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Abstract

This document describes both a second and a third order lumped param-
eter model for diffusive transport processes between the mother cell and the
daughter cell in budding S. cervisiae. The models are systematically derived
as simple low order ”control models” (as opposed to high order PDE mod-
els) such as to allow subsequent parameter identification by means of fitting.
Implementations of the models in MATLAB/Simulink1 are presented and ap-
plied to the analysis of experimentally obtained measurement data in order
to address the question whether the transport process between the cortical
ER of the mother cell and the bud can be diffusion or not and what the
connectivity between the different parts of the ER is. It is found that dif-
fusion as a transport process could possibly explain the experimental data,
but that the connetions between the two cortical ERs are several orders of
magnitude weaker that the ones between the perinuclear and the cortical ER
in the mother cell. This suggests that the two ER parts in the mother cell act
as a single compartment when compared to the daughter cell.
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1 Introduction and problem statement

Research by Cosima Lüdeke in the group of Yves Barral (Institute of biochemistry,
ETH) is concerned with the investigation of the transport processes between the
cortical ER of the mother cell and the cortical ER of the daughter cell (bud) before
nuclear division in budding yeast (Saccharomyces cervisiae) cells. The schematic
in figure 1 depicts the organization of the ER in budding yeast. In the mother cell
it is concentrated in the perinuclear region as well as in the cortical region with
weak connections between the two. In the daughter cell the ER is located in the
cortical region and no nucleus is present at this stage of division. It is known that
the cortical ER of mother and daughter are somehow connected but the mechanism
by which they are or the conection strength are so far unknown.

mother cell daughter cell

nucleus

nuclear ER mother (N)

cortical ER mother (M)

cortical ER daughter (B)

?

Figure 1: Schematic of the situation in budding yeast before nuclear division. The
ER forms three compartments: one concentrated in the perinuclear area of the
mother cell (N), one in the cortical region of the mother cell (M) and one in the
cortical region of the bud (B). All compartments are known to be connected but
the exact mechanism by which the cortical ER are connected is unknown.

To investigate this, Cosima Lüdeke performed FLIP2 experiments with two different
protein species: a GFP-tagged ER membrane protein (Sec61) and a soluble ER
lumen protein (pure GFP with a cleavable signal sequence for ER residence). Several
experiments were conduced where either the mother cell or the daughter cell was
repetedly bleached and the fluorescence loss in both the mother and the daughter
cell’s cortical ER was monitored over time. Representative results are shown in
table 1 for all 4 cases. Fluorescence intensity images were recorded both before and
after every bleach cycle. The background intensity as estimated from an ”empty”
area in each image was subtracted from all recordings and the intensities of the
budding pair of interest were normalized by those of a non-involved control cell to
correct for spontaneous bleaching. All recordings are average fluorescence intensities
per unit area in the hand delimited regions of the mother and daughter cell cortical
ER. Let Im(t) be the time course of the average pixel intensity per unit area in
the cortical ER of the mother cell which was determined to cover an area of Am

in the image. Similarly, Ib(t) and Ab are the values for the cortical ER of the
daughter cell, In(t), An for the perinuclear ER of the mother cell, Ic(t) is the
intensity in the control cell and Ig(t) the average image background level. Since

2Fluorescence Loss In Photobleaching
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local fluorescence intensity and concentration (mass per pixel) of the fluorescent
species are proportional, the corrected measured values for the total fluorescent
mass in the mother cortex (denoted by M), the mother’s perinuclear ER (N) and
the daughter cortex (B) are thus given by:

M̃(t) = Am
Im(t) − Ig(t)

Ic(t) − Ig(t)
(1)

Ñ(t) = An
In(t) − Ig(t)

Ic(t) − Ig(t)
(2)

B̃(t) = Ab
Ib(t) − Ig(t)

Ic(t) − Ig(t)
(3)

The tilde indicates that the values are experimentally determined measurements
as opposed to calculated values from the models that will be denoted by the same
letter but without tilde. In the following, we will mostly deal with the normalized
values m̃(t) = M̃(t)/M̃(t = 0), ñ(t) = Ñ(t)/M̃(t = 0) and b̃(t) = B̃(t)/M̃(t = 0).
Notice that the measurements for ñ(t) are not shown in table 1.
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Table 1: Experimental results by Cosima Lüdeke. The solid lines correspond to the
total fluorescence mass in the cortical ER of the mother cell, the dotted lines to the
one of the daughter cell. Circles mark post-bleach and pluses pre-bleach readings.
The data are given relative to an unbleached control cell and after subtraction of
the noise background in the image. All plots are normalized such that the initial
pre-bleach mass of the mother cell’s cortical ER equals to 1. The cases m437, m439,
m450 and m445 are shown.

The experiments clearly indicate that Sec61 is drained more slowly from the non-

3



bleached part of the budding pair than GFP. The question arises whether this
difference can be explained if one assumes normal passive diffusion in connections
between the mother’s cortical ER and the one of the daughter (e.g. due to the bot-
tleneck effect in the transition zone, different diffusion constants of the two proteins
or the fact that one is diffusing on the surface whereas the other uses the lumenal
space). Posed in a different way, the question reads: ”Could normal diffusion ac-
count for the observations made or is a different transport process (e.g. regulated
vesicular transport) needed to explain the measurements?” and the related question:
”How strong is the connection between the cortical ER of the mother cell and the
one of the daughter cell when compared to the connection between the perinuclear
ER and the cortical ER in the mother cell?” This report summarizes the physical
and mathematical modeling done in order to approach these questions.

