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CHOOSING THE BEST KERNEL: PERFORMANCE MODELS FOR
DIFFUSION OPERATORS IN PARTICLE METHODS∗
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Abstract. In scientific simulations of partial differential equations one is often faced with the
task of choosing a discretization scheme or tuning the parameters of a discretized differential opera-
tor to perform well on a given problem. While this is mostly done through benchmark simulations
on test problems, a problem-independent performance model would be desirable. Based on results
from numerical analysis, we present a set of problem-independent performance measures for diffusion
operators in particle methods. These measures quantify an operator’s accuracy, stability, and com-
putational cost. They can be explicitly derived in closed form, hence enabling comparisons between
different operators and operator parameter tuning without the need for running any benchmark sim-
ulations. If a small number of benchmarks is available, a regression over the quality measures can be
calibrated to absolute CPU time, hence defining predictive performance models for the different op-
erators. We demonstrate this on the example of PSE operators and show the computational savings
that can be achieved by operator selection and tuning.
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1. Introduction. Numerical methods for partial differential equations are usu-
ally designed with aims such as accuracy, robustness, computational efficiency, and
ease of implementation. These objectives are often conflicting, implying trade-offs in
the method design. As a consequence, an abundance of numerical methods has been
designed to discretize the same differential operator, each method having its charac-
teristic design emphasis and qualities. In this wealth of choices it is not always easy
to select the most efficient method to solve a given problem in computational science
and engineering to a desired level of accuracy. Method choice and performance quan-
tification are most often based on results obtained on model problems or benchmark
test cases. For some linear operators, like diffusion operators, however, a priori error
estimates can be obtained that provide valuable information about the a posteriori
errors in a particular application. This is in contrast to nonlinear or integral opera-
tors, where error estimates and stability conditions can be prohibitively complicated
or even unavailable, and a priori performance quantification is usually beyond reach.

If problem-independent a priori performance estimates are available, the num-
ber of benchmark tests that need to be conducted in order to select a method or
tune its parameters can be reduced, and transferability of results between different
applications improved. Such a problem-independent performance model could then
be matched, on the one hand, to the needs of an application, and on the other hand
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to the resource offerings of specific hardware architectures. The former can, e.g., be
done by statistical regression, the latter through hardware performance models such
as rooflines [34] or the κ–Γ model [16].

Here, we provide a set of problem-independent performance measures for isotropic
and anisotropic diffusion operators in particle methods. Approximation of the elliptic
diffusion operator L(·) = ∇ · (ν∇(·)), ν > 0, is commonly required in numerical
simulations from fluid dynamics to electromagnetism and quantum physics. Particle
methods provide mesh-free discretization schemes that are particularly advantageous
for convection-dominated problems or problems in complex geometries [18]. A variety
of methods for treating the diffusion operator in particle methods exists. This includes
the methods of random walk [3] and of deterministic displacements [11]. More accurate
methods include resampling methods [7, 27], redistribution methods [28, 29, 32, 15],
particle strength exchange (PSE) methods [22, 9, 10, 13, 12, 31], smoothed particle
hydrodynamics (SPH) [25], moving least squares [19, 1, 14], and reproducing kernel
particle methods [21, 20]. Each of these approaches has its characteristic properties
and, in addition, many operators have free parameters with which their properties
can be further tuned [26, 2, 12]. This raises the question of how to choose an operator
for a given problem at hand, how to best set its parameters, and how much one can
potentially gain by doing so.

We address this question by introducing three problem-independent measures
to quantify the accuracy, computational cost, and stability of diffusion operators
in particle methods. The “operator quality measures” presented here are problem-
independent in the sense that they are only functions of the operator type and pa-
rameters, but not of the field functions the operator is later going to be applied on.
Problem-independent operator characteristics are well known, e.g., in the form of
convergence orders. However, while the convergence order tells how the numerical
approximation error is expected to decrease with increasing resolution of the method,
it does not provide any information about the magnitude of the error that can be
expected at a certain resolution, or about the runtime of the simulation. The oper-
ator quality measures presented here constitute features in a machine-learning sense,
i.e., characteristic properties that are designed to have predictive power. Since they
can be explicitly derived from numerical analysis, they allow testing and comparison
of large numbers of operators or parameter settings without performing benchmark
simulations. We derive closed-form expressions of the measures introduced here for
PSE and Fishelov diffusion operators, and for the diffusion operators used in a resam-
pling method and in SPH. This enables parameter studies and visualization of the
parameter spaces of operators in “phase diagrams” akin to those used in physics and
chemistry.

In order to predict the expected performance of a given operator on a certain
problem, a small number of benchmark simulations of that problem is used to cal-
ibrate the quality measures to actual CPU time, hence identifying an a posteriori
runtime model from the benchmark data. These calibration curves are valid for all
operator parameters, but only for the specific problem (implementation, compiler,
hardware) they have been measured on. They thus directly account for the influ-
ences of the implementation, hardware, etc., on the simulation runtime. The operator
minimizing the predicted CPU time under certain constraints can then be selected
purely based on its quality measures, without running any further benchmarks. This
enables automatic choice of the most efficient operator in a simulation code. We
show that these appointed operators outperform other standard operator choices for a
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three-dimensional advection-diffusion problem. In the case study presented here, the
computational savings are at least a factor of two compared to the next-best tested
operator.

The paper is organized as follows: In the next section, we briefly recall the general
form of diffusion operators in particle methods. Section 3 introduces the concept of
problem-independent operator quality measures and shows their derivation for the
example of isotropic PSE diffusion operators. Then, in section 4, we generalize to three
quality measures, for which closed-form expressions for four different types of diffusion
operators are given in Appendix A. We analyze the dependence of operator qualities
on parameter choices in section 5 using PSE operators as an example, providing
parameter landscapes for this class of operators. In section 6, we demonstrate how the
presented quality measures can be calibrated to construct a predictive performance
model for different operators in a real-world application. We further quantify the
computational savings that can be achieved by choosing and tuning the operator for
the problem at hand. We conclude this work and discuss some of the implications
and possible follow-ups in section 7.

2. Diffusion operators in particle methods. Diffusion operators Qh(·) in
particle methods approximate the operator L(·) defined by

Lf(x) = ∇ · (ν(x)∇f(x)) =
n∑

i,j=1

Dei [νij(x)D
ejf(x)] ,(2.1)

where f is any twice differentiable function over R
n, νij are the elements of the

symmetric positive definite diffusion tensor ν ∈ R
n×n, and ei is the unit vector along

dimension i. In the case of isotropic diffusion, ν is a scalar viscosity and the operator
simplifies to

Lf(x) = ∇ · (ν(x)∇f(x)) =
∑
|α|=1

[
Dαν(x)Dαf(x) + ν(x)D2αf(x)

]
.(2.2)

These operators are discretized over a set of particles that sample the field f(x)
and the viscosity ν(x) at locations xp, p = 1, . . . , N , hence fp = f(xp) and νp =
ν(xp). Here, α = (α1, . . . , αn) ∈ N

n is a multi-index, and n is the number of space
dimensions. Multi-index notation,

|α| =
n∑

i=1

αi, xα = xα1
1 xα2

2 . . . xαn
n , Dαf(x) =

∂|α|f(x)
∂xα1

1 ∂xα2
2 . . . ∂xαn

n
,

is used throughout this work. The notation
∑b

|α|=a denotes a sum over all multi-

indices α for which a ≤ |α| ≤ b and
∑

|α|=a is equivalent to
∑a

|α|=a.

The Sobolev norms Wm,∞(Ω) are defined as

‖u‖Wm,∞(Ω) = max
0≤|α|≤m

‖Dαu‖L∞(Ω).

