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Continuous vs. Discrete

Continuous Discrete

80% red, 20% blue 8 red, 2 blue

• real values
• 0th order approximation

• integers
• mesoscopically exact
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2A+B
k1−→ 3A

∅ k2−→ A

A
k2−→ ∅

∅ k2−→ B
Stochastic Optimization and SimulationIvo F. Sbalzarini

Stochastic vs. Deterministic

• Mass-action kinetics (deterministic description) is only valid for 
abundant molecules in large reaction spaces 

• In cells, we frequently have:

- low copy numbers

- confinement in small reaction spaces (e.g. vesicles)

- correlated noise (e.g. noise-induced switching)
30 RADEK ERBAN ET AL.
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Fig. 5.2. Self-induced stochastic resonance. (a) One realization of SSA (a5)–(d5) for the
system of chemical reactions (5.3) (blue line) and solution of the deterministic ODEs (red line). (b)
Comparison of the stochastic and deterministic trajectories in the (A, B)-plane. Nullclines of the
deterministic ODEs are plotted as green lines.

model if we observe both models over su!ciently large times – see Figure 5.1(b)
where we plot the time evolution of A over the first 100 minutes. As expected, the
solution of the deterministic model (5.2) stays forever close to the stable steady state
as1 = 100. The number of molecules given by the stochastic model initially fluctuates
around one of the favourable states of the system (which is close to as1 = 100).
However, the fluctuations are sometimes so strong that the system spontaneously
switches to another steady state (which is close to as2 = 400). This random switching
is missed by the deterministic description. If one wants to find the mean switching
time between favourable states of the system, then it is necessary to implement SSAs.
Random switching between states has been found in gene regulatory networks [15, 21].
Theoretical or computational approaches for the analysis of suitable stochastic models
are given in [25, 9].

Our next example is a nonlinear system of chemical equations for which the
stochastic model has qualitatively di"erent behaviour than its deterministic coun-
terpart in some parameter regimes. The presented phenomenon is sometimes called
self-induced stochastic resonance [27]. Following an example from [5], we consider the
system of chemical reactions introduced by Schnakenberg [37]

2A + B
k1!" 3A, #

k2!"$!
k3

A, # k4!" B, (5.3)

where we choose the rate constants as k1 = 4%10!5 sec!1, k2 = 50 sec!1, k3 =
10 sec!1 and k4 = 25 sec!1. We use the Gillespie SSA (a5)–(d5) to simulate the time
evolution of this system. To do that, let us note that the propensity function of the
first reaction is equal to A(t)(A(t) ! 1)B(t)k1. We also derive and solve the deter-
ministic system of ODEs corresponding to (5.3). Using the same initial conditions
[A,B] = [10, 10], we compare the results of the stochastic and deterministic models
in Figure 5.2(a). We plot the time evolution of A(t). We see that the solution of the
deterministic equations converges to a steady state while the stochastic model has os-
cillatory solutions. Note that there is a log scale on the A-axis – numbers of A given
by the (more precise) SSA vary between zero and ten thousand. If we use a linear

Example:

Schnakenberg
clock
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Particles: a unifying computational framework

• Particle methods allow seamless treatment of continuous and 
discrete systems, both stochastically and deterministically

• In discrete systems, particles often correspond to real-world 
entities (atoms in MD, cars in traffic simulations, etc.)

• In continuous systems, particles represent the Lagrangian tracer 
points (fluid elements in SPH or VM, mass in diffusion, etc.)

Examples:
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P (xj , tj |xj−1, tj−1, . . . , x1, t1, x0, t0) dxj

= Prob{X(tj) ∈ [xj , xj + dxj) |
X(ti) = xi for i = 0, . . . , j − 1 }

Stochastic Optimization and SimulationIvo F. Sbalzarini

Systems description

P (xj , tj |xj−1, tj−1, . . . , x1, t1, x0, t0) = P (xj , tj |xj−1, tj−1)

often: Markov property

X(t) is the state of a system at time t

5
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Markov process: time evolution of system state

X(t+∆t) = X(t) + Ξ(∆t;x, t) given

Ξ(∆t;x, t) ∼ Π(ξ |∆t;x, t) = P (x+ ξ, t+∆t |x, t)

Π(ξ |∆t;x, t)If is a Dirac delta, equations of motion are deterministic

Deterministic systems are a limit case of stochastic systems.