The goal is to derive models of increasing complexity that approximate the dynamic
behavior of the system and are capable of extrapolating system behavior in order to
make predictions about the transport processes involved or the changes in system
behavior upon parameter perturbations that can then be experimentally tested for.
This a priori excludes black-box models as they are not capable of extrapolation.
White-box models on the other end of the spectrum are however unfeasible since not
all parameters and characteristics of the system can be experimentally measured or
derived. We will thus consider ”gray-box” models, i.e. parametric models that have
certain unknown parameters that need to be identified from the data. After iden-
tification on a certain system, such models provide good extrapolation capabilities
while still keeping the number of parameters reasonably low. In the usual model
classification we will thus aim at linear, dynamic, time-invariant, continuous time,
causal, finite dimensional, lumped parameter gray-box models (also known as LTI
models).

The modeling procedure will follow the engineering approach. This means that we
first reason about the system in order to identify its relevant parts and simplify
them to basic physical systems that can easily be described mathematically. This is
done in several steps: first the system is abstracted and simplified and relevant parts
and their connections are identified. Then, all dynamic processes in the system are
divided into three groups: fast, relevant and slow processes compared to the time
scale of the measurements. Fast processes are subsequently modeled by algebraic
equations, slow ones are set constant and only the relevant ones are represented by
differential equations. As we will consider lumped parameter models (i.e. neglecting
spatial distributions), those differential equations will be ordinary. Starting with
basic estimations of the orders of magnitude of involved processes, the modeling
then proceeds by taking more and more details of the system into account, leading
to second and third order LTI models. All models are constantly compared to
experimental data to check if the refinements lead to the expected improvements.
If they do not, the system abstraction is wrong or not detailed enough and needs
to be revised.

2 Experimental Data

Before the modeling starts, we briefly describe the experimental data that were
available from Cosima Lüdeke’s work. The work described in this report was done
based on 15 FLIP data sets. For each data set, the diameters of both the mother cell
(dm) and the daughter cell (db) are known as well as the duration of scan, bleach and
reset intervals (ts, tb, tr, see section 5) and the total number of bleach cycles3 the

3A bleach cycle consists of both a pre- and a post-bleach measurement with the bleaching
occuring between them.

4



data set contains (K). Moreover, each data set contained both the pre- and post-
bleach time courses of the fluorescence intensities per unit area (in hand-delimited
regions) for the mother cell’s cortical ER (Im), the daughter cell’s cortical ER (Ib),
the perinuclear ER (In), the ER in the non-bleached control cell (Ic) and the image
background (Ig) as introduced in section 1. The times ti at which the data points
are given depend on the bleach, scan and reset time intervals as given by equation
28 in section 8.2. Table 2 summarizes and names the 15 sets and lists the values
for the diameters and time durations. The areas of the hand-delimited regions of
the mother cortical ER (Am), the daughter cortical ER (Ab), the perinuclear ER
(An), the control cell’s ER (Ac) and the selected image background spot (Ag) are
listed in table 3. It can be seen that there are two classes of experiments: one with
areas in the order of 1 and one with areas in the order of 10000. The reason is that
the two classes were evaluated with different image processing utilities, both giving
areas in proprietary units. All models we develop will however be normalized such
that the heterogeneity of area values will be of no effect.

Experiment name dm [µm] db [µm] ts [s] tb [s] tr [s] K

Sec61, M bleached m437 5.0 3.0 7.86 18.07 5.0 11
m438 4.8 2.9 7.86 18.07 5.0 15
m473 5.6 3.0 0.79 2.77 5.0 32
m475 5.3 2.2 0.79 22.30 5.0 24

Sec61, B bleached m439 4.9 2.7 7.86 10.00 5.0 12
m440 4.4 2.8 7.86 17.69 5.0 16
m476 5.1 3.3 0.79 25.37 5.0 24
m477 5.9 3.6 0.79 3.23 5.0 20

GFP, M bleached m450 4.6 2.5 3.15 6.30 5.0 8
m454 5.7 3.2 7.86 18.84 5.0 4
m478 5.2 2.9 0.79 3.85 5.0 22
m479 5.1 3.1 0.79 3.85 5.0 18

GFP, B bleached m445 6.4 2.6 7.86 18.84 5.0 6
m453 6.2 2.6 7.86 14.613 5.0 6
m482 4.9 2.4 0.98 2.79 5.0 43

Table 2: FLIP data sets from experiments by Cosima Lüdeke. Experiments with
both GFP-tagged Sec61 as well as pure ER-resident GFP were performed with
either the mother cell cortex (M) or the bud cortex (B) bleached. Each experiment
has a unique name tag and cell diameters as well as durations of scan, bleach and
reset intervals are known. Each bleach cycle consisted of 50 repetitive bleaches,
except m475 and m476 that were 500 times bleached per cycle.

3 Identification of relevant dynamics

The dynamic processes in budding yeast cells are classified into three groups ac-
cording to their speeds (more precise their time constants) compared to the time
scales of experimental observation (cf. table 1). The three groups contain slow,
relevant and fast processes and are required to be separated by at least on order of
magnitude in their time constants. The following processes are considered slow and
are thus set constant in the models:

• Changes in shape or size of the cells

• Changes in the diffusion constants due to temperature or viscosity changes
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Experiment name Am An Ab Ac Ag

Sec61, M bleached m437 0.30 0.17 0.23 0.34 1.02
m438 0.36 0.18 0.22 0.33 0.57
m473 10321 4379 6490 22494 7701
m475 12218 4421 5212 25064 17092

Sec61, B bleached m439 0.36 0.16 0.25 0.27 0.34
m440 0.43 0.22 0.24 0.33 0.52
m476 9044 4437 7458 27180 5245
m477 11062 4964 6296 22976 6643

GFP, M bleached m450 0.34 0.15 0.24 0.36 0.44
m454 0.27 0.13 0.17 0.55 N/A
m478 10064 4979 5240 16564 6803
m479 10788 3316 7630 17013 7379

GFP, B bleached m445 0.37 0.15 0.19 0.42 0.40
m453 0.47 0.19 0.17 0.59 0.37
m482 8651 5577 5370 18667 6773

Table 3: Areas of the different hand-delimited regions in the micrographs (arbitrary
units). The large difference between the two classes of values is due to the fact that
they were evaluated with different image processing utilities.