In smooth particle methods, continuous quantities are discretized onto a set of
particles with positions xp and volumes vp using smoothing kernels of width ε. The
characteristic distance between particles is denoted by h. We define the ratio c = h/ε.
The operators in (2.1)–(2.2) are typically expressed as sums running over the particles
located in an rc-neighborhood of x, where the parameter rc is called the cutoff radius.
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The accuracy and the stability of the discretized operators depend on the choice
of the kernel function, the cutoff radius, and the ratio c. Many choices are legitimate,
in the sense that they yield a convergent approximation, but they are not all equally
pertinent as they may lead to different errors, stability conditions, and computational
costs. These quantities can be analyzed a priori, thus providing a performance model
to rationalize the choice of operator parameters.

3. Assessing the quality of PSE diffusion operators. Particle strength
exchange (PSE) diffusion operators were introduced by Degond and Mas-Gallic for
the cases of isotropic [9] and anisotropic [10] viscosity. Their discretization-corrected
(DC) versions have been discussed by Schrader, Reboux, and Sbalzarini [31].

As a motivating example for the rest of the paper, we briefly restate PSE diffusion
operators with isotropic viscosity and show how their accuracy and stability can be
characterized a priori from an error analysis. Examples of analogous derivations for
other discrete operators can be found in Appendix A.

The PSE operator approximating the operator L(·) from (2.2) is defined as

Qhf(x) =
cn

ε2

∑
p∈N (x)

vp
hn

(f(xp)− f(x))μ(x,xp)η

(
x− xp

ε

)
,(3.1)

where N (x) is the index set of the particles contained in the closed ball Brc [x] =
{y ∈ R

n : |y − x| ≤ rc}. The cutoff radius rc is typically chosen such that this
rc-neighborhood coincides (with a certain accuracy) with the support of the kernel
function η. For conservation of mass when using identical operators Qh(·) on all
particles, μ(x,y) is chosen to be the symmetric mean of ν(x) and ν(y).

For any particle xp, a Taylor expansion of f and ν around x yields

μ(x,xp)(f(xp)− f(x))(3.2)

=

r+1∑
|α|=1

Dαf(x)

α!

⎡
⎣ν(x)(xp − x)α +

r+1∑
|β|=1

Dβν(x)

2β!
(xp − x)α+β

⎤
⎦

+
∑

|α|=r+2

Rα(xp)μ(x,xp)(xp − x)α,

where the remainder Rα(y) is bounded by

(3.3) |Rα(y)| ≤ |α|
α!

max
|β|=|α|

max
z∈Brc [x]

|Dβf(z)|.

Multiplying (3.2) by vpη((xp−x)/ε)/εn and summing over the particles in N (x)
leads to

Qhf(x) =

r+1∑
|α|=1

Dαf(x)

α!

⎡
⎣h|α|−2ν(x)Zα

h +

r+1∑
|β|=1

h|α+β|−2D
βν(x)

2β!
Zα+β
h

⎤
⎦

(3.4)

+ hrcn
∑

|α|=r+2

∑
p∈N (x)

vp
hn

Rα(xp)η

(
c
xp − x

h

)
μ(x,xp)

(
xp − x

h

)α

,
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where the discrete moments of η, Zα
h , are defined as

Zα
h (x) = cn+2

∑
p∈N (x)

vp
hn

(
x− xp

h

)α

η

(
c
x− xp

h

)
.(3.5)

Defining the functions As(x) ∈ R
+ ∪ {∞} by

As(x) =

[
s+2∑
|α|=1

∑
|β|=s+2−|α|

1 + δ0,|β|
2csα!β!

∣∣∣Zα+β
h (x)− Y α+β

∣∣∣
]−1

, −1 ≤ s < r,

Ar(x) =

[
r+2∑
|α|=1

∑
|β|=r+2−|α|

1 + δ0,|β|
2α!β!

cn+2
∑

p∈N (x)

∣∣∣∣∣ vphn

(
x− xp

h

)α+β

η

(
c
x− xp

h

)∣∣∣∣∣
]−1

,

(3.6)

an upper bound on the approximation error

(3.7) E(x) = |Qhf(x)− Lf(x)|
of the PSE operator in (2.2) can be expressed from (3.3)–(3.4) as

E(x) ≤
r∑

s=−1

hs

As(x)
‖f‖W s+2,∞(Brc [x])

‖ν‖W s+1,∞(Brc [x])
.(3.8)

Each As(x), s ≤ r, hence quantifies the accuracy of Qh at order s. We thus call
As the accuracy measures for the PSE operator. Under the reasonable assumption
that refinement is performed such that the distances between particles scale with the
spatial resolution h, and the volumes with hn, it is clear that the accuracy measures
are independent of h.

For DC PSE operators [31], the kernel η is constructed such that its discrete
moments from (3.5) satisfy

(3.9) Zα
h = Y α, |α| < r + 2,

where

Y α =

{
2, α = 2ei, i = 1, . . . , n,
0 else.

In this case, As(x) = ∞ ∀s < r and the truncation error in (3.8) is truly of order r.
Only Ar(x) is then relevant.

For uncorrected (UC) PSE operators, the kernel η is constructed to satisfy the
continuous moment conditions

cn+2

∫
Rn

zαη(z)dz = Y α, |α| < r + 2 .(3.10)

In this case, As(x) is not necessarily infinite for s ≤ r and, in general, most of the
terms in (3.8) do not vanish. Whether error terms with s < r can be neglected
(in which case the truncation error appears to be of order r) or not depends on the
resolution h and on the fields f and ν. The error magnitude at each order s, however,
can be estimated a priori from As(x), s ≤ r.
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Similarly, the influence of a PSE operator on the stability of a time-discretized
diffusion scheme can be separated from problem-dependent parameters. Therefore,
consider the semidiscrete equation

∂f(x, t)

∂t
= Qhf(x, t)(3.11)

and discretize the time derivative using (for example) a forward Euler difference
scheme

f(x, t+Δt) = f(x, t) + ΔtQhf(x, t).

The dispersion relation for a wave g(x, t) = exp
(
ı̂(k · x− ωtν/h2)

)
that satisfies the

semidiscrete (3.11) is

ω(k) = ı̂cn+2
∑

p∈N (x)

vp
hn

[exp (̂ık · (xp − x))− 1] η

(
c
x− xp

h

)

and a von Neumann stability analysis reveals that the bound on the time step guar-
anteeing exponential stability for all wavenumbers k is

(3.12) Δt < S
h2

ν
,

where

S = inf
|k|∈]0,

√
nπ/h]

{−2 Im(ω(k))

|ω(k)|2
}
.(3.13)

The scalar S thus characterizes the stability of the PSE operator, as it can be
used to derive the admissible time-step size for given problem-dependent parameters
(here, h and ν) from (3.12). The measure S itself, however, is problem-independent.

4. Operator quality measures. We formalize and generalize the ideas pre-
sented in the previous section by introducing a set of three problem-independent
quality measures that quantify the characteristics of different operators or different
operator parameter settings along three dimensions: accuracy, stability, and compu-
tational cost. These measures allow one to compare different operators and study the
effects of their free parameters. We demonstrate this in section 5, where we present a
full parameter study for PSE diffusion operators, constructing their parameter land-
scapes exclusively from the quality measures introduced here. In section 6 we show
how these quality measures can be used to construct predictive performance models
that allow one to automatically choose the best operator for a given problem at hand.

We derive measures for the following characteristics of any particle diffusion op-
erator:

1. its accuracy,
2. its stability in explicit time stepping, and
3. its computational cost.

We call the measures introduced here problem-independent because they do not
depend on problem parameters such as the viscosity field ν or the field f to which
the operator is applied. Nor do they depend on any numerical parameters, such as
the spatial or temporal resolution. Since the measures do, however, depend on the
spatial distribution of the particles, we assume that the rescaled positions (xp −x)/h
of the particles xp in the neighborhood of a point x and the rescaled volumes vp/h

n

are independent of h (i.e., they are scale invariant). This is a reasonable assumption,
as otherwise one would use adaptive refinement techniques to restore this property.
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4.1. Quantifying accuracy. Following the error analysis presented in section
3 we define the problem-independent accuracy measures As(x) ∈ R

+ ∪ {∞}, s ≤ r,
such that the overall error

(4.1) E(x) = |Qhf(x)− Lf(x)|

is bounded by

E(x) ≤
r∑

s=−2

hs

As(x)
‖f‖W s+2,∞(Brc [x])

‖ν‖W s+1,∞(Brc [x])
.(4.2)

From this, the As are not uniquely defined. This is for practical reasons, since tight
bounds for (4.2) are not always available.