X(t) = x

Ξ(∆t;x, t)

Π(ξ |∆t;x, t)

is the Markov propagator

is the Markov propagator density function
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Every Markov process obeys the Chapman-
Kolmogorov equation

P (x, t+∆t |x0, t0) =

� +∞

−∞
dξP (x, t+∆t |x− ξ, t)P (x− ξ, t |x0, t0)

t0 < t < t+∆t

P (x, t |x0, t0) =

� +∞

−∞
dξ1 . . .

� +∞

−∞
dξn−1

n�

i=1

Π(ξi |∆t;xi−1, ti−1)

Or in terms of the propagator PDF:
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Bn(x, t) = lim
∆t→0

1

∆t

� +∞

−∞
dξ ξn P (x+ ξ, t+∆t |x, t)

= lim
∆t→0

1

∆t

� +∞

−∞
dξ ξn Π(ξ |∆t;x, t)

Stochastic Optimization and SimulationIvo F. Sbalzarini

The Kramer-Moyal equation (“continuous master 
equation”)

Differential form of the Chapman-Kolmogorov equation for 
continuous-state Markov processes

∂

∂t
P (x, t |x0, t0) =

∞�

n=1

(−1)n

n!

∂n

∂xn
[Bn(x, t)P (x, t |x0, t0)]

Time evolution of the system’s state probability

With coefficients:
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Bn(x, t) = lim
∆t→0

1

∆t

� +∞

−∞
dξ ξn P (x+ ξ, t+∆t |x, t)

= lim
∆t→0

1

∆t

� +∞

−∞
dξ ξn Π(ξ |∆t;x, t)

Stochastic Optimization and SimulationIvo F. Sbalzarini

The Kramer-Moyal equation (a.k.a. master equation)

For Gaussian propagators, only the first two coefficients are non-zero

Fokker-Planck equation
(the Langevin equation being its equation of motion)
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A unifying framework
X(t+∆t) = X(t) + Ξ(∆t;x, t)

Numerical Analysis (state space is physical space)

Optimization (state space is a search/parameter space)

Chemical kinetics (state space is molecule population)

Π is Dirac delta Particle Methods, Molecular dynamics

Brownian motion Π is Gaussian

Steepest descent 

Gaussian adaptation, Evolution strategies

Π is Dirac delta
Π is Gaussian

Exact SSAs

Chemical Langevin, nonlinear Fokker-Planck
Deterministic rate equations

Π is multi-Poisson
Π is multi-Gauss
Π is multi-Dirac
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Stochastic Optimization
using Gaussian 
Adaptation

Π is Gaussian
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Gaussian Adaptation as a general framework

Gaussian Adaptation

Continuous black-box 
optimization

Black-box sampling 
with MCMC

(Convex) Volume 
Estimation

§ (1+1)-ES
§ (1+1)-CMA-ES

§ Dueck‘s Threshold 
algorithm

§ Simulated Annealing

§ Metropolis Algorithm
§ Adaptive Proposal 

§ Step-size controlled 
adaptive MCMC

§ Ball Walk 

12
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Gaussian Adaptation: a maximum-entropy method

§ Developed at Ericsson since the late 1960’s by G. Kjellstrom 
and co-workers

§ Stochastic process for sampling and optimization based on 
the Gaussian distribution

§ Based on Jaynes’ maximum entropy principle
§ Developed independently from and never cited within the EC 

community
§ Re-examined the foundations of the algorithm in a recent 

paper (Müller and Sbalzarini, EvoStar, 2010)
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Jaynes’ maximum entropy principle
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Entropy H of a probability distribution v(x)

Entropy H of a Gaussian distribution n(x)

Interpretation of a “volume”
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à Choose the mean of the found Gaussian distribution as
     the nominal design parameter set!  