• Changes in the connection topology

• Changes in the number or density of connections

• Changes in shape or volume of the bleached areas

• Changes in image acquisition properties or optical properties of the microscope
or the camera

• Changes in the metabolic state of the cell under consideration

The following processes happen on the same time scale as the observation and are
thus relevant to be modeled:

• Mass (or fluorescence) exchange between the mother cell’s cortex and the
cortex of the daughter cell

• Mass (or fluorescence) exchange between the mother cell’s cortical and perin-
uclear ER parts

• Fluorescence drain by individual bleach cycles

The following fast processes are modeled by algebraic equations:

• Bleaching dynamics of GFP

• On- and off-switching of the laser

• Individual bleach pulses

• Actual scan/bleach path patterns of the laser beam

• Concentration homogenization within the same ER region (i.e. M, N or B)
due to diffusion

• Recording dynamics of confocal fluorescence scans

• CCD camera charge/discharge dynamics
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4 System abstraction

In order to be amenable to engineering-type modeling4, the system is simplified to
treat the relevant dynamics as identified in section 3.

The system is given by the ER of the budding pair (Fig. 1) consisting of the cortical
ER of the mother cell (denoted by M), the cortical ER of the daughter cell (B)
and the perinuclear ER of the mother cell (N). Since the three ER regions are
only weakly connected and diffusion within them is fast compared to the acquisi-
tion time scale (a protein diffuses across a whole ER part within a few milliseconds
whereas the acquisition time for a single fluorescence scan is several seconds), they
can be modeled as three homogeneous, interconnected compartments. As diffu-
sive equalization processes within a compartment are much faster than transport
processes between them, we neglect the spatial concentration distribution in each
compartment and consider them as lumped parameter regions of a certain volume
containing a certain amount of fluorescent mass. The system thus consists of three
independent reservoirs M , B and N with associated normalized (by M(t = 0)) level
variables m(t), b(t) and n(t) representing the total mass of fluorescent species in
each reservoir over time.

The identified relevant dynamics are sufficiently modeled as connections between
the reservoirs. These connections are considered simple tubes of certain lengths ℓ1

and ℓ2 and cross-sections A1 and A2. Mass transport happens through them by
regular diffusion with diffusion constants D1 and D2, respectively. In reality, the
connecting ER structures are of course much more complex and certainly more than
1 tubular structure will connect any two compartments. The complexity is partly
taken into account by interpreting D1,2 as effective diffusion constants rather than
molecular ones. The effective D will be smaller than the molecular D due to the fact
that the complex geometry slows down mass transport. The number of connections
is taken into the model by interpreting A1,2 as total cross-sections by summing up
all the smallest cross sections of all connecting tubules between two compartments.
The price we pay for these assumptions is that the parameters D1,2 and A1,2 are
no longer measurable and need to be identified from the data. They belong to the
black part of the gray-box model.

We model a connection 1 between the two cortical ERs and a connection 2 between
the cortical and the perinuclear ER of the mother cell. However, one should keep
in mind that the correct topology of connections is still unknown and also N and
B could in principle be connected directly. A model as presented here is however
commonly accepted to be more likely.

5 Algebraic model of bleaching and acquisition cy-

cles

As stated in section 3, the dynamics of bleaching and image acquisition are ne-
glected. Nevertheless the corresponding processes are of great importance and need
to be taken into the model as algebraic equations. The experimental cycle as de-
picted in figure 3 consists of a pre-bleach scan to record the pre-bleach fluorescence
contents in the three compartments, a bleach cycle during which fluorescent mass
if removed from the bleached part, another scan to record the post-bleach fluores-
cence and a reset period needed to manually reset the laser and image acquisition

4recall that engineering-type modeling proceeds by first identifying the relevant parts and dy-
namics of the system and simplifying the original system to them. This simple parts are then
mathematically modeled. The opposite approach (called physical modeling) attempts to model
the system in all details using complex PDE models that are than treated computationally
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Figure 2: Abstraction of the whole system. The cortical ER of the mother (M),
the perinuclear ER of the mother (N) and the cortical ER of the daughter (B) are
considered homogeneous reservoirs with associated mass contents m(t), n(t) and b(t)
and volumes Vm, Vn and Vb, respectively. The connections between the reservoirs
are considered tubes of effective lengths ℓ1 and ℓ2 with total cross-sections A1 and
A2 through which mass is transported by means of diffusion with effective diffusion
constants D1 and D2.

systems. The total time of one experimental cycle is the sum of the four and the
whole FLIP experiment consists of many such cycles.

t s t st b t r

t b1/

scan bleach scan reset

cycle time

Figure 3: Schematic of the experimental cycle in a FLIP experiment. During the
first scan, the pre-bleach fluorescence is recorded, then the corresponding compart-
ment is bleached and the second scan records the post-bleach fluorescence. The
reset time is needed to restore the laser and imaging equipment.