For the anisotropic case, we replace the norm ‖ν‖Wm,∞(Ω) in (4.2) by

sup
0≤|α|≤m

y∈Ω

‖Dαν(y)‖F,

where ‖·‖F denotes the Frobenius norm.
The accuracies As(x), s < r, should be large compared to Ar(x), such that error

terms of order s < r are negligible even for small h. If this is the case, a larger Ar(x)
implies a lower upper bound on the error at position x.

Closed-form expressions for the measures As are given in Appendix A for the
anisotropic PSE diffusion operator, the Fishelov diffusion operator, the diffusion op-
erator of a resampling method, and a robust diffusion operator used in SPH. The As

for isotropic PSE operators are derived in section 3.

4.2. Quantifying stability. In order to quantify the influence of a discretized
diffusion operator on the von Neumann stability in explicit time stepping, we define a
problem-independent stability measure S such that the time-step limit in an explicit
Euler scheme for solving

∂f(x, t)

∂t
= Qhf(x, t)(4.3)

is given by

(4.4) Δt < S
h2

ν
.

That is, the CFL number αCFL = Δtν/h2 must be smaller than S if the cor-
responding operator is used in explicit Euler time stepping. The stability S also
indicates trends of the time-step limit when using other explicit methods for time
integration. When using Heun’s method, for example, the time-step limit is increas-
ing with increasing S (for S > 0), but the relationship is not linear and depends on
additional characteristics of the operator. If necessary, analogous stability measures
can also be derived for other explicit time stepping methods from a von Neumann
stability analysis.
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Closed-form expressions for the stability measures S of different diffusion opera-
tors are again given in Appendix A. They are derived assuming constant (homoge-
neous) viscosity.

4.3. Quantifying computational cost. We define

C = Vn

(rc
h

)n
(4.5)

as a problem-independent measure of the computational cost of an operator. Here,
Vn is the volume of the n-dimensional unit ball and rc is the radius of the operator
support (“cutoff radius”). Thus, the measure C merely approximates the number
of neighbors of each particle. We do not account for the cost of computing the
weights of the operator evaluations since look-up tables are commonly used to avoid
these function evaluations. Also, the construction of the operator itself is not taken
into account because in many applications it is done just once in the beginning of a
simulation.

5. Influence of free operator parameters on the quality of PSE oper-
ators. We demonstrate how the above operator quality measures can be used to
determine good values for an operator’s free parameters, without having to run any
benchmark simulations. We do this in a parameter study for UC [9] and DC [31] PSE
diffusion operators.

The PSE diffusion operator Qh(·) defined in (3.1) is determined by the choice
of the kernel function η, the cutoff radius rc, and the ratio c = h/ε. One objective
here is to demonstrate the influence of these parameters on the operator’s properties,
providing a guideline for their choice in practice. Based on the quality measures
introduced in section 4, we construct the parameter landscapes (“phase diagrams”)
of PSE operators. The parameters are described in section 5.1 and the results of the
parameter study are presented in section 5.2.

The quality measures presented in section 4 depend on the underlying spatial
distribution of particles. For simplicity, we restrict the present study to uniform
Cartesian particle distributions as they are obtained, e.g., by remeshing [18]. Also, we
only consider operators used for three-dimensional simulations with isotropic viscosity.
The quality measures introduced above, however, are equally valid in the general case,
i.e., in any number of dimensions and for any particle distribution, as we show in
section 6.

5.1. PSE operator parameters. We first describe the free parameters of PSE
diffusion operators and state the ranges within which they are varied in the subsequent
parameter study.

5.1.1. The kernel function. One of the parameters of the operator is the kernel
function η. Any kernel that satisfies the moment conditions as outlined in section 3
and in Appendix A.1 leads to a consistent approximation, but the error magnitude
may vary with kernel shape. Here, we focus on kernel functions of the form

η(z) = K(z)φ(z), z = |z| =
[

n∑
k=1

z2k

]1/2
,(5.1)
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where K is called the correction function and φ the window function. We consider φ
andK free parameters of the diffusion operator and test the following possible choices:

φ1(z) = exp
(−z2

)
, φ2(z) =

1

z10 + 1
,

φ3(z) =
1

(1 + z2)5
, φ4(z) = sech(z),

φ5(z) = z cosech(z), φ6(z) = exp
(−z2

)
cos(

√
2z),

φ7(z) =
1

π
sin(πz)/ sinh(z), φ8(z) =

{
exp
(

1
z2−R2 + 1

R2

)
, z < R,

0 else,

φ9(z) =

{
1, z < R,

0 else,
φ10(z) =

{
(R− z)/R, z < R,

0 else
(5.2)

and

K1(z) =
m−1∑
k=0

akz
k, K2(z) =

m−1∑
k=0

akz
2k,

K3(z) =

m−1∑
k=0

ak cos(kz), K4(z) = a0 +

m−1∑
k=1

ak sin(kz).(5.3)

Via the coefficients ak, the correction functionsK havem degrees of freedom. The
numberm corresponds to the number of moment conditions that are not automatically
fulfilled by symmetry. The coefficients ak are determined such that the moment
conditions in (3.9) or (3.10) are satisfied for DC and UC PSE operators, respectively.
For UC operators, we only consider the correction function K2.

Since the number of moment conditions depends on the desired order of accuracy
r, the number m of coefficients ak in a correction function K also depends on r. The
choice of the kernel function hence implies a choice of the order of accuracy r. For
second-order accurate operators (r = 2), m = 1. In this case, the correction functions
K1 to K4 are identical and we will in the following omit their specification.

The above selection of window functions φ is motivated by the kernel functions
proposed by Cottet and Koumoutsakos [6] (φ1 to φ3) and Maz’ya and Schmidt [23]
(φ4 to φ7). The window functions φ8 to φ10 are included for their simplicity and
compact support. We always use R = 3. The ten window functions tested are plotted
in Figure 5.1.

5.1.2. The cutoff radius. The second parameter of a PSE operator is the
cutoff radius rc, which defines the size of the neighborhood of a particle at position x.
Reducing the cutoff radius reduces the cost of operator evaluation, as fewer particles
are considered neighbors and the sum over neighboring particles in (3.1) is shorter.
For UC operators, however, reducing the cutoff radius increases the discretization
error, because the approximated integral is truncated [31]. A large cutoff radius is
expected to increase operator stability and decrease its sensitivity to perturbations in
the particle positions.

We render this parameter independent of the spatial resolution by normalizing
it with the kernel width ε as rc/ε. This is typically how rc is scaled in particle
simulations. The minimum admissible cutoff radii are rc,min/ε = c for order r = 2 and
rc,min/ε = 2c for order r = 4. Smaller cutoff radii cannot be used since the number
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Fig. 5.1. The ten window functions from (5.2).

of particles contained in the ball Brc [x] would be too small to yield an rth-order
approximation. We test a set Rc = {rc,1 = rc,min, rc,2, . . . , rc,k = rc,max}, rc,i < rc,i+1,
of cutoff radii, where the differences rc,i+1 − rc,i are minimized under the constraint
that the number of particles in Brc,i [x] is different from the number of particles in
Brc,i+1 [x]. The maximum cutoff radii rc,max considered here depend on the order of
accuracy r and on the window function φ as listed in Table 5.1.

5.1.3. The ratio c = h/ε. The third free parameter of a PSE operator is the
ratio c. For constant rc/ε, a small ratio c = h/ε reduces the difference between the
discrete moments in (3.5) and the continuous moments in (3.10). Small c therefore
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Table 5.1

The maximum normalized cutoff radii rc,max/ε considered for the different window functions
in the present parameter study.