Gaussian Adaptation - a probabilistic MaxEnt 
sampling method for design centering

§ Primal problem: Fix a certain size of the determinant and 
maximize the hitting probability P (equivalent to maximizing the 
yield at constant tolerance cost)

§ Dual problem: Use Maximum Entropy as objective for the 
characterization of the design region under fixed hitting 
probability P, i.e., find a Gaussian distribution with a 
covariance that has maximum volume det(M).

16
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The red and green Gaussian distributions
have the same hitting probability P.  

An illustrative example for Gaussian Adaptation

Region that satisfies f(x) < cT
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Gaussian Adaptation for threshold criterion 

cT
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Continuous black-box optimization

...
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 cTNT NC/2

Gaussian Adaptation for continuous optimization

§ Minimization is done by gradually lowering the threshold based 
on a fitness-dependent rule:
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Experiments with GaA on Rosenbrock

A 2D projection of GaA‘s 
covariance on Rosenbrock function Typical trace of GaA in 20D

21
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Restart GaA on IEEE CEC 2005 test suite

Function 1 2 3 4 5 6 7 8 9 10 11 12

n=10 1 1 1 1 0.96 1 1 - 0.08 0.12 0.80 0.64

n=30 1 1 1 1 - 0.92 1 - - - 0.80 0.04

n=50 1 1 1 1 - - 1 - - - 0.36 -

22
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Restart GaA tests on full IEEE CEC 2005 test suite

§ In n=10 Restart GaA solves the same function set (11 
functions) as IPOP-CMA-ES, the winner of the 2005 contest!

§ Exceptional performance on noisy (f4) and multi-funnel 
functions (f11)

§ Restart is necessary for multi-modal functions, e.g. (shifted/
rotated) Rastrigin and Schwefel‘s problem, and the noisy 
function f4

23

23Friday, April 1, 2011



Stochastic Optimization and SimulationIvo F. Sbalzarini

Continuous Black-box (or indirect) sampling

...
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Standard methods for indirect sampling

§ Markov Chain methods that iteratively sample from a fixed 
proposal distribution (often Gaussian) and evaluate the target 
density there

§ Random Walk Metropolis algorithm (Metropolis et al., 1953) 

25
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State-of-the-art methods for indirect sampling

§ Adaptive Markov Chain Monte Carlo (Andrieu, 2008)
§ Seminal idea: Adapt the proposal distribution along the 

path!
§ Adaptive Proposal (AP) by Haario et al. 1999: Sample from a 

Gaussian proposal and estimate the covariance from a history 
of previously accepted samples  

26
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Metropolis Gaussian Adaptation (M-GaA)

§ Discard the threshold-based acceptance rule and replace it 
with the Metropolis criterion:

§ Draw a random number r from U(0,1) and accept if r < α
§ f is now the target density function (or proportional to it), not a 

fitness function!
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Numerical tests on Haario‘s twisted Gaussians

Expectation 
value E
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M-GaA samples on Haario‘s target densities

Expectation
value E
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Summary statistics on Haario‘s twisted Gaussians
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Exact SSA

Π is a linear combination of Poissons
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1 : S1 −→ S2

2 : S2 −→ S3

3 : S3 −→ S1

Stochastic Optimization and SimulationIvo F. Sbalzarini

Representation of a reaction network: 
Dependency graph

• Each reaction in the network is a node

• Edges indicate reactions that influence each other through 
changing concentration of reactants

• Degree of coupling: maximum out-degree

Degree of coupling: 2

1

23
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Weak vs. strong coupling

1

23

1 : S1 −→ S2

2 : S2 −→ S3

3 : S3 −→ S1

1

2

3

4

1 : S1 −→ S2

2 : S2 −→ S3

3 : S3 −→ S4

4 : S4 −→ S1

• Weakly coupled networks: the maximum number of reactions 
influenced by any other reaction is independent of system size

Example: cyclic chain

Degree of coupling: 2
33
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Weak vs. strong coupling

• Strongly coupled networks: the maximum out-degree of the 
dependency graph increases with network size

Degree of coupling: 2N-4

Example: aggregation

1

2

3

4
1 2

3

45

6

1 : S1 + S1 −→ S2

2 : S1 + S2 −→ S3

3 : S1 + S3 −→ S4

4 : S2 + S2 −→ S4

1 : S1 + S1 −→ S2

2 : S1 + S2 −→ S3

3 : S1 + S3 −→ S4

4 : S1 + S4 −→ S5

5 : S2 + S2 −→ S4

6 : S2 + S3 −→ S5

34
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How stochastic simulations?