Fluorescence removal due to bleaching is modeled as a constant drain during the
bleach phase. This is a simplification as the actual bleaching process consists of many
(around 50) short bleach pulses and intermediate diffusive recovery (fast and only
relevant to individual bleach pulses as they are fast themselves). On observation
time scales, the individual bleach pulses can be seen as pulse-width modulation of a
smooth drainage signal and the intermediate recovery is assumed to be completely
removed by the following bleach pulse. The model thus consists of a constant
drainage mass flow proportional to the concentration in the bleached compartment.
If the mother cell is bleached, the drain is applied to M, if the daughter cell is
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bleached, B is drained. Let νm and νb be the effective bleached volumes in the
two respective compartments5 (depending on the actual, unknown ER geometry,
the exact time course of the bleaching pulses and the bleaching dynamics of the
protein) and let tb be the duration of the bleach phase and similarly ts and tr for
the scan and reset phases. One period of the cycle function as depicted in figure 3
is defined as:

β(t) =
1

tb
[H(t − ts) −H(t − ts − tb)] (4)

where H(t) denotes the Heaviside step distribution. Notice that the integral over
β(t) is unity. Let ∆t = 2ts + tb + tr be the total cycle time. The mass drain applied
to reservoir x, x ∈ {m, b}, is then modeled as:

dx = νx
x(t)

Vx
β(t − k∆t) (5)

with k = 0, 2, . . . , K − 1 being the cycle counter. Another simplification that we
make using this model is the neglect of fluorescence loss during the scan phases
as this is assumed to be corrected for by normalizing all values to the control cell
levels. The time durations ts, tb and tr are known for all experiments and are thus
in the white part of the model (cf. section 2).

The fluorescence recordings are modeled as instantaneous readings of the level vari-
ables m(t), n(t) and b(t) at the end of any scan phase. The finite duration of the
scan interval and the exact scanning path of the laser are thus neglected for this
purpose (but not the diffusive transport happening during it) and the experimental
values are to be interpreted as some kind of intermediate readings (which, according
to the center value theorem of integrals, exists). Again this can be justified by the
fact that only the mean net effects of the fast bleaching pulses are modeled and the
recording dynamics are neglected as being fast.

6 Model of diffusive inter-compartment transport

According to section 3, the mass exchange between the reservoirs N and M as well
as between M and B constitutes the relevant dynamics of the model and will be
modeled by ODEs (due to the lumped parameter approximation). In order to be
able to formulate these balance equations (based on the principle of conservation of
mass), a model expression for the fluxes between the reservoirs needs to be derived
as a function of the reservoir levels. The starting point is Fick’s law of diffusion
that gives the mass flux j per unit area as:

j = −D∇c , (6)

where D is the diffusion constant and ∇c the local concentration gradient. Due
to our lumped parameter assumption, the concentrations inside the reservoirs are
homogeneous and the gradients thus only present over the tubular connections. For
the flux from reservoir x ∈ {m, n, b} to reservoir y ∈ {m, n, b} 6= x we thus find:

∇c =
1

ℓ

(

x(t)

Vx
−

y(t)

Vy

)

(7)

where ℓ is the effective length of the corresponding connection. Assuming a certain
cross-section (or perimeter for surface diffusion) A of the connection, the mass flow
becomes:

5The way the experiment is done, the perinuclear ER is never bleached.
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dx(t)

dt
= −

DA

ℓ

(

x(t)

Vx
−

y(t)

Vy

)

(8)

Since all parameters ℓ, D and A of the connection are unknown und interpreted as
”effective” parameters without direct physical measurability, they are lumped into
one single parameter

λ :=
DA

ℓ
, (9)

which has the physical units of volume/time can be thought of as a volume transport
rate. This not only reduces the number of unknown parameters in the model but
also effectively generalizes the model to all passive, concentration gradient driven
transport processes.

7 Preliminary estimations

To check the feasibility of a diffusion model for explaining the experimental data,
some ”order of magnitude” estimations are performed. Such estimations give an
idea of the involved processes and their relative importance as well as if diffusion is
a feasible transport model to explain the given data. However, no final conclusions
should be drawn from such estimations as important dynamics are not considered
here. Higher order models will be needed for this end.

The observed difference in decay rates between Sec61 and GFP (cf. table 1) could
just be an effect due to the bottleneck of the connection or different diffusion con-
stants of the two proteins. To check this, we consider a simple outflow experiment
with a single reservoir. The reservoir is identified with the non-bleached part of
the budding pair and the rate of outflow is given by diffusion of protein into the
bleached part where it is removed. The system is depicted in figure 4 and consists
of a single reservoir with volume V , mass content x(t) and an outlet of length ℓ and
cross-section A.

�
�
�
�

A

V

l
x(t)

Figure 4: Schematic of a simple outflow system with one reservoir.

Using the same approach as in section 6, the mass flow through the outlet is given
by:

dx(t)

dt
= −

DA

ℓV
x(t) (10)

since the concentration difference between the inside and the outside of the reservoir
is equal to the inside concentration (the outer surroundings are assumed to be much
larger than the reservoir and thus the outside concentration is equal to zero). We
define the inverse time constant of the process as:
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k =
1

τ
:=

DA

ℓV
(11)

Let the initial mass content of the reservoir be xo = x(t = 0). The closed form
solution of equation 10 is then given by:

x(t) = x0e
−kt (12)

In order to compare GFP and Sec61, we assume that Sec61 has a diffusion constant
of d and GFP one of ad with a > 1. The outlet consists of a cylindrical tube with
radius r and the reservoir is depicted as a sphere (according to the near-spherical
shape of the real yeast cell) of radius R. The cortical ER is imagined as a layer at
the surface of the sphere with finite thickness h (again this is an effective parameter,
taking into account all the holes in the actual ER meshwork). As GFP is a soluble
protein we obtain:

D = ad (13)

A = r2π (14)

ℓ = ℓ (15)

V = 4πR2h (16)

For the membrane protein Sec61 A is now the perimeter of the connection and V
the ER membrane surface. We thus obtain:

D = d (17)

A = 2πr (18)

ℓ = ℓ (19)

V = 8πR2 (20)

Inserting these values into equation 11 we find for the ratio of the two time constants
τG and τS for GFP and Sec61, respectively:

τS

τG
= a

r

h
(21)

If the tubules in the connection between mother and daughter cell cortical ER are
as thick as the cortical ER itself, we have r/h = 1/2. The diffusion constant of
GFP is around 20µm2/s and for Sec61 we assume a typical value for ER membrane
proteins of about 0.5µm2/s. The ratio is thus a = 40 and we have τS = 20τG,
i.e. the time constant of Sec61 is expected to be about 20 times larger than the one
of GFP, caused by differences in geometry and diffusion constants.

