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Spatiotemporal 
Modeling and Simulation 

 
09 :: Advection-Diffusion 

Topic 
 
Advection-Diffusion 
 
Program 
 
Governing equation for advection-diffusion 
Advection-diffusion simulation using particles 
Stability of the discretization 
Remeshing 
Interpolation schemes 
Self-test questions 

Learning goals 
 

Be able to simulate advection-diffusion systems  
with PSE and RW 
 

Be able to define compressible and incompressible 
advection mathematically 
 

Know the stability condition and the Lagrangian  
CFL condition 
 

Know why remeshing is needed and be able  
to implement it 
 

Be able to explain the particle cloud and  
assignment function of interpolation 
 

Know the first three members of the hierarchy 
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0th order: Nearest Grid Point (NGP) 

Particle cloud 

Assignment function 

Order:   0 
Support:  1d 

Interpolated field: Piecewise constant (stepwise) 

1st order: Cloud In Cell (CIC) 

Particle cloud 

Assignment function 

Order:   1 
Support:  2d 

Interpolated field: Piecewise linear (continuous values) 

2nd order: Triangular Shaped Cloud (TSC) 

Particle cloud 

Assignment function 

Order:   2 
Support:  3d 

Interpolated field: Continuous value and gradient 
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3rd order: Monaghan’s M’4 function 

Order:   3 
Support:  4d 

Interpolated field: Continuous value, gradient, and second derivatives 

with the order of the highest conserved moment in the particle-to-mesh inter-
polation!

During particle-to-mesh interpolation, the strength of each particle is redis-
tributed onto the surrounding mesh nodes. In the simplest case, the entire
strength is assigned onto the nearest mesh node. This obviously conserves
the zeroth-order moment (total mass), but no higher moments. Higher-order
schemes can be derived by solving a linear system of equations for the coef-
ficients of the interpolation polynomial, or by Fourier space methods. The
most frequently used interpolation scheme is the M !

4 function:
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Its order of convergence is 3 and it conserves moments up to and including
the second moment (in particle-to-mesh interpolation). The M !4 scheme can
be used to interpolate from particles to mesh nodes and also vice versa. For
each particle, the two neighboring mesh nodes in each direction are consid-
ered. For each of those mesh nodes, we compute the distance |x| between
the particle and the mesh node and normalize it with the mesh spacing h.
Using this value for s we then evaluate the M !

4 function to compute the in-
terpolation weight W for this specific particle-node pair. The fraction W!p

of the particle’s strength !p is then added to the mesh node. Doing this for
all particles yields the complete field interpolated onto the mesh.

In higher dimensions, the interpolation kernels are Cartesian products of
the 1D kernels. We can thus simply use the above scheme in each direc-
tion independently and multiply the weights to get the final weight. In 3D,
for example, the weight for each particle-node pair would be computed as:
W (x, y, z) = Wx(x)Wy(y)Wz(z).

5.3 Remeshing

We have seen that the overlap condition requires the particles to always be closer
together than ". If the particles move, it may, however, happen that they sparsify
in certain regions of space, where the overlap condition might then be violated. In
order to prevent this, the particles are periodically redistributed. This remeshing
step consists of:

• interpolating the particle strengths to a regular mesh of resolution h < ",

• deleting the old set of particles, and

• creating new particles at the locations of the mesh nodes, carrying the node
weights as their new strengths.

Since we are using the above-described moment-conserving interpolation schemes,
remeshing does not harm the conservative properties of the method. Moreover, if
the order of convergence of the interpolation scheme is at least one higher than the
order of convergence of the operator approximation, the convergence properties of
the simulation remain una!ected as well.

5.4 Boundary conditions and the method of images

The operator approximations described above only apply to infinite domains. For
simulations in constrained geometries, they needs to be modified in order to take
into account the prescribed boundary conditions. There are two basic types of
boundary conditions:

• Dirichlet: In a homogeneous2 Dirichlet boundary condition, the value of the
function is zero at the boundary, thus u(boundary, t) = 0.

• Neumann: In a homogeneous Neumann boundary condition, the value of
the normal derivative is zero at the boundary, thus n ·#u(boundary, t) = 0,
where n is the normal onto the boundary.

For short-range operators and homogeneous boundary conditions in the case of flat
(compared to the core size " of the mollification kernel) boundaries, a straightfor-
ward method consists of placing mirror particles in an rc-neighborhood outside of
the simulation domain. Each of these mirror particles is the mirror image (mir-
rored at the boundary along the normal n) of a particle inside the domain. In
order to satisfy a homogeneous Dirichlet boundary condition, the strengths of all
mirror particles are set to the negative strength of the corresponding real particle.
The ensures that when evaluating the interaction kernel, the two strengths can-
cel at the boundary, leading to u(boundary, t) = 0. For homogeneous Neumann
boundary conditions, the strength of the mirror particles are set equal (without
sign inversion) to the strength of the corresponding real particle. This ensures that
the normal derivative (the gradient in the direction normal to the boundary) van-
ishes at the boundary. Due to the use of mirror particles, this method is called the
method of images. The method of images is a general concept that is valid beyond
particle methods. It can for example also be used to analytically solve di!erential
equations near boundaries by superposition of mirrored solutions. This, however,
only works if the equations are linear and the superposition principle is valid. An
intuitive interpretation of the method of images is given in Sec. 10.5 for waves.

2A boundary condition is called homogeneous if its right-hand side, i.e. the value imposed at the boundary, is zero. Imposing non-zero values leads to inhomogeneous boundary conditions that
are more di!cult to treat.
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Summary 

Hockney & Eastwood, Computer 
simulation using particles, 1988. 