• Reaction network: N species, M reactions 

• Every reaction μ is described by its probability rate of firing: the 
reaction propensity aμ 

• aμ is a function of population of the reactants 

• Using all aμ‘s we sample

- τ: Time to the next reaction

- μ: Index of the next reaction 

time
t1 t2 t3 t4

35
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aµe
−aµτµ

Stochastic Optimization and SimulationIvo F. Sbalzarini

First reaction method - Gillespie 1976

O(M) 
operations

Choose minimum.
Execute reaction 2  

τ1

τ2

τM

.

.

Sample τµ’s

time to reaction μ

pr
ob

ab
ilit

y

Update aμ’s

O(1) or O(M) 
operations

Update population

O(1) 
operations
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COMPUTATIONALLY EXPENSIVE

 Cost is proportional to M, which grows much faster 
than N

37
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• Don’t sample reactions using propensities

• but the reaction partners using partial propensities

Stochastic Optimization and SimulationIvo F. Sbalzarini

The concept of Partial Propensities

+ Prod.

+ Prod.

There are at most N partners.
Computation: O(N) << O(M) 

38
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The partial propensity direct method (PDM)
sampling μ

Reactant 1

0

N-2

N-1

N

Group

i

ΣN-2

Reaction partner

Sampling µ: 
search for the red 
and then the blue 

ball: O(N)

39
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Strong Weak

One reaction can influence 
all the others

Any reaction only influences 
a limited (by a constant) 
number of others

Cost of PDM: O(N)

Cost of previous best: O(M)

Cost of PDM: O(N)

Cost of previous best: O(1)

Influence of coupling

40
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Restoring O(1) scaling for weakly coupled networks

PSSA-CR: Composition-Rejection sampling over partial propensities

41

41Friday, April 1, 2011



Stochastic Optimization and SimulationIvo F. Sbalzarini

Example: Cyclic chain

• Application: Cyclic biochemical reactions 

• Degree of coupling: 2 (weakly coupled)

S1 S2

S3

S4

S5

S6Si

Si+1

Si+2

SN

....

.
.

Total # of reactions for N 
species:

M = N

42
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B. A strongly coupled reaction network: Colloidal
aggregation model

The colloidal aggregation model is given by

Sn + Sm!
cn,m

Sn+m n = 1, . . . , !N2 "; m = n, . . . ,N ! n ,

!5"

Sp!
c̄p,q

Sq + Sp!q p = 1, . . . ,N; q = 1, . . . , ! p2 " .
For N chemical species, the number reactions is M = !N2

2 ". The
degree of coupling of this reaction network is 3N!7 and
hence scales with system size.

At time t=0, we set all ni=1 and all specific probability
rates ci=1. Figure 2!c" shows !!N" for PSSA-CR, SPDM,
and SDM. ! is O!N" for PSSA-CR and SPDM, and it is

O!N2" for SDM. The ! of PSSA-CR is always larger than
that for SPDM. This constant offset is caused by the
additional overhead of binning and bin reassignments in
PSSA-CR, which is not necessary in SPDM. The break-even
point of PSSA-CR with SDM is around N"160. For
systems larger than this, the extra overhead in PSSA-CR is
amortized.

IV. CONCLUSIONS AND DISCUSSION

We introduced PSSA-CR, a partial propensity6 variant of
the stochastic simulation algorithm with composition-
rejection sampling !SSA-CR".5 PSSA-CR uses two
composition-rejection sampling steps over partial propensi-
ties in order to determine the index of the next reaction.
Computational efficiency is achieved by grouping the partial
propensities and using dyadic binning in the sampling.