φ1 φ2 φ3 φ4 φ5 φ6 φ7 φ8 φ9 φ10

r = 2 5 10 10 10 10 10 5 3 3 3

r = 4 7 12 12 12 12 12 7 3 3 3

typically improve the accuracy of UC PSE operators. The cost of operator evaluation,
however, is larger for smaller c, since more particles are located in the neighborhood
of x. The accuracy of DC PSE operators is expected to be higher for larger c: the
influence of the direct neighbors relative to the influences of more distant particles
is typically higher because the window function is more peaked and less smoothing
occurs. The values of c tested here are {0.25, 0.3, 0.35, . . . , 1.4}.

5.2. Parameter study results. We evaluate all possible combinations of the
operator parameters listed above by computing the corresponding quality measures for
both DC and UC PSE diffusion operators on uniform Cartesian particle distributions.
Since the quality measures are explicitly known, all 443,956 parameter combinations
can rapidly be tested. If one were to run a benchmark simulation for each parameter
set, this would clearly be infeasible. Below, we summarize the results of the parameter
study in the form of “phase diagrams” of the operator’s parameter space, and we point
out potential trade-offs in the parameter choices.

The cost measure C is by definition independent of K and φ and hence depends
only on the cutoff radius rc relative to the interparticle spacing h. Since it does
not depend on K, the cost C is identical for both UC and DC operators, as shown
in Figures 5.2 and 5.3. In the region where rc/ε < c or rc/ε < 2c for r = 2 or
r = 4, respectively, there are not enough particles in the closed ball Brc [x]. The
number of neighbors around x is then too small and there is not enough information
to approximate Lf(x) with the desired order of accuracy. The minimum possible cost
is C = V3 (i.e., the volume of the three-dimensional unit ball) for r = 2 and C = 8V3

for r = 4 on the lines rc/ε = c and rc/ε = 2c, respectively.
Typical landscapes of the other quality measures of UC and DC PSE operators

over rc/ε and c are also shown in Figures 5.2 and 5.3. The salient features of these
landscapes are preserved across window and correction functions, allowing us to gen-
eralize the results. The resulting sketch diagram for the cost measure is shown in
Figure 5.4; those for the other quality measures are shown in Figures 5.5 and 5.6 for
UC and DC PSE operators, respectively.

For a fixed cutoff rc/ε, UC PSE operators do not converge for increasing res-
olution [31]. This is because error terms of order s < r do not necessarily vanish.
For certain ranges of resolution, however, it can be that hs/As 
 hr/Ar ∀ s < r,
guaranteeing apparent rth-order convergence (see (4.2)). For these resolutions, UC
PSE operators can still be used in practice. Given this restriction on As, and hence
the choice of rc and c, the user can choose an operator with a reasonable time-step
stability limit. However, the cost of operator evaluation will be high and the accu-
racy Ar low.

For DC PSE operators, the accuracy measures As, s < r, are by definition in-
finitely large whenever enough neighboring particles are present. In practice, where
numerical errors are introduced when constructing the operators (i.e., computing the
weights of the kernels), the accuracy measures are finite, but much larger than Ar
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Fig. 5.2. Quality measure landscapes for UC PSE diffusion operators with r = 2 and the
Gaussian kernel φ1; shading codes the log10 of each measure’s value.
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Fig. 5.5. Sketches of the quality measure landscapes for UC PSE diffusion operators.

such that they usually do not influence the choice of rc and c. If accuracy is the only
criterion for operator design, the choice of rc and c is simple: for decreasing rc/(cε),
the accuracy Ar increases and the cost C decreases, such that rc and c should be cho-
sen on the line rc/ε = c or rc/ε = 2c for r = 2 or r = 4, respectively. For second-order
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Fig. 5.6. Sketches of the measure landscapes for DC PSE diffusion operators.

accurate operators, the choice of c is in this case arbitrary, because all operators with
rc/ε = c (for any window function φ) reduce to the classical finite-difference (FD)
stencil

Qhf(x) =
ν

h2

n∑
i=1

[f(x+ hi)− 2f(x) + f(x− hi)]

if ν is constant, or

Qhf(x) =
1

2h2

n∑
i=1

{[f(x+ hi)− f(x)][ν(x) + ν(x+ hi)]

+ [f(x− hi)− f(x)][ν(x) + ν(x− hi)]}(5.4)

else, where hi is a vector of length h pointing along dimension i. The fourth-order
accurate operators on the line rc/ε = 2c generally vary with c and are different for
different choices of the window function φ and the correction function K. Therefore,
the choices of φ, K, and c influence Ar. If accuracy is not the only important criterion,
choosing φ, K, rc, and c is more difficult. As can be seen from Figures 5.3 and 5.6,
highly accurate operators typically require small time-step limits for stable explicit
time stepping. On the other hand, a larger stability measure S requires a more costly
operator of comparably low accuracy. A trade-off must hence be found.
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6. Real-world applicability and interplay of the quality measures: A
case study. In practice, the most interesting property of an operator is probably the
computational time needed to solve a given problem with a certain maximum error.
This property may depend on all three quality measures introduced in section 4, and
while their values do not depend on the problem to be solved, their relative influences
do.

We now show how the introduced quality measures can be used for identifying
a predictive performance model—an a posteriori runtime estimate—and for choos-
ing the best operator and operator parameters for a given problem. This is based
on a small number of problem-specific benchmark simulations from which one can
infer the interplay and individual importance of the quality measures. This can
be seen as “calibrating” the performance model given by the quality measures to
a specific problem, hardware, implementation, compiler, etc., and hence accounts
for all of these influences on the expected runtime. This also means that the cali-
bration benchmarks have to be redone every time one of these conditions changes.
The quality measures provide an a priori idea of how the cost scales with opera-
tor parameters, which is independent of the hardware and compiler used. The a
posteriori runtime model identified from the benchmarks can then be used to se-
lect the most suitable operator for the given problem at hand, leading to significant
computational savings.

As a test case we use the three-dimensional advection-diffusion problem described
in Appendix B. We consider two variants of this problem: (i) simulations where the
particles are remeshed after every time step, such that the particle distribution always
remains uniformly Cartesian when the diffusion operator is applied; (ii) simulations
where the intervals between remeshing events are large, hence leading to irregular
and distorted particle distributions. All benchmarks are implemented in Fortran 90,
compiled using the Intel Fortran Compiler version 11 with optimization flag -O3, and
run on an Intel CoreDuo 2 with 2GB RAM.

6.1. Advection-diffusion simulation with remeshing at every time step.
We consider the three-dimensional advection-diffusion problem of Appendix B, solved
with remeshing at every time step. For remeshing, we use the third-order accurate
M ′

4 kernel as given in (B.1). We perform a small number of 13 timing benchmarks in
order to calibrate the cost measure C to CPU wall-clock time in seconds using linear
regression, as shown in Figure 6.1. When remeshing at every time step, the calibration
curve estimates that the CPU time needed for one time step of the simulation is
approximately

CUC = CDC ≈ 0.20 + 0.0035C ,

where C is the cost measure of the diffusion operator used. Assuming that for effi-
ciency reasons we want to use the largest time step possible, the CPU time needed
for the complete simulation is proportional to CUC/DC/S. Thus, an efficient operator
for this simulation should have a low ratio

F =
0.20 + 0.0035C

S

under the constraint that it has a zeroth-order accuracy A0 of more than 107 and a
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Fig. 6.1. Calibration timing experiments. We show the relationship between the cost measure
C and the CPU time tCPU for h = 0.217 and Δt = 0.0125 when remeshing at every time step
(UC/DC: �) or remeshing at large time intervals (UC: ◦, DC: ∗). We fit tCPU/s with the functions
CUC(C) and CDC(C), respectively, using linear regression.

positive stability measure S.1 We do not account for the accuracy measures As, s > 0,
because the remeshing error dominates and masks these higher-order errors of the
diffusion operator.

