2nr.

Theorem 7 suggests that optimal Manhattan TSP tours
may be shortened more efficiently than Euclidean TSP
tours. In the hyperbolic metric, we know by Corollary 6
that for any sequence of cycles where the nodes approach
the border of the unit disk, the shortening rate converges
to 2n. In this case, our solution approach to the hyperbolic
TSPDN converges to the optimal solution.

4 Conclusions

In this work we study the difference between the length of
an optimal TSP tour and the length of the optimal solution
to the TSP with disk neighborhoods, in which each node
can be redirected to a new location within a certain radius

r from the original location. We show that the shortening
rate is characterized by the tightness of turns in the Eu-
clidean metric and it is equal to two times the number of
U-turns with respect to the coordinate axes in the Manhat-
tan metric. In the hyperbolic metric, the shortening rate
increases with the distance of nodes from the origin.
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• Search for city locations that maximize fHäme for N=3,..,8 cities with CMA-ES 
and GaA

• For small instances we can solve the internal Euclidian TSP problem exactly
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CMA-ES N = 3 N = 4 N = 5 N = 6 N = 7 N = 8
Run 1 1.73205081 1.70708836 1.70065854 1.75496939 1.74383666 1.76663567
Run 2 1.73205081 1.70706045 1.70065856 1.75504088 1.74383673 1.76662842
Run 3 1.73205081 1.70697116 1.70065861 1.75506263 1.74383673 1.76662587
Run 4 1.73205081 1.70707805 1.70065837 1.75502498 1.74383671 1.76662127
Run 5 1.73205081 1.70702984 1.70065857 1.75506401 1.74383673 1.61106728

Table 1: Maximum values of fHäme reached by CMA-ES.

GaA N = 3 N = 4 N = 5 N = 6 N = 7 N = 8
Run 1 1.73205081 1.41421356 1.70065862 1.58842787 1.70680148 1.76664982
Run 2 1.73205081 1.60980706 1.70065785 1.75454531 1.65459858 1.76660479
Run 3 1.73205081 1.70608257 1.70065774 1.75492896 1.65399433 1.76633620
Run 4 1.73205081 1.47066969 1.70065800 1.75383153 1.65344645 1.76662802
Run 5 1.73205081 1.70708590 1.70057451 1.58480209 1.74383672 1.76663370

Table 2: Maximum values of fHäme reached by GaA.

These results suggest that the HHH-conjecture is valid for N = 3, 4, 5, but not for N = 6, 7, 8. However, this needs
further independent geometric checking by Häme and co-workers. Especially the double-precision number model we
use might affect the determination of the optimal tour. It is noteworthy that all solutions that violate the HHH
conjecture are unstable in the sense that slight perturbations to the configurations can result in different optimal tours
that satisfy the conjecture. This also suggests that an “intuitive” rational design of these tours is potentially very
hard and the used black-box optimization approach is a useful tool.
We now provide figures for all maximal tours found by CMA-ES (which are geometrically almost equivalent to GaA’s).
For convenience, we scale down all configurations to the [-1,1] box. Occasionally, we also provide detailed views of
small-scale structures of the maximal tours. The coordinates of the tours are listed as 2×N matrices.

3.1 Maximizing tours for N = 3

We use the N = 3 case as a simple double-check whether the implementation of our objective function as well as
the chosen black-box optimization approach makes sense at all. We know a priori that the optimal solution is the
equilateral triangle. Indeed, both GaA and CMA-ES rapidly find this solution and approximate the optimal objective
function value

√
3 up to the ninth digit.
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Figure 2: Maximal TSP tour for N = 3 cities with fHäme(x) =
√
3.

3.2 Maximizing tours for N = 4

The maximal tour for N = 4 already reveals an interesting pattern. It is very similar to the configuration provided by
Häme (see Figure 8). It consists of two distant cities which are separated by two cities that are very close to each other
and the line connecting the two distant cities. The limiting configuration would lead to two angles α3,α4 approaching

3

• Search for city locations that maximize fHäme for N=3,..,8 cities with CMA-ES 
and GaA

• For small instances we can solve the internal Euclidian TSP problem exactly
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Conclusions

• Landscapes, invariance, and multivariate normal distributions as useful 
concepts in BB optimization

• (Variable Metric) Random Pursuit as model algorithm with guarantees on 
convex functions

• Gaussian Adaptation and CMA-ES as instances of useful BB heuristics

• Illustrative synthetic test cases and a problem about Euclidean TSP
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Software libraries

GaALib: a MATLAB toolbox for Gaussian Adaptation

• Well documented MATLAB function with similar interfaces as Hansen‘s 
CMA-ES code 

• Includes Standard GaA, Restart GaA, and Metropolis GaA
• Embedded standard black-box optimization test functions and standard 

target densities
• Example scripts how to run GaA for these cases
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pCMALib - A parallel FORTRAN90 library for CMA-ES GECCO 2009, Montreal, Session PES-II, 11.07.2009