PSSA-CR is an exact SSA formulation whose computa-
tional cost is O!N" on strongly coupled reaction networks
and O!1" on weakly coupled networks with a bounded range
of propensities. We presented a theoretical cost analysis of
PSSA-CR and benchmarked it on three prototypical test
cases: !1" a nonstiff weakly coupled reaction network, !2" a
multiscale !stiff" weakly coupled reaction network, and !3" a
strongly coupled reaction network. All benchmarks con-
firmed the theoretically predicted scaling of the computa-
tional cost. To our knowledge, PSSA-CR has the best scaling
of the computational cost on any type of reaction network.

PSSA-CR, however, inherits the limitations of partial-
propensity methods6 and of SSA-CR.5 It is limited to chemi-
cal reaction networks composed of elementary reactions in-
volving at most two reactants. Nonelementary reactions can
be treated by decomposing them into elementary reactions.3,7

This, however, increases the network size and hence the
computational cost of PSSA-CR. For small networks,
PSSA-CR is outperformed by other methods due to the ad-
ditional overhead involved in the composition-rejection sam-
pling. SSA formulations such as SDM,12 NRM,4 SSA-CR,5

PDM, or SPDM6 might be more efficient here. In addition,
PSSA-CR only achieves the O!1" scaling for weakly coupled
networks for which ratio of maximum to minimum nonzero
reaction propensity is bounded by a constant throughout a
simulation.

To our knowledge, PSSA-CR has the best scaling of the
computational cost on any class of reaction networks. This,
however, does not imply that the actual computational cost
of PSSA-CR is lowest in all cases, since the prefactor de-
pends on the data structures involved. If the coupling class of
a particular network is not known in practice, PSSA-CR
seems a reasonable choice for exact stochastic simulations of
large reaction networks. Compared to other partial propen-
sity methods, such as SPDM, the better computational scal-
ing of PSSA-CR for weakly coupled networks is paid for by
a larger prefactor in the computational cost for strongly
coupled networks.

FIG. 2. Computational cost of PSSA-CR !circles", SPDM !squares", and
SDM !diamonds". The average CPU time ! per reaction, averaged over 100
independent runs, is shown as a function of the number of species N. !a"
!!N" for the weakly coupled cyclic chain model with bounded dynamic
range of nonzero reaction propensities. ! is O!1" for PSSA-CR and O!N"
for SPDM and SDM. !b" !!N" for the weakly coupled cyclic chain model
with increasing dynamic range of nonzero reaction propensities. !#N0.028

for PSSA-CR and !#N1 for SPDM and SDM. !c" !!N" for the strongly
coupled colloidal aggregation model. ! is O!N" for both PSSA-CR and
SPDM, whereas it is O!N2" for SDM.

044102-5 Partial-propensity composition-rejection SSA J. Chem. Phys. 132, 044102 !2010"

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

Stochastic Optimization and SimulationIvo F. Sbalzarini

Example: Cyclic chain

   For N = 4000, M = 4000
   PSSA-CR simulates in 100 mins
   PDM simulates 240 mins
   Gillespie simulates 14 days

PSSA-CR: O(1)

PDM: O(N)

Gillespie: O(M) = O(N)

Speed-up of 200

43
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Sn + Sm
cn,m−−−→ Sn+m

Sp
c̄p,q−−→ Sq + Sp−q

Stochastic Optimization and SimulationIvo F. Sbalzarini

Example: Aggregation

• N monomers aggregating into multimers
• Application: domain growth in lipid membranes, formation of 

multimeric protein units 
• Degree of coupling: 3N-7 (strongly coupled)

!"#$%&'(

!"#$%&)(

!"#$%&'*)(

!"#$%&'+$(

!"#$%&)*$(

,-.%"&( ./%..%"&(

Total # of reactions for N 
aggregates:

M =

�
N2

2

�
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Aggregation reaction network

B. A strongly coupled reaction network: Colloidal
aggregation model

The colloidal aggregation model is given by

Sn + Sm!
cn,m

Sn+m n = 1, . . . , !N2 "; m = n, . . . ,N ! n ,

!5"

Sp!
c̄p,q

Sq + Sp!q p = 1, . . . ,N; q = 1, . . . , ! p2 " .
For N chemical species, the number reactions is M = !N2

2 ". The
degree of coupling of this reaction network is 3N!7 and
hence scales with system size.