The actual time constants from the experimental data are determined by fitting
solution 12 to them such as to minimize the quadratic deviation of the data points
from x(t). The initial value x0 is set equal to the first measurement point in the data
set and the fitting is done using a Nelder-Mead simplex method. Figure 5 shows
the results for the case where the mother cell is bleached with the corresponding
time constants given in the graph captions. The ratio of time constants is found to
be τS/τG = 22.3. This is clearly within the order of magnitude of the estimation
and diffusive transport can not be ruled out.
Interestingly, if the same is done for the case where the daughter cell is bleached the
situation looks very different and the two time constants are almost equal (fig. 6).
This can only be the case if h/r and a are approximately equal, meaning that
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Sec61, mother cell bleached, τS = 1026
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GFP, mother cell bleached, τG = 46

Figure 5: Exponential time constants of measured FLIP data when the mother cell
is bleached. The solution of the simple one-reservoir model is shown as a solid line
and the experimental data as circles. The ratio of time constants is found to be
τS/τG = 22.3

either the ER connections between the two compartments would have to be about
20 times thinner than the structures of the cortical ER or the ratio of diffusion
constants a would depend on the direction of transport. Since diffusion B→M and
M→B happens in the same geometry and the model fits the first case, the former
cannot be true. The latter would effectively describe a polar (directed) transport
mechanism other than normal diffusion. To see if this effect is real or just an artifact
of the many simplifications and assumptions we made, the following sections will
present higher order models.
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Sec61, daughter cell bleached, τS = 29
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GFP, daughter cell bleached, τG = 30

Figure 6: Exponential time constants of measured FLIP data when the daughter
cell is bleached. The solution of the simple one-reservoir model is shown as a solid
line and the experimental data as circles. The ratio of time constants is found to
be τS/τG = 0.97
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8 A second order model

Refining the first order estimates done in the previous section, a second order model
is developed. This model takes both the mother cell cortical ER and the daughter
cell cortical ER into account, but neglects the perinuclear ER and its associated
reservoir. The system thus consists of two reservoirs, M and B, with associated level
variables m(t) and b(t). It is obtained from the full system in figure 2 by setting
n0(t) = 0 and D2 = 0, hence yielding the system depicted in figure 7.

Vm

Vb

l1

A 1
D1

�
�
�
�

M B

m(t)

b(t)

Figure 7: Schematic of the second order system with two reservoirs corresponding to
the cortical ER of the mother cell (M) and the cortical ER of the daughter cell (B).
The connection between the two ER is characterized by its length ℓ1, cross-section
A1 and diffusion constant D1.

According to section 6 the transport parameter of the connection is defined as:

λ1 =
D1A1

ℓ1
(22)

In contrast to the simple estimates done so far, this model will now explicitly take
the bleaching cycles into account and also model the ”counterweight” to outflow
from the non-bleached compartment due to the mass present in the bleached one.

8.1 Model formulation

In order to formulate the model in a compact form, we introduce the indicator
function

χm =

{

1 if M is bleached
0 if B is bleached

(23)

Using equation 5 and the ideas of section 5 to model the experimental cycle and
the bleaching events, expressing the diffusive flux as in section 6 and formulating
the equations of mass balance for the two reservoirs M and B leads to the final
formulation of the second order model:

db(t)

dt
= λ1

(

m(t)

Vm
−

b(t)

Vb

)

− (1 − χm)νb
b(t)

Vb
β(t − k∆t) (24)

dm(t)

dt
= λ1

(

b(t)

Vb
−

m(t)

Vm

)

− χmνm
m(t)

Vm
β(t − k∆t) (25)

This model is gray-box and has two parameters that need to be identified by fitting
it to data sets, namely λ1 and either νb or νm, depending on the state of χm. All
other parameters are known from measurements and the volumes Vm and Vb are
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determined from the measurements such as to have a steady-state initial condition
for the model equations6. To assume that the experiments start from a steady
concentration distribution seems reasonable as the cells have several minutes time
to equilibrate before the first bleaching occurs. Intuitively, this means that if one
would look at the fluorescence distribution without bleaching, it would not change
(apart from bleaching due to the scanning laser beam, which is corrected for by
the control cell) and it is only the perturbation introduced by the bleaching that
causes a net transport of proteins. In order to also get this initial steady-state in the
computational model, the ratio of volumes is determined from the first measurement
points at time ts (i.e. after the first scan). This is most easily done by setting Vm =
m̃(ts) and Vb = b̃(ts), which corresponds to normalizing the initial concentration in
the whole system to one (notice that we are allowed to do that as everything only
depends on the ratio of the two volumes which is invariant under changes of the
initial concentration). Since everything is normalized such that m̃(t = ts) = m̃(t =
0) = 1, this means that Vm = 1 is fixed and Vb varies.

Figure 8 shows the Simulink implementation of the second order model with Ar =
χmνm + (1 − χm)νb and lambda = λ1 as free parameter inputs.