The operator that meets these constraints with the lowest ratio F is the DC
PSE operator with r = 2, φ7, c = 0.6, and rc/ε = 1.47. We call this the appointed
operator in the following and compare its performance to six other operators that are
frequently used for advection-diffusion problems. Two of these operators are the FD
stencils of (5.4) and

Qhf(x) =
1

24h2

n∑
i=1

{[ν(x− 2hi) + ν(x)][f(x)− f(x− 2hi)]

+16[ν(x− hi) + ν(x)][f(x− hi)− f(x)]

+16[ν(x+ hi) + ν(x)][f(x+ hi)− f(x)]

+[ν(x+ 2hi) + ν(x)][f(x)− f(x+ 2hi)]}(6.1)

of orders r = 2 and r = 4, respectively. The four other operators are second- and
fourth-order DC and UC PSE operators with large2 cutoff radii and medium c, as
recommended by “best practice” for UC PSE operators. For each operator, we adjust
h and Δt semiautomatically such that the CPU time is low and the maximum error
does not exceed a certain target error level E∗

max at final simulation time T = 0.25.
All simulations take advantage of the consistently uniform Cartesian distribution of
particles: particles are identified by mesh indices and no neighbor lists (cell list or
Verlet lists [33]) are used in these simulations. The results are given in Table 6.1.
As predicted by the performance model, the appointed operator performs best. In

1The value 107 is chosen arbitrarily, and any value in [0.6, 1015] leads to the same result. This
can be explained from the quality measure landscapes shown in Figures 5.2 and 5.3: medium values
of A0 are associated with large costs C and low or medium values of S, such that operators with
A0 ∈ [0.6, 1015] correspond to large F . The stability measure S is required to be positive for explicit
time stepping to be stable.

2The cutoff radii of rc = 3.5ε and rc = 5.5ε for the second- and fourth-order accurate operators,
respectively, are large compared to those of the FD stencils and of the appointed operator.
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Table 6.1

Advection-diffusion simulations with remeshing at every time step. We report the shortesta

CPU times for solving the test case to two different target error levels E∗
max = {0.05, 0.01}. We

show the results for six typical diffusion operators, sorted by descending CPU times, and for the
appointed operator (shaded entry).

E∗
max = 0.05

r c rc/ε h Δt tCPU in s

DC, φ1, K2 4 0.9 5.5 0.370 0.0417 0.208

UC, φ1, K2 4 0.9 5.5 0.370 0.0417 0.207

fourth-order FD (6.1) 0.349 0.0278 0.0555

DC, φ1 2 0.9 3.5 0.331 0.0625 0.0442

UC, φ1 2 0.9 3.5 0.331 0.0625 0.0421

second-order FD (5.4) 0.349 0.0417 0.0223

DC, φ7 2 0.6 1.47 0.370 0.125 0.00950

E∗
max = 0.01

r c rc/ε h Δt tCPU in s

UC, φ1, K2 4 0.9 5.5 0.185 0.00556 13.2

DC, φ1, K2 4 0.9 5.5 0.185 0.00556 13.0

fourth-order FD (6.1) 0.185 0.00287 3.55

second-order FD (5.4) 0.242 0.00417 0.637

DC, φ1 2 0.9 3.5 0.273 0.0208 0.264

UC, φ1 2 0.9 3.5 0.273 0.0208 0.257

DC, φ7 2 0.6 1.47 0.251 0.0417 0.113

aConsidering the CPU time a function of h and Δt, we report the minimum
CPU time and the corresponding values of h and Δt under the constraint of
staying below the target error level.

fact, the simulation using the appointed operator completes more than twice as fast
as the fastest simulation using any of the other operators. Note that the DC and
UC PSE operators with the same parameters lead to the same results here. This is
because rc/ε is large enough and c is small enough for the UC PSE operators to be
able to reach the target error level on Cartesian particle distributions. The fourth-
order accurate operators perform worst. This can be explained by the fact that the
remeshing procedure is of lower order, and the advantage of the high-order accuracy
is not exploited in these simulations. Yet the operator evaluation is more costly due
to the larger cutoff radii required.

For a target error level of E∗
max = 0.05, the second-order FD operator outperforms

the two PSE operators listed first. This is not surprising since its cost C is much lower
(4.19 vs. 246).3 The cost C of the appointed operator is higher than the cost of the
FD operator (61.6 vs. 4.19). The stability S of the appointed operator, however, is

3From the parameter study presented in section 5 we see that the accuracy of the second-order
FD operator is the highest of all operators tested. We do, however, consider this effect to be marginal
due to the dominance of the remeshing error.
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much higher than that of the FD operator, such that a larger time step can be used.
In the present case, this is enough to compensate for the higher cost of the operator
evaluation. It is, however, important to notice that the quality measures presented
here will always appoint the operator that has the highest predicted performance,
such that the user does not need to worry about these trade-offs and their causes.

For the target error level E∗
max = 0.01, the second-order FD operator is outper-

formed by all tested second-order PSE operators. The reason is the low time stepping
stability of the FD operator, which becomes more apparent at higher resolutions.
Again, the high stability of the appointed operator, combined with its lower cost,
renders it more efficient than the other operators.

6.2. Advection-diffusion simulation with remeshing at large intervals.
If remeshing is performed only at large time intervals, we expect the diffusion error
to dominate. We therefore modify the objective function F to represent the influence
of the operator accuracy Ar on the CPU time required to solve the given problem
to a target error level E∗

max: we assume a maximum simulation error Emax ∼ hr/Ar.

In this case, an interparticle spacing h proportional to A
1/r
r is required. Since the

number of particles is proportional to h−n, n = 3, and the number of time steps

to h−2, the factor A
−5/r
r is introduced into F . Thus, including the results of the

calibration experiments shown in Figure 6.1,

F =
−0.57 + 0.094C + IDC(7.57 + 0.116C)

SA
5/r
r

,

where IDC = 1 for DC PSE operators and IDC = 0 for UC ones. Note that the
influence of the discretization correction on the simulation cost is significant when
remeshing is done only at large intervals since the kernels have to be recomputed at
every time step due to particle movement [31].

We use the same constraints on As, s < r, and S as in section 6.1. Additionally,
we impose a lower bound on the cutoff radii such that all operator neighborhoods
contain enough particles at all times: rc/h > 2.14 for r = 2 and rc/h > 2.52 for
r = 4. The cutoff radius rc = h or rc = 2h, leading to compact FD stencils, is thus
not included. From the parameter study presented in section 5, the second-order
DC operator with window function φ2, ratio c = 1.4, and cutoff radius rc/ε = 3.2 is
predicted to perform best. We remark, however, that the parameter study was based
on uniform Cartesian particle distributions, whereas we have irregular distributions
here. It is therefore instructive to see how the performance predictions generalize to
the present case.

Table 6.2 lists the resolutions and CPU times required to solve the problem us-
ing the different operators. We do not consider fourth-order operators in this test
case because their simulation costs are predicted to be much higher than those of the
second-order operators: the timing experiments shown in Figure 6.1 are done using
second-order accurate operators; for fourth-order operators the runtime tCPU is al-
ready 696 s for C = 100, due to the higher costs of setting up and solving the linear
systems of equations resulting from the discrete moment conditions in (3.9). We thus
show the results for two typical second-order accurate PSE operators, and for the
appointed operator.

The appointed operator outperforms the other two operators tested by a factor of
five to eight. We conclude from this that the performance model based on the qual-
ity measures for uniform Cartesian particle distributions is also useful on irregularly
distributed particles. Interestingly, the nonappointed DC PSE operator requires a
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Table 6.2

Advection-diffusion simulations with remeshing at large intervals. We report the shortesta CPU
times for solving the test problem to target error levels E∗

max = {0.05, 0.01}. We show the results
for two typical PSE diffusion operators and for the appointed operator (shaded entry).