SlideSlide  1313

III. Software design and Library features

How to use pCMALib

pCMALibpCMALib

Settings

Objective functions

Output

Software libraries

pCMALib: a parallel Fortran 90 library for CMA-ES

• Library of Fortran 90 routines using MPI for parallel operations and 
MATLAB interfaces for output generation and objective function calls 

• Includes sequential and parallel CMA-ES schemes
• Manual available that covers all important aspects of library design, 

functionality, compilation, and usability  
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OPTIMIZATION OF CONVEX FUNCTIONS WITH RANDOM
PURSUIT∗

S. U. STICH† , C. L. MÜLLER‡ , AND B. GÄRTNER§

Abstract. We consider unconstrained randomized optimization of convex objective functions.
We analyze the Random Pursuit algorithm, which iteratively computes an approximate solution to
the optimization problem by repeated optimization over a randomly chosen one-dimensional sub-
space. This randomized method only uses zeroth-order information about the objective function and
does not need any problem-specific parametrization. We prove convergence and give convergence
rates for smooth objectives assuming that the one-dimensional optimization can be solved exactly
or approximately by an oracle. A convenient property of Random Pursuit is its invariance under
strictly monotone transformations of the objective function. It thus enjoys identical convergence
behavior on a wider function class. To support the theoretical results we present extensive numerical
performance results of Random Pursuit, two gradient-free algorithms recently proposed by Nesterov,
and a classical adaptive step-size random search scheme. We also present an accelerated heuristic
version of the Random Pursuit algorithm which significantly improves standard Random Pursuit on
all numerical benchmark problems. A general comparison of the experimental results reveals that (i)
standard Random Pursuit is effective on strongly convex functions with moderate condition number,
and (ii) the accelerated scheme is comparable to Nesterov’s fast gradient method and outperforms
adaptive step-size strategies.

Key words. continuous optimization, convex optimization, randomized algorithm, line search

AMS subject classifications. 90C25, 90C56, 68W20, 62L10

1. Introduction. Randomized zeroth-order optimization schemes were among

the first algorithms proposed to numerically solve unconstrained optimization prob-

lems [1, 6, 34]. These methods are usually easy to implement, do not require gradient

or Hessian information about the objective function, and comprise a randomized

mechanism to iteratively generate new candidate solutions. In many areas of mod-

ern science and engineering such methods are indispensable in the simulation (or

black-box) optimization context, where higher-order information about the simula-

tion output is not available or does not exist. Compared to deterministic zeroth-order

algorithms such as direct search methods [21] or interpolation methods [8] randomized

schemes often show faster and more robust performance on ill-conditioned benchmark

problems [2] and certain real-world applications such as quantum control [5] and pa-

rameter estimation in systems biology networks [39]. While probabilistic convergence

guarantees even for non-convex objectives are readily available for many randomized

algorithms [41], provable convergence rates are often not known or unrealistically

slow. Notable exceptions can be found in the literature on adaptive step size random

search (also known as Evolution Strategies) [4, 14], on Markov chain methods for

volume estimation, rounding, and optimization [40], and in Nesterov’s recent work on

complexity bounds for gradient-free convex optimization [29].

Although Nesterov’s algorithms are termed “gradient-free” their working mecha-

nism does, in fact, rely on approximate directional derivatives that have to be available
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Abstract. We evaluate the performance of several gradient-free variable-
metric continuous optimization schemes on a specific set of quadratic
functions. We revisit a randomized Hessian approximation scheme (D.
Leventhal and A. S. Lewis. Randomized Hessian estimation and direc-
tional search, 2011), discuss its theoretical underpinnings, and introduce
a novel, numerically stable implementation of the scheme (RH). For com-
parison we also consider closely related Covariance Matrix Adaptation
(CMA) schemes. A key goal of this study is to elucidate the influence of
the distribution of eigenvalues of quadratic functions on the convergence
properties of the different variable-metric schemes. For this purpose we
introduce a class of quadratic functions with parameterizable spectra.
Our empirical study shows that (i) the performance of RH methods
is less dependent on the spectral distribution than CMA schemes, (ii)
that adaptive step size control is more efficient in the RH method than
line search, and (iii) that the concept of the evolution path allows a
paramount speed-up of CMA schemes on quadratic functions but does
not alleviate the overall dependence on the eigenvalue spectrum. The
present results may trigger research into the design of novel CMA up-
date schemes with improved spectral invariance.