Diffusion in budding Yeast cells  −−  second order lumped capacitance model

Color legend:
        states: orange
        input signals: blue
        output signals: yellow
        nonlinear: red
        linear: white

Mother cell mass content

1
s

M

1−Mble

Mble

1/Vm

1/Vb

Bud cell mass content

Bleaching

1
s

B

2

lambda

1

Ar

Figure 8: Simulink implementation of the second order lumped parameter model.

8.2 Parameter identification

The parameters of the model are determined by fitting it to experimental data. If
the fit is good, the obtained values for the parameters can be considered significant
and their physical interpretation will give information about the real experimental
system. Comparison of the parameters (esp. the transport rates λ1) for the different

6Recall that the volumes are not simply the volumes of the cellular buds (which could be
measured from the micrographs) but the effective volume in the lumen or on the membrane of the
ER. As this depends on the unknown fine-scale structure of the ER it cannot be measured.
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cases of table 1 should yield information on whether the transport can be explained
as purely diffusive or not.

The dynamic parameter identifications determines λ1 and νb,m such that the model
optimally fits the data, i.e. that the quadratic error is minimized subject to the
constraints

λ1 > 0, νm,b > 0 (26)

Since the data become more noisy for longer times and sources of error such as
unspecific bleaching increase, the fitting error is exponentially weighted. The error
expression is given by:

E =

2K
∑

i=1

e−0.1(i−1)/2

[

(m̃(ti) − m(ti))
2

+
(

b̃(ti) − b(ti)
)2

]

(27)

K is the number of experimental FLIP cycles performed and ti denotes the time at
the end of scan interval i (cf. figure 3):

ti =

{

ts + i−1
2 ∆t if i is odd

tb + 2ts + i−2
2 ∆t if i is even

(28)

The total cycle duration is given by ∆t = 2ts + tb + tr. The minimization problem
is solved numerically in MATLAB using a 2D Nelder-Mead simplex method. The
starting value for λ1 is set to π/8. The one for νm,b, i.e. the amount of bleached
mass, is estimated from the first 3 data points (the fluorescence loss during the first
bleaching cycle) in order to increase the likelihood of the minimization to converge
to the correct minimum. Representative examples of resulting simulation curves
for all four cases are shown in table 4 and table 5 lists the values of the model
parameters obtained for the 15 FLIP experiments described in section 2. Notice
that it is no contradiction that some νm,b are larger than the corresponding Vm,b,
since (as mentioned in section 5) they depend on several neglected factors and are
not to be interpreted as the physical bleached volumes.

9 A third order model

In order to further refine the calculations, a third order model is developed. This
model now takes all three compartments into account as depicted in figure 2. We
thus have three reservoirs M, N and B with associated levels m(t), n(t) and b(t).
According to the two existing connections we now have two distinct transport rates:

λ1 =
D1A1

ℓ1
, λ2 =

D2A2

ℓ2
(29)

and will explicitly take the perinuclear ER into account.

9.1 Model formulation

Again using the indicator function defined in equation 23 as well as the ideas from
sections 5 and 6, the mass balance equations for the third order model become:
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Table 4: Second order model parameter identification on experimental results by
Cosima Lüdeke. The solid line corresponds to the model prediction of the total
fluorescent mass in the cortical ER of the mother cell, the dotted line to the model
prediction for the cortical ER of the daughter cell. Circles mark experimental post-
bleach and pluses experimental pre-bleach readings. The cases m438, m440, m450
and m445 are shown. All data is processed and normalized as described in section
1.

db(t)

dt
= λ1

(

m(t)

Vm
−

b(t)

Vb

)

− (1 − χm)νb
b(t)

Vb
β(t − k∆t) (30)

dm(t)

dt
= λ1

(

b(t)

Vb
−

m(t)

Vm

)

+ λ2

(

n(t)

Vn
−

m(t)

Vm

)

− χmνm
m(t)

Vm
β(t − k∆t) (31)

dn(t)

dt
= λ2

(

m(t)

Vm
−

n(t)

Vn

)

(32)

Notice that the perinuclear ER is not bleached and thus has no drain term since the
actual experiment was done this way. The Simulink implementation of this model is
shown in figure 9 and has now an additional parameter input for λ2. The model has
three free parameters that need to be identified by fitting, namely λ1, λ2 and either
νm or νb (depending on which compartment is bleached). The other parameters
are known from measurements and the volumes Vm, Vb and Vn are again set such
that the initial condition is steady-state. Following the same reasoning as in section
8.2, we set the volumes equal to the respective first pre-bleach value: Vm = m̃(ts),
Vn = ñ(ts), Vb = b̃(ts), thus assuming a homogeneous initial concentration field
normalized to 1.
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Experiment Vb λ1 νm νb

√

E/2K

Sec61, M blchd m437 1.784074 0.002840 0.462798 – 0.077004
m438 1.723824 0.004052 0.523147 – 0.075246
m473 2.343878 0.000390 0.091809 – 0.081729
m475 2.926832 0.000000 0.212663 – 0.249160

Sec61, B blchd m439 1.426500 0.001518 – 1.499829 0.052055
m440 0.750210 0.001892 – 0.719606 0.040341
m476 3.341847 0.002341 – 4.796301 0.075417
m477 2.600956 0.001274 – 0.512837 0.127378

GFP, M blchd m450 1.343276 0.054858 2.230597 – 0.045893
m454 2.560673 0.049668 10.010478 – 0.075108
m478 2.141767 0.057689 0.864320 – 0.089823
m479 2.276455 0.090183 1.209994 – 0.055591

GFP, B blchd m445 1.818406 0.022592 – 3.785638 0.102111
m453 1.728332 0.027120 – 1.773547 0.105290
m482 2.440807 0.012036 – 1.157205 0.093738

Table 5: Optimal parameters for the second order model. The model was fitted to
several FLIP data sets to determine the parameters λ1 and νm,b. The RMS fitting

error
√

E/2K (cf. equation 27) is also reported.