E∗
max = 0.05

r c rc/ε h Δt tCPU in s

DC, φ1 2 0.9 3.5 0.571 0.125 0.340

UC, φ1 2 0.9 3.5 0.628 0.125 0.104

DC, φ2 2 1.4 3.2 1.05 0.125 0.0196

E∗
max = 0.01

r c rc/ε h Δt tCPU in s

DC, φ1 2 0.9 3.5 0.331 0.0625 3.44

UC, φ1 2 0.9 3.5 0.349 0.050 1.32

DC, φ2 2 1.4 3.2 0.628 0.0625 0.157

aConsidering the CPU time a function of h and Δt, we report the minimum
CPU time and the corresponding values of h and Δt under the constraint of
staying below the target error level.

slightly higher resolution than the UC operator to reach the target error level, and it
is thus not only more computationally expensive but also less accurate than the UC
operator with the same parameters. With the appointed operator, also a DC PSE
operator but with a different kernel function and different parameters, the extra com-
putational cost of discretization correction is amortized by the gain in accuracy and
the cost reduction due to the smaller neighborhood. This highlights the importance
of using the correct kernel function and operator parameters.

Note that the runtimes of the simulations with remeshing at large time intervals
(Table 6.2) are longer than those of the simulations where remeshing is done at every
time step (Table 6.1). For the simulations using UC PSE operators, the main rea-
son for this is the different implementation: while Verlet lists [33] (as implemented
in the PPM Library [30]) are used to find neighbors when particles are irregularly
distributed, the particles’ mesh-like arrangement is exploited for looking up neighbors
in the remeshed case. When using the DC operators, the discretization correction
further doubles the computational cost per particle and time step; see Figure 6.1.
Rare remeshing, however, is expected to be more efficient for larger Péclet numbers,
i.e., for convection-dominated problems (see section 4.4 and Table 2 in [31]).

7. Conclusions and discussion. We proposed three problem-independent qual-
ity measures for diffusion operators in particle methods. The measures quantify an
operator’s accuracy, computational cost, and stability in explicit time stepping. Since
they are problem-independent, these operator quality measures can be used to deter-
mine good parameter settings for a given operator, or comparing the performance of
different operators, without running any benchmark simulations. In the parameter
study presented here, this has enabled exhaustively testing 443,956 different operator
parameter combinations, which would not have been possible using benchmark simu-
lations. This has allowed us to reconstruct the complete parameter landscapes of the
operators, thus visualizing the trade-offs inherent in the operator parameter choices.
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The problem-dependent interplay of the quality measures becomes important
when constructing predictive performance (runtime) models for a given problem at
hand. This can be done by statistical regression over the quality measures from a
small number of benchmark simulations. Using only 13 short benchmark runs, we
have demonstrated the construction of a predictive performance model for all 443,956
PSE operators, plus a set of common FD operators, which are included as limit cases
of DC PSE operators [31]. Using the example of a three-dimensional Lagrangian
advection-diffusion simulation, we demonstrated how simple objective functions of
the quality measures can predict the expected performance of a wide range of oper-
ators and hence help choose efficient ones. Both frequent and occasional remeshing
were considered. We demonstrated that an operator’s computational efficiency can
depend on all three measures. The specific dependence, however, is contingent on the
problem to be solved: for problems that are limited in the time-step size by advection
rather than by diffusion, the stability measure of the diffusion operator loses its impor-
tance. Similarly, the accuracy measure of the diffusion operator might lose importance
if frequent remeshing is performed, because the remeshing error then dominates the
error introduced by the diffusion operator. If remeshing is a comparably rare event,
the operator’s accuracy is not negligible. At the same time, however, the most accu-
rate operators typically require small time-step limits, and it might be beneficial to
instead use a higher spatial resolution together with an operator of lower accuracy.

The performance model based on the presented quality measures allowed selecting
problem-specific operators that were predicted to perform best. We called these oper-
ators the appointed operators for the given problem. The performance of a given oper-
ator on a certain problem is estimated from a small number of benchmark simulations
on that problem, calibrating the cost measure to actual CPU time. This calibration
curve is valid for all operator parameters, but only for the specific problem (implemen-
tation, compiler, hardware) it has been measured on. For a different implementation
or computer platform, the performance model needs to be recalibrated. In the case
study presented here, reaching a given error level for the solution of the problem was
two to eight times faster when using the appointed operators instead of the next best of
the tested operators. Once a performance model has been identified for a certain prob-
lem, the choice of operator and operator parameters can in principle be automatized in
a simulation program. The computational savings demonstrated here are encouraging
and we believe that operator performance models will be useful in practice.

We have limited our considerations to diffusion operators in particle methods,
which includes compact FD stencils as a limit case. While it is conceivable that a
similar approach might also work for other linear differential operators, we do not
expect it to easily generalize to nonlinear or integral operators. This is mainly be-
cause the a priori error and stability estimates of these operators can be intrinsically
problem-dependent, disallowing a separation into problem-independent quality mea-
sures and problem-dependent calibration.

Future work will include extending the present framework to more operator types
and automating the identification of problem-specific performance models. Also, it
shall be interesting to see how the present numerical performance models fit with
hardware performance models in order to select the best method or operator for a
given problem on a given hardware platform.

Appendix A. Explicit expressions for the quality measures of different
diffusion operators. Closed-form expressions for the quality measures introduced in
section 4 can be derived for different types of diffusion operators. We exemplify this by
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deriving the measures As and S for four different operators: PSE diffusion operators,
Fishelov diffusion operators, the diffusion operator of a resampling method, and a
diffusion operator used in SPH. The cost measure C is universal and does not need
to be rederived, as it simply approximates the number of particles used for evaluating
Qhf(x). All distances and volumes in this appendix are nondimensionalized using the
interparticle spacing h, such that the vectors x − xp can be considered independent
of the spatial resolution. For conciseness, the notation is kept the same.

A.1. PSE diffusion operators. The case of PSE operators with isotropic
viscosity was discussed in section 3. Here, we briefly restate PSE operators with
anisotropic viscosity [10] and derive their accuracy and stability measures.

The anisotropic diffusion operator L(·) defined in (2.1) is approximated by the
PSE operator

Qhf(x) =
cn+2

ε2

∑
p∈N (x)

vp (f(xp)− f(x)) η(c(x− xp))

n∑
i,j=1

μij(x,xp)(x− xp)
ei+ej ,

where

μ(x,y) =
1

2

[
ν(x) + ν(y)− tr(ν(x) + ν(y))

n+ 2
I

]
,

and I is the identity matrix in R
n×n.

The moment conditions on the kernel function η for DC or UC operators are

Zα
h = Y α, 3 ≤ |α| < r + 4,

with Zα
h defined as in (3.5) and

cn+2

∫
Rn

zαη(z)dz = Y α, 3 ≤ |α| < r + 4,

respectively, where

Y α =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, α = 2ei + 2ej , i, j = 1, . . . , n, i = j,

3, α = 4ei, i = 1, . . . , n,

0 else.

The accuracy measures for the case of anisotropic viscosity then are A−2(x) = ∞
and

As(x) =

[
s+2∑
|α|=1

∑
|β|=s+2−|α|

(
1 + 3δ0,|β|

)
n

2α!β!

( |tr(U)|
n

+
λU
max − λU

min

2

+

∣∣∣∣ tr(U)

n
− λU

max + λU
min

2

∣∣∣∣
)]−1

, −1 ≤ s < r,

Ar(x) =

[
r+2∑
|α|=1

∑
|β|=r+2−|α|

1 + δ|β|,0
4α!β!

cr+2+n

×
∑
p∈N

tr(Xp)
∣∣∣vpη (c(x− xp)) (x− xp)

α+β
∣∣∣
]−1

.
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The elements of the matrices U ,Xp ∈ R
n×n are

Uij = Z
α+β+ei+ej

h − Y α+β+ei+ej , (Xp)ij = (c(x− xp))
ei+ej ,

and λU
min and λU

max are the smallest and largest eigenvalues of U .
The stability measure S for explicit Euler time stepping in the anisotropic case is

S = inf
|k|∈]0,

√
nπ]

⎡
⎢⎣ −2α

Im(Ω)
min

max
(
α
Re(Ω)
min

2
, α

Re(Ω)
max

2)
+max

(
α
Im(Ω)
min

2
, α

Im(Ω)
max

2)
⎤
⎥⎦ ,

αX
min = λX

min −
tr(X)

n+ 2
, αX

max = λX
max −

tr(X)

n+ 2
,

where the elements of the matrix Ω are defined as

Ωij = c4+n
∑

p∈N (x)

vp (exp(̂ık · (xp − x))− 1) η(c(x− xp)) (x− xp)
ei+ej .