At time t=0, we set all ni=1 and all specific probability
rates ci=1. Figure 2!c" shows !!N" for PSSA-CR, SPDM,
and SDM. ! is O!N" for PSSA-CR and SPDM, and it is

O!N2" for SDM. The ! of PSSA-CR is always larger than
that for SPDM. This constant offset is caused by the
additional overhead of binning and bin reassignments in
PSSA-CR, which is not necessary in SPDM. The break-even
point of PSSA-CR with SDM is around N"160. For
systems larger than this, the extra overhead in PSSA-CR is
amortized.

IV. CONCLUSIONS AND DISCUSSION

We introduced PSSA-CR, a partial propensity6 variant of
the stochastic simulation algorithm with composition-
rejection sampling !SSA-CR".5 PSSA-CR uses two
composition-rejection sampling steps over partial propensi-
ties in order to determine the index of the next reaction.
Computational efficiency is achieved by grouping the partial
propensities and using dyadic binning in the sampling.

PSSA-CR is an exact SSA formulation whose computa-
tional cost is O!N" on strongly coupled reaction networks
and O!1" on weakly coupled networks with a bounded range
of propensities. We presented a theoretical cost analysis of
PSSA-CR and benchmarked it on three prototypical test
cases: !1" a nonstiff weakly coupled reaction network, !2" a
multiscale !stiff" weakly coupled reaction network, and !3" a
strongly coupled reaction network. All benchmarks con-
firmed the theoretically predicted scaling of the computa-
tional cost. To our knowledge, PSSA-CR has the best scaling
of the computational cost on any type of reaction network.

PSSA-CR, however, inherits the limitations of partial-
propensity methods6 and of SSA-CR.5 It is limited to chemi-
cal reaction networks composed of elementary reactions in-
volving at most two reactants. Nonelementary reactions can
be treated by decomposing them into elementary reactions.3,7

This, however, increases the network size and hence the
computational cost of PSSA-CR. For small networks,
PSSA-CR is outperformed by other methods due to the ad-
ditional overhead involved in the composition-rejection sam-
pling. SSA formulations such as SDM,12 NRM,4 SSA-CR,5

PDM, or SPDM6 might be more efficient here. In addition,
PSSA-CR only achieves the O!1" scaling for weakly coupled
networks for which ratio of maximum to minimum nonzero
reaction propensity is bounded by a constant throughout a
simulation.

To our knowledge, PSSA-CR has the best scaling of the
computational cost on any class of reaction networks. This,
however, does not imply that the actual computational cost
of PSSA-CR is lowest in all cases, since the prefactor de-
pends on the data structures involved. If the coupling class of
a particular network is not known in practice, PSSA-CR
seems a reasonable choice for exact stochastic simulations of
large reaction networks. Compared to other partial propen-
sity methods, such as SPDM, the better computational scal-
ing of PSSA-CR for weakly coupled networks is paid for by
a larger prefactor in the computational cost for strongly
coupled networks.

FIG. 2. Computational cost of PSSA-CR !circles", SPDM !squares", and
SDM !diamonds". The average CPU time ! per reaction, averaged over 100
independent runs, is shown as a function of the number of species N. !a"
!!N" for the weakly coupled cyclic chain model with bounded dynamic
range of nonzero reaction propensities. ! is O!1" for PSSA-CR and O!N"
for SPDM and SDM. !b" !!N" for the weakly coupled cyclic chain model
with increasing dynamic range of nonzero reaction propensities. !#N0.028

for PSSA-CR and !#N1 for SPDM and SDM. !c" !!N" for the strongly
coupled colloidal aggregation model. ! is O!N" for both PSSA-CR and
SPDM, whereas it is O!N2" for SDM.

044102-5 Partial-propensity composition-rejection SSA J. Chem. Phys. 132, 044102 !2010"

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

PSSA-CR: O(N)

PDM: O(N)

                     For N = 300, M = 45000
                     PDM simulates in 240 mins
                     PSSA-CR simulates in 16 hours
                     Gillespie simulates in 14 days

Speed-up of 90

Gillespie: O(M) = O(N2)
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Significance to systems biology

analogue of a phase transition44. He proposed a mean-field model of
nearly identical, weakly coupled limit-cycle oscillators and showed
that when the coupling is small compared to the spread of natural 
frequencies, the system behaves incoherently, with each oscillator
running at its natural frequency. As the coupling is increased, the

incoherence persists until a certain threshold is crossed — then a
small cluster of oscillators suddenly ‘freezes’ into synchrony. For still
greater coupling, all the oscillators become locked in phase and
amplitude (Fig. 2).