9.2 Parameter identification

The parameter identification proceeds in a similar way as it did for the second order
model. The error function to be minimized now includes the information from the
perinuclear ER:

E =

2K
∑

i=1

e−0.1(i−1)/2

[

(m̃(ti) − m(ti))
2

+ (ñ(ti) − n(ti))
2

+
(

b̃(ti) − b(ti)
)2

]

(33)

and the minimization is subject to the constraints:

λ1 > 0, λ2 > 0, νm,b > 0 (34)

Representative examples of resulting simulation curves for all four cases are shown in
table 6 and the values of the model parameters obtained for the 15 FLIP experiments
are listed in table 7. As expected from experiments, it can be seen that λ2 is 3 to
4 orders of magnitude larger than λ1. If the diffusion constant of a species can
assumed to be the same for both connections, this means that the connections
between the cortical ER of the mother cell and its perinuclear ER have a 3 to
4 orders of magnitude larger cross-section than the connections between the two
cortical ER compartments. This is supported by the fact that the latter cannot be
seen in the microscope whereas the former can be seen. It also accounts for the
experimental and model observation that the masses in M and N behave similarly.

10 Model quality and significance

Before drawing any conclusions from the model abservations, we analyze the model
quality (estimating bounds for the modeling error) and establish significance bounds
in order to get some information about trustworthiness of our results.

First we notice that the results of the second and the third order model are consis-
tent, i.e. they show the same trends and qualitative differences in the model param-
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Diffusion in budding Yeast cells  −−  third order lumped capacitance model

Color legend:
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        output signals: yellow
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Figure 9: Simulink implementation of the third order lumped parameter model.

eters and the parameters are of similar values. If the daughter cell is bleached, the
transport rate λ1 predicted by the second order model is consistently larger than
the one of the third order model (cf. tables 5 and 7). This is compatible with the
fact that the perinuclear ER compartment has been neglected in the former. Due
to constant refill from N, the level in M drops more slowly in reality than it would
in the model. To fit the data, the second order model thus underestimates λ1. In
the case where the mother cortex is bleached, the λ1 values of the two models are
about equal. This is again as expected because above-described effect does not exist
in this case since ”M+N” behaves as a single compartment if viewed from within B
and the transport rate B → M is estimated correctly as equilibration in ”M+N” is
fast (”instantaneous”) compared to typical transport speeds.

In both models, experiment m475 yields unrealistic parameter values (λ1 = 0) and
a very high fitting error. The models are obviously not capable of explaining the
data in m475. This is due to the fact that the fluorescent mass readings in B tend to
increase over time even though M is bleached. In a source-free model this conflicts
with the conservation of mass and is thus not explicable. For all of the following
we thus exclude m475 from the analysis and use 7 experiments for Sec61 and 7 for
GFP.

The mean RMS model fitting error (i.e. the mean error per data point) for the
second order model is 0.0783 ± 0.0245 with a maximum of 0.127 and for the third
order model it is 0.0818 ± 0.0235 with a maximum of 0.134, corresponding to the
maximum modeling error of about 14%. To compare the quality of the two models,
one has to keep in mind that the third order model contains 3 error contributions
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Table 6: Third order model parameter identification on experimental results by
Cosima Lüdeke. The solid line corresponds to the model prediction of the total
fluorescent mass in the cortical ER of the mother cell, the dotted line to the model
prediction for the cortical ER of the daughter cell and the dashed line to the pre-
diction for the perinuclear ER. Circles mark experimental post-bleach and pluses
experimental pre-bleach readings. The cases m438, m440, m450 and m445 are
shown. All data is processed and normalized as described in section 1.

(from m, b and n) whereas the second order model only contains two of them. In
order to compare the fitting errors, only

√

2/3 of the error of the third order model
must be taken leading to a mean error of 0.0668, which is slightly less than the
second order model. The third order model is thus trustworthy as the increase in
model complexity brings about an increase in fitting quality (cf. section 1).

With respect to the fitting behavior of the two models, we notice that λ2 in the
third order model is hardly identifiable from the data if B is bleached. This is
due to the fact that B and N are only indirectly connected and changes in the
transport rate N → M have only minor influences on the mass evolution in B.
We empirically observe that changing λ2 by a factor of 10 only changes the other
parameters (including the fitting error) at the third position after the decimal dot.
Any difference in λ2 which is less than a factor of 10 must therefore be considered
insignificant. This insensitivity to λ2 does however not affect any conclusions based
on λ1 as the model is highly sensitive there. Moreover, getting a good fit with the
third order model is more difficult than it is with the second order one and it is
more sensitive to the initial parameter guesses, that sometimes needed to be altered
by hand in order to get good agreement with experimental data. Models of higher
than third order would thus not be feasible given the kind and number of data we
have.
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Experiment Vb Vn λ1 λ2 νm,b

√

E/2K

Sec61, M blchd m437 1.784074 1.182654 0.002749 6.257243 0.895944 0.063153
m438 1.723824 0.964341 0.003649 19.730833 1.026112 0.080499
m473 2.343878 0.876253 0.000353 20.305510 0.156605 0.087632
m475 2.926832 0.632438 0.000000 11.836008 0.247480 0.262529

Sec61, B blchd m439 1.426500 1.146889 0.005550 6.761728 1.894228 0.133719
m440 0.750210 0.941991 0.004335 11.365178 1.116691 0.073166
m476 3.341847 0.694461 0.004111 17.191288 4.913336 0.074578
m477 1.600956 0.879055 0.003384 23.535650 0.535722 0.122980