The viscosity ν in condition (4.4) has to be replaced by tr(ν) in the anisotropic case.
We remark that condition (4.4) is then sufficient for stability, but not necessary.

A.2. A Fishelov diffusion operator. We consider a diffusion operator follow-
ing the Fishelov scheme [13],

Qhf(x) = ν
c5

h2

∑
p

f(xp)η(x− xp),

where

η(z) = ∇2W (z) , W (z) =
1

π
√
π
exp(−c2z2) , z = |z| .

Thus,

η(z) =
1

π
√
π

(
4c2z2 − 6

)
exp(−c2z2)

for constant isotropic viscosity ν.
A Taylor expansion of f around x enables bounding the overall error E(x) as in

(4.1) with the accuracy measures

As =

[ ∑
|α|=s+2

c5

π
√
πα!

∣∣∣∣∑
p

(
4c2 |xp − x|2 − 6

)
(xp − x)

α

× exp
(
−c2 |xp − x|2

)
− Y α

∣∣∣∣
]−1

, −2 ≤ s ≤ 1,

A2 =

[ ∑
|α|=4

c4

π
√
πα!

∑
p

∣∣∣∣ (4c2 |xp − x|2 − 6
)
(xp − x)α exp

(
−c2 |xp − x|2

) ∣∣∣∣
]−1

,

where Y α = 1 if α = 2ei and Y α = 0 else. The stability measure S is obtained by
substituting the dispersion relation

ω(k) =
ı̂c5

π
√
π

∑
p

eı̂k·(xp−x)
(
4c |xp − x|2 − 6

)
× exp

(
−c |xp − x|2

)
into (3.13).
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A.3. The diffusion operator of a resampling method. We derive the ac-
curacy and stability measures for a resampling method [8] with constant viscosity ν.
From the evolution equation

f(xq, t+Δt) =
∑
p

vp(t)f(xp, t)G(xq − xp, νΔt),

G(z, νΔt) =
1

(4πνΔt)3/2
exp

(
− z2

4νΔt

)
,

one can construct the equivalent diffusion operator for explicit Euler time stepping as

(A.1) Qhf(x) =
∑
p

vp(t)f(xp, t)
G(x− xp, νΔt)

Δt
− f(x, t)

Δt
.

Fixing the CFL number αCFL = Δtν/h2, the accuracy measures are

As =

[ ∑
|α|=s+2

∣∣∣∣ 1

8π
√
α5
CFLπα!

∑
p

(xp − x)
α

× exp

(
− 1

4αCFL
|xp − x|2

)
− Y α

∣∣∣∣
]−1

, −2 ≤ s ≤ 1,

A2 = 8π
√
α5
CFLπ

[ ∑
|α|=4

1

α!

∑
p

∣∣∣∣ (xp − x)
α × exp

(
− 1

4αCFL
|xp − x|2

) ∣∣∣∣
]−1

,(A.2)

where Y α = 1 if α = 0 or α = 2ei and Y α = 0 else. The stability measure S cannot
be given in closed form, but should be defined as the maximum CFL number αCFL

such that

(A.3)

∣∣∣∣∣∣
∑
p

exp
(
ı̂k · (xp − x)− 1

4αCFL
|xp − x|2

)
√
4παCFL

3

∣∣∣∣∣∣ < 1 ∀ |k| ∈ ]0,
√
nπ].

Numerical exploration of (A.3) reveals that there is a lower bound, rather than an
upper bound, on the CFL number. The left panel of Figure A.1 shows the dependence
of the numerical amplification on the CFL number for uniform Cartesian particle
distributions and rc/h = 6. The dashed line marks the CFL number where the
amplification is unity. The CFL number hence has to be chosen larger than this
minimum value (αCFL)min in order for the operator to be stable. The minimum value
(αCFL)min depends on the cutoff radius. This dependence is shown in the right panel
of Figure A.1. Note that in this method the highest amplifications occur for the
smallest wavenumbers. This is because the amplification is simply defined by the
numerical quadrature of the heat kernel G using the rectangular rule. Hence, it is an
artifact of the discretization error of the resampling method.

As we do not find an upper bound for the CFL number, a stability measure as it
exists for the other diffusion operators cannot be defined for the resampling method.
Instabilities in this method thus occur for small time steps, and not for large ones.

A.4. A robust diffusion operator in smoothed particle hydrodynamics.
Cleary and Monaghan [4] introduced the robust (against particle disorder and jumps
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Fig. A.1. Numerical stability of the resampling method. Left panel: Amplification vs. CFL
number αCFL for rc/h = 6. The dashed line marks the CFL number (αCFL)min where the amplifi-
cation is unity. Right panel: Dependence of the minimum CFL number on the cutoff radius.

in the viscosity) diffusion operator for smoothed particle hydrodynamics (SPH),

(A.4) Qhf(x) =
∑
p

mp

ρp
(f(xp)− f(x))μ(x,xp)ηε(x− xp),

where the ratio of mass mp and density ρp can be replaced by the particle volume vp,

μ(x,xp) =
4ν(x)ν(xp)

ν(x) + ν(xp)
and ηε(z) =

2

π
√
πε5

exp

(
−|z|2

ε2

)
=

1

ε5
η(zε) .

Due to the nonlinear mean μ(x,xp), we did not find a bound for the overall error of
the form given in (4.2). However, using the multivariate version of Faà di Bruno’s
formula [5, 17], one can evaluate Dβμ(x,x), where the derivative is applied with
respect to the second argument, as

Dβμ(x,y) =
∂|β|

∂β1y1 . . . ∂βnyn
μ(x,y)

=
∑

1≤λ≤|β|
μ(λ)
ν (νp)

λ∑
s=1

∑
ps(β,λ)

(β!)

s∏
j=1

[Dljνp]
kj

(kj !)[lj !]kj
,(A.5)

where μν(νp) =
4ννp
ν+νp

, ν = ν(x), νp = ν(y), li ∈ N
n,

ps(β, λ) =

{
(k1, . . . , ks; l1, . . . , ls) : ki > 0,

0 ≺ l1 ≺ · · · ≺ ls,
s∑

i=1

ki = λ and
s∑

i=1

kili = β

}
.

For a, b ∈ N
n, a ≺ b means that one of the following holds:

1. |a| < |b|,
2. |a| = |b| and a1 < b1, or
3. |a| = |b|, a1 = b1, . . . , ak = bk and ak+1 < bk+1 for some k, 1 ≤ k ≤ n.

In other words, the vectors li are the partitions of β, the scalars ki their multiplicities.
The variable λ counts the number of partitions, while the variable s counts the number
of different partitions. For example,

β = (3, 0, 0)︸ ︷︷ ︸
l1=(3,0,0),s=1,

λ=1,k1=1

= (2, 0, 0) + (1, 0, 0)︸ ︷︷ ︸
l1=(1,0,0),l2=(2,0,0),
s=2,λ=2,k1=1,k2=1

= (1, 0, 0) + (1, 0, 0) + (1, 0, 0)︸ ︷︷ ︸
l1=(1,0,0),s=1,

λ=3,k1=3

.
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Note that ps(β, λ) may be empty.