Keywords: gradient-free optimization, variable metric, Randomized Hes-
sian, Covariance Matrix Adaptation, quadratic functions

1 Introduction

Randomized gradient-free (or black-box) optimization schemes are nowadays a
ubiquitous tool for solving many practical problems in science and engineering
where gradient or higher order information about the objective are difficult to
compute or do not exist. Among the first proposed schemes that are still of
considerable (theoretical) importance are adaptive step size random search (aS-
SRS) [1] and the (almost identical) well-known (1+1)-Evolution Strategy (ES) [2]
in Evolutionary Computation (EC). To improve the poor performance of these
schemes on ill-conditioned problems several fully adaptive schemes known as
gradient-free variable-metric methods have been designed in the past 50 years.
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1 Introduction

In the open problem session of the 27
th

European workshop on Computational Geometry (EuroCG 2011), Lauri Häme

posed the problem of finding optimal tours of Euclidean TSP instances that maximize a certain objective function.

Let pj = (xj , yj)T be the coordinates of the jth city in the 2D plane. Let us assume that the optimal TSP tour is given

by the permutation π(j) = i that defines the ordering of the points along the tour. The coordinates of the ordered N
cities are stored in a vector x = [p1,p2, . . . ,pi, . . . ,pN ]

T ∈ Rn
with n = 2N . Let αi be the non-reflex angle spanned

by the triplet pi−1,pi,pi+1. For the special case p1 the preceding city is pN . A sketch is given in Figure 7.

pi

αi

pi+1

pi−1

Figure 1: Sketch of an optimal TSP tour for N = 7 cities pi and the corresponding non-reflex angle αi.

We now define the following objective function fHäme:

fHäme(x) = 2/N
N�

i=1

cos (αi/2) (1)

The optimization problem consists now in the task to find the arrangement x
∗
of N cities that maximizes fHäme(x),

that is:

x
∗
= arg max

x∈Rn
fHäme(x) . (2)
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Abstract We consider unconstrained randomized optimization of smooth con-
vex objective functions in the gradient-free setting. We analyze Random Pur-
suit (RP) algorithms with fixed (F-RP) and variable metric (V-RP). The al-
gorithms only use zeroth-order information about the objective function and
compute an approximate solution by repeated optimization over randomly cho-
sen one-dimensional subspaces. The distribution of search directions is dictated
by the chosen metric. Variable Metric RP uses novel variants of a randomized
zeroth-order Hessian approximation scheme recently introduced by Leventhal
and Lewis (D. Leventhal and A. S. Lewis., Optimization 60(3), 329–245, 2011).
We here present (i) a refined analysis of the expected single step progress of
RP algorithms and their global convergence on (strictly) convex functions and
(ii) novel convergence bounds for V-RP on convex quadratic functions. We
also quantify how well the employed metric needs to match the local geometry
of the function in order for the RP algorithms to converge with the best possi-
ble rate on strongly convex functions. Our theoretical results are accompanied
by illustrative experiments on Nesterov’s worst case function and quadratic
functions with (inverse) sigmoidal eigenvalue distributions.

Keywords gradient-free optimization · convex optimization · variable
metric · line search
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Abstract. We revisit Gaussian Adaptation (GaA), a black-box optimizer for dis-
crete and continuous problems that has been developed in the late 1960’s. This
largely neglected search heuristic shares several interesting features with the
well-known Covariance Matrix Adaptation Evolution Strategy (CMA-ES) and
with Simulated Annealing (SA). GaA samples single candidate solutions from
a multivariate normal distribution and continuously adapts its first and second
moments (mean and covariance) such as to maximize the entropy of the search
distribution. Sample-point selection is controlled by a monotonically decreasing
acceptance threshold, reminiscent of the cooling schedule in SA. We describe the
theoretical foundations of GaA and analyze some key features of this algorithm.
We empirically show that GaA converges log-linearly on the sphere function and
analyze its behavior on selected non-convex test functions.

Key words: Gaussian Adaptation, Entropy, Covariance Matrix Adaptation, Evo-
lution Strategy, Black-Box Optimization

1 Introduction

High-dimensional, non-convex, and noisy optimization problems are commonplace in
many areas of science and engineering. In many cases, the applied search algorithms
have to operate in a black-box scenario, where only zeroth-order information about the
objective is available. Such problems can usually only be tackled by stochastic search
heuristics, such as Simulated Annealing (SA) [1] or Evolutionary Algorithms (EA).
For non-convex, real-valued objective functions, Evolution Strategies (ES), a subclass
of EA’s, are nowadays the preferred optimization paradigm. A particularly successful
example is the Evolution Strategy with Covariance Matrix Adaptation (CMA-ES) [2].

In the present paper we revisit Gaussian Adaptation (GaA), a stochastic design-
centering and optimization method for discrete and continuous problems that has been
introduced and developed since the late 1960s by Gregor Kjellström [3, 4]. Although
the method shares several interesting features with CMA-ES and with Simulated An-
nealing, it has been largely neglected in the optimization literature. It is the scope of
this work to reintegrate GaA into the field of optimization, as it builds on theoretical
concepts that might prove valuable also for other search heuristics. We hereby focus on
GaA for continuous sampling and optimization.
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