Kuramoto26 refined this connection between nonlinear dynamics
and statistical physics. He proposed an exactly solvable model of 
collective synchronization, given by 

!
d
d
!
t

i!"#i$!
N
K

! !
N

j"1
sin(!j%!i),   i"1, …, N

where !i(t) is the phase of the ith oscillator and #i is its natural 
frequency, chosen at random from a lorentzian probability density 

g(#)"!
&['2$(

'
#%#0)

2]
!

of width ' and mean #0. Using an ingenious self-consistency 
argument, Kuramoto solved for the order parameter 

r(t)""!
N
1
! !

N

j"1
ei!j(t)"

(a convenient measure of the extent of synchronization) in the limit
N!( and t!(. He found that 

0, K < Kcr"#$1%(Kc%/K)%, K)Kc

where Kc"2'. In other words, the oscillators are desynchronized
completely until the coupling strength K exceeds a critical value Kc.
After that, the population splits into a partially synchronized state

insight review articles
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c

d

Figure 3 Schematic illustration of regular and random network architectures. a, Ring
of ten nodes connected to their nearest neighbours. b, Fully connected network of ten
nodes. c, Random graph constructed by placing n nodes on a plane, then joining pairs
of them together at random until m links are used. Nodes may be chosen more than
once, or not at all. The resulting wiring diagram (not shown) would be a snarl of criss-
crossed lines; to clarify it, I have segregated the different connected components,
coloured them, and eliminated as many spurious crossings as possible. The main
topological features are the presence of a single giant component, as expected51–53 for
a random graph with m > n/2 (here n"200, m"193), and the absence of any
dominant hubs. The degree, or number of neighbours, is Poisson distributed across
the nodes; most nodes have between one and four neighbours, and all have between
zero and six. d, Scale-free graph, grown by attaching new nodes at random to
previously existing nodes. The probability of attachment is proportional to the degree
of the target node; thus richly connected nodes tend to get richer, leading to the
formation of hubs and a skewed degree distribution with a heavy tail. Colours indicate
the three nodes with the most links (red, k"33 links; blue, k"12; green, k"11).
Here n"200 nodes, m"199 links. Figure provided by D. Callaway. Network
visualization was done using the Pajek program for large network analysis
(http://vlado.fmf.uni-lj.si/pub/networks/pajek/pajekman.htm).

Figure 4 Solvable model of a small-world network. The model starts with a ring lattice
of n nodes, each connected to its neighbours out to some range k (here n"24 and
k"3). Shortcut links are added between random pairs of nodes, with probability *
per link on the underlying lattice. In the limit n " 1, the average path length between
nodes can be approximated analytically. (Adapted from ref. 75.)

© 2001 Macmillan Magazines Ltd

Strogatz, Nature 410, 2001

“The probability of attachment 
[of a new node] is proportional 
to the degree of the target node; 
thus richly connected nodes 
tend to get richer, leading to the 
formation of hubs and a skewed 
degree distribution with a heavy 
tail.”

Scale-free networks in biology

M >> N
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Summary

• There are two classes of chemical reaction networks

• The class of the network determines the 
computational cost of SSAs

Cost of previous best

Cost of PDM

Cost of PSSA-CR

Degree of coupling Strong Weak

O(M)

O(N)

O(N)

O(1)

O(N)

O(1)
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Conclusions

• Stochastic system dynamics provides a rich framework to 
understand connections between dynamics, PDEs, and 
probabilities

• Particle methods enable a unifying computational treatment

• Depending on the choice of space and transition kernel, 
different algorithms can be recovered

• Gaussian adaptation provides a platform fort analyzing state-of-
the-art variable metric optimization and sampling algorithms

• Partial-propensity methods reduce the computational cost of 
exact SSAs for Poisson transition kernels
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