Expressing the λth derivative μ
(λ)
ν in terms of ν and substituting in (A.5) yields

the closed-form expression for the partial derivatives of μ:

Dβμ(x,y) =
∑

1≤λ≤|β|

4(−1)λ+1(λ!)ν(x)2

(ν(x) + ν(y))λ+1

λ∑
s=1

∑
ps(β,λ)

(β!)

s∏
j=1

[Dljν(y)]kj

(kj !)[lj !]kj

for |β| > 0. Taylor-expanding μ(x,xp) around x and computing the remainder term
according to Taylor’s theorem, we can thus write

μ(x,xp) =

n∑
|β|=0

(xp − x)β

β!
Dβμ(x,x) +

∑
|β|=n+1

(xp − x)β

β!
Rμ

β(xp),

where

Rν
β(xp) = |β|

∫ 1

0

(1 − t)|β|−1Dβμ(x,x+ t(xp − x))dt.

This means that

E(x) =

∣∣∣∣∣
r+1∑
|α|=1

r+1−|α|∑
|β|=0

Dαf(x)Dβμ(x,x)

×
[

1

α!β!

∑
p

vp(xp − x)α+βηε(x− xp)− Y α+β

]

+

r+1∑
|α|=1

∑
|β|=r+2−|α|

Dαf(x)

× 1

α!β!

∑
p

vpR
μ
β(xp)(xp − x)α+βηε(x− xp)

+
∑

|α|=r+2

1

α!

∑
p

vpR
f
α(xp)μ(x,xp)(xp − x)αηε(x− xp)

∣∣∣∣∣
≤

0∑
s=−1

εs‖f‖W s+2,∞(Brc [xp])‖ν‖W s+1,∞(Brc [xp])

s+2∑
|α|=1

∑
|β|=s+2−|α|

×
∣∣∣∣∣ ε2

α!β!

∑
p

vp

(
xp − x

ε

)α+β

ηε(x− xp)− Y α+β

∣∣∣∣∣
+

r−1∑
s=1

εs‖f‖W s+2,∞(Brc [xp])‖μ‖W s+1,∞(Brc [xp])

s+2∑
|α|=1

∑
|β|=s+2−|α|

×
∣∣∣∣∣ ε2

α!β!

∑
p

vp

(
xp − x

ε

)α+β

ηε(x− xp)

∣∣∣∣∣
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+ εr‖f‖W r+2,∞(Brc [xp])‖μ‖W r+1,∞(Brc [xp])

r+2∑
|α|=1

∑
|β|=r+2−|α|

× ε2

α!β!

∑
p

∣∣∣∣∣vp
(
xp − x

ε

)α+β

ηε(x− xp)

∣∣∣∣∣,(A.6)

where Rf
α(xp) = |α| ∫ 10 (1 − t)|α|−1Dαf(x + t(xp − x))dt, Y γ = 1 if γ = 2ei, and

Y γ = 0 else. We are thus able to define an upper bound on the overall error E(x) as

E(x) ≤
0∑

s=−2

hs

As(x)
‖f‖W s+2,∞(Brc [x])

‖ν‖W s+1,∞(Brc [x])

+

2∑
s=1

hs

A∗
s(x)

‖f‖W s+2,∞(Brc [x])
‖μ‖W s+1,∞(Brc [x])

,

where

As(x) = ∞, s = −2,

As(x) =

[
s+2∑
|α|=1

∑
|β|=s+2−|α|

1

α!β!

×
∣∣∣∣∣∑

p

vpc
s+5 (xp − x)

α+β
η(c(x− xp))− Y α+β

∣∣∣∣∣
]−1

, −1 ≤ s ≤ 1,

A∗
s(x) =

[
4∑

|α|=1

∑
|β|=4−|α|

1

α!β!

×
∑
p

∣∣∣∣∣vpc7 (xp − x)
α+β

η(c(x− xp))

∣∣∣∣∣
]−1

, s = 2.

The stability measure S is obtained by substituting the dispersion relation

ω(k) = 2ı̂c5
∑
p

vp [exp (ı̂k · (xp − x))− 1] η(c(x− xp))

into (3.13).

Appendix B. A three-dimensional advection-diffusion test case. The
test case considered in this paper consists of solving the advection-diffusion equation

∂f

∂t
+∇ · (fu) = ∇ · (ν∇f) in R

3 × [0, T ]

with the velocity field, the viscosity field, and the initial concentration given by

u(x) = [cosx sin y sin z, sinx cos y sin z, sinx sin y cos z]T,

ν(x) = sinx sin y sin z + 1, and

f0(x) = f(x, t = 0) = sinx sin y sin z,

respectively. The analytical solution of this problem is

f(x, t) = sinx sin y sin z exp (−3t) .
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The problem is numerically computed in a cube of edge length L = 2π with peri-
odic boundary conditions, and thus no boundary effects affect the numerical solution.
Explicit Euler time stepping is used for time integration, hence

fp(t+Δt) =
vp(t)

vp(t+Δt)
[fp(t) + ΔtQhfp(t)],

xp(t+Δt) = xp(t) + Δtu(xp(t)),

vp(t+Δt) = vp(t)[1 + Δt∇ · u(xp(t))],

where the subscript p indicates properties of particle p. For remeshing, the concen-
tration field f is interpolated from the particle positions xp to the positions x̃p of the
nodes of a uniform Cartesian mesh using the third-order accurate M ′

4 interpolation
kernel, introduced as the W4 function by Monaghan [24]:

(B.1) M ′
4(z) =

⎧⎪⎨
⎪⎩
0, |z| > 2,
1
2 (2− |z|)2(1− |z|), 1 ≤ |z| ≤ 2,

1− 5
2z

2 + 3
2 |z|3, |z| ≤ 1 ,

where z = (x̃p − xp)/h and h is the mesh spacing of the regular Cartesian particle
distribution x̃p. The concentration field after remeshing hence becomes

f̃p(t) =
1

h3

∑
q

vq(t)fq(t)
3∏

i=1

M ′
4

[
(x̃p − xq(t))i

h

]
.
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Université de Pierre et Marie Curie, Paris, 1987.
[23] V. Maz’ya and G. Schmidt, Approximate Approximations, Math. Surveys Monogr. 141, AMS,

Providence, RI, 2007.
[24] J. J. Monaghan, Extrapolating B splines for interpolation, J. Comput. Phys., 60 (1985),

pp. 253–262.
[25] J. J. Monaghan, Smoothed particle hydrodynamics, Rep. Progr. Phys., 68 (2005), pp. 1703–

1759.
[26] M. Perlmann, On the accuracy of vortex methods, J. Comput. Phys., 59 (1985), pp. 200–223.
[27] P. A. Raviart, An analysis of particle methods, in Numerical Methods in Fluid Dynamics,

F. Brezzi, ed., Lecture Notes in Math. 1127, Springer, Berlin, 1985, pp. 244–323.
[28] G. Russo, A Lagrangian vortex method for the incompressible Navier-Stokes equations, in

Vortex Dynamics and Vortex Methods, C. R. Anderson and C. Greengard, eds., Lectures
in Appl. Math. 28, AMS, Providence, RI, 1991, pp. 585–596.

[29] G. Russo, A deterministic vortex method for the Navier-Stokes equations, J. Comput. Phys.,
108 (1993), pp. 84–94.

[30] I. F. Sbalzarini, J. H. Walther, M. Bergdorf, S. E. Hieber, E. M. Kotsalis, and P. Kou-

moutsakos, PPM—a highly efficient parallel particle-mesh library for the simulation of
continuum systems, J. Comput. Phys., 215 (2006), pp. 566–588.

[31] B. Schrader, S. Reboux, and I. F. Sbalzarini, Discretization correction of general integral
PSE operators in particle methods, J. Comput. Phys., 229 (2010), pp. 4159–4182.

[32] S. Shankar and L. van Dommelen, A new diffusion procedure for vortex methods, J. Comput.
Phys., 127 (1996), pp. 88–109.

[33] L. Verlet, Computer experiments on classical fluids. I. Thermodynamical properties of
Lennard-Jones molecules, Phys. Rev., 159 (1967), pp. 98–103.

[34] S. Williams, A. Waterman, and D. Patterson, Roofline: An insightful visual performance
model for multicore architectures, Comm. ACM, 52 (2009), pp. 65–76.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