GFP, M blchd m450 1.343276 0.689931 0.056888 14.760378 2.571483 0.044322
m454 2.560673 0.545038 0.056845 18.749518 5.893910 0.070518
m478 2.141767 0.482626 0.057758 13.472194 1.004841 0.079182
m479 2.276455 0.510912 0.095221 9.311798 1.320774 0.059027

GFP, B blchd m445 1.818406 0.492639 0.031602 6.243803 5.017534 0.095866
m453 1.728332 0.383166 0.037655 19.359297 2.420218 0.080899
m482 2.440807 0.681566 0.021994 13.754083 1.275823 0.080411

Table 7: Optimal parameters for the third order model. The model was fitted to
several FLIP data sets to determine the parameters λ1, λ2 and νm,b. The RMS

fitting error
√

E/2K (cf. equation 27) is also reported. The column νm,b reports
either νm or νb, depending on which compartment was bleached.

11 Conclusions

Given the observations using the models, what conclusions can we draw with respect
to the initial question about the nature and the relative strength of the transport
processes?

We first consider the connection between the two cortical ER compartments to
investigate the type of transport process. Since here we are only interested in the
first transport rate parameter, we simplify the notation by setting λ = λ1. Using
the definition of λ as given in equation 9 and the expressions for surfaces, volumes
and diffusion constants given in equations 13 through 20 for GFP and Sec61, one
finds that for the same bleached compartment:

λG

λS
=

a

2
r , (35)

where λG denotes the transport rate for the pure GFP and λS the one for Sec61.
According to section 7, the ratio of diffusion constants a is about 40. For diffusion,
both a and r do not depend on the direction of the transport and the ratio of
transport rates should thus be the same regardless of whether the mother cell cortex
is bleached or the daughter cell cortex. Calculating above ratio for the two cases
in which either M or B is bleached thus gives evidence if normal diffusion could be
the sought-after transport process.

Using the values in table 5 and averaging different realizations of the same experi-
ment, we find for the second order model, that λG/λS = 26.0 if the mother cell is
bleached and λG/λS = 11.7 if the daughter cell is bleached. Using table 7 the third
order model gives λG/λS = 29.6 if the mother cortex is bleached and λG/λS = 7.0
if the daughter cortex is bleached.

The ratio of transport rates in the second order model is found to be about 2.2 and
the third order model estimates a factor of roughly 4.2, which is significant by one
order of magnitude given an experimental accuracy of 20-30% and the modeling
error of 14% (cf. section 10). This would mean that, compared to GFP, Sec61 is
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transported about three to four times as fast in the direction M → B than it is
in the direction B → M . Diffusion could not account for such a polar transport.
A factor of three however is not an order of magnitude and one has to bear in
mind that there are several effects that all influence the data in the same direction,
namely to slow down Sec61 transport compared to GFP. Some of the effects are:

• the different diffusion constants of the two species

• the fact that the cortical ER in the daughter cell is more dense than in the
mother cell

• that one protein diffuses in space whereas the other is confined on a surface

• that the fluorescence drain due to bleaching is always a lot higher for GFP

than it is for Sec61 (cf. tables 5 and 7) due to the fact that the volume is
larger than the two delimiting surfaces.

Given the model accuracy and the small number of experiments (4 per case), it
is thus not possible to clearly state something about the nature of the transport
process. It could be diffusion, but it could also be something else that is weakly
polar.

We now turn to the investigation of the relative connection strenghts between M,
N and M, B. This kind of information is only available from the third order model
(table 7), which is consistent in λ1 with the second order model. As we are now only
interested in the transport strength, independent of the direction, all values will be
averaged over the two bleach cases. For Sec61, one finds λ1 = 0.00345±0.00162 and
λ2 = 15.022±6.901 and for GFP λ1 = 0.0511±0.0240 and λ2 = 13.664±4.718, where
the values are given as mean±standard deviation. λ1 for GFP is thus about 15 times
λ1 for Sec61. This is in good agreement with the prediction λG/λS = a/2 ≈ 20 in
the same geometry7. Given these values, we can state that the connection between
M and N is about 4358 times stronger than the one between M and B for Sec61

and for GFP the ratio is still 267. These factors are considerably larger than 10
and thus significant, even given the poor accuracy of λ2 estimation (cf. section
10). Since we are comparing different connections for the same protein species,
the diffusion constant D is the same and above differences are entirely caused by
differences in A/ℓ, i.e. the ratio between total connection cross-section and effective
connection length. If we assume that ℓ2 ≈ 5 . . . 10 · ℓ1 (the radius of the mother cell
is typically about 2.5 µm such that the radial distance between the perinuclear and
the cortical ER is on the order of 1. . . 2 µm and the separation gap between the two
cortical ER parts is about 0.1. . . 0.4 µm), this means that the total cross-section of
the connection within the mother cell is at least 103 to 104 times larger than the
one between mother and daughter cell. This also explains why the former can be
seen in fluorescent light microscopy whereas the latter cannot. If both connections
would consist of the same number of tubules, then the ratio of the radii would be
r1/r2 = 30 . . .100.

To summarize the above, the conclusions are: (1) diffusion could in principle explain
the experimental observations, but if the true transport mechanism was something
other than diffusion, the difference should only result in a minor polarity. (2) If
diffusion is the true transport mechanism, the two ER compartments in the mother
cell are several orders of magnitude stronger connected than the mother cell and the
daughter cell. Viewed from inside the daughter cell ER cortex, the whole mother
cell ER behaves as a single compartment with fast equilibration.

7A similar conclusion for λ2 cannot be drawn due to the poor accuracy of that parameter
(cf. section 10)
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