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1 Abstract
This report presents a flexible algorithm for 2D particle trajectory estimation in videos.
It is based on a recursive Bayesian estimation method. These methods include a model
of the particle dynamic to improve the precision of a tracking. The present algorithm
combines the principle of particle filtering with Markov chain Monte Carlo. This di-
minish e!ciently problems, which occur with other methods from this class, namely
the degeneracy and the particle impoverishment .
The resulting algorithm is able to track particles in noisy videos with high precision
and accuracy. It’s e!ciency is validated on synthetic videos, generated according to
di"erent process dynamics at several signal-to-noise ratios.
The applicability of the algorithm on real data is demonstrated in a case study. The
problem consists of tracking the position of an astral microtuble during the mitosis of
a budding yeast cell.

2 Introduction
Microscopy is the only technique to investigate small dynamic stuctures in living sys-
tems. One example is the exploration of living cells with the help of fluorescence
microscopy. Due to the huge amount of movie data generated in such studies, it has
become necessary to automize their analysis. Another reason for using computational
methods is the control over the precision in the absence of a human bias.
This work focusses on the problem of estimating the trajectories of small particles in
videos. In the literature this problem is called feature point tracking [11].
In the past, there have been developed several algorithms to perform a feature point
tracking. They can be classified into two groups:
The first group does not involve a model of the process dynamic. An example from
this group are centroid methods [2], which have the advantage of being fast [11]. A
higher precision can be reached with the algorithm Gaussian Fit [2]. Unfortunately
this method is computationaly expensive, which limits it’s applicability.
The second group of algorithms involves a model for the process dynamic. Knowledge
about the dynamic behavior of the particles could help to improve the estimation of
their trajectories. An example for this group are recursive Bayesian methods [7], such
as the Kalman filter and the particle filter. They have in common, that they are based on
the theory of Bayesian statistics. Under the assumption of normal distributed process
noise, the problem can be solved analytically. This leads to the extended Kalman filter
(EKF), which is a least squares method. In practice it may also work properly, if the
assumption is hurt by the process. For dynamics, where the distribution of the noise is
very di"erent to a normal distribution, the EKF shows a poor precision.
A more general approach from the second group of Bayesian methods are particle fil-
ters. They are more flexible to di"erent process dynamics, because they need almost no
assumptions to hold. The idea of particle filtering is to combine Bayesian statistics with
Monte Carlo methods. An example of this group is the Condensation algorithm [5],
which proved to be a powerfull tool for contour tracking.
In the following section a special algorithm for particle filtering is presented. Addition-
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ally, it uses Markov chain Monte Carlo [10] to diminish problems, which occur with
other particle filters.

3 Particle filtering algorithm
3.1 Definition of the problem
Consider a stochastic process on a m-dimensional real valued state space

(x0, x1, x2, . . .) " S {0,1,2,...} := Rm # Rm # . . .

It is assumed to be a (time homogene) Markov process.

x0 $ µ0, xk = f (xk%1, vk%1) &k " N (1)

This means, that the initial value x0 is µ0-distributed. The function f describes the dy-
namic of the process and {vk%1, k " N} is an i.i.d. process noise sequence.
The goal is estimating a finite sequence x0:# f of this process with the help of observa-
tions y0:# f

. They are connected to the hidden state sequence according to:

yk = h(xk,nk) &k " {0, . . . , # f }. (2)

# f denotes the length of this sequence, measured in time steps (frames). The function h
is describing the imaging process, and {nk, k " {0, . . . , # f }} is a time independent mea-
surement noise sequence. Note, that f or h are not assumed to be linear. An estimation
for xk can be obtained, by using a discrete weighted approximation {xi

0:# f
,wi}#s

i=1 for the
conditional density

p(x0:# f |y1:# f
) '

#s!

i=1

wi!(x0:# f % xi
0:# f

). (3)

The function ! denotes the Dirac Delta function. #s is the number of samples (par-
ticles) xi

0:# f
and the wi are their normalized (

"#s
i=1 wi = 1) weights. Given a discrete

approximation, the hidden state sequence is estimated by:

x̂0:# f =

#s!

i=1

wixi
0:# f
. (4)

The problem of getting such a set of weighted particles, can be treated from a sequential
perspective. Consider an approximation {xi

0:k,w
i
k}

#s
i=1 for p(x0:k |x0:k%1, y1:k). The goal is

getting an approximation for the a posteriori density p(x0:k+1|x0:k, y1:k+1), which can be
obtained in two steps.
In the first step (prediction), new states {xk+1}#s

i=1 are sampled from a suitable proposal
distribution with density q(xk+1|xk, yk+1). Choosing this density, is a crucial part of the
filter design, because it influences the quality of a resulting particle set (i.e. how good
they approximate the wanted distribution).
In a second step (update), the weights of the resulting particles {x0:k+1}#s

i=1 are changed
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according to the theory of importance sampling [6]. The update-formula for the weights
is given by:

wi
k+1 ( wi

k
p(yk+1|xi

k+1)p(xi
k+1|xi

k)
q(xi

k+1|xi
k, yk+1)

. (5)

The density p(yk+1|xk+1) is called likelihood density, because it expresses, how likely
an observation yk+1 is obtained from a state xk+1. The density p(xk+1|xk) is called the a
priori distribution, because it can be understood as a prediction for xk+1 on the base of
x0:k.
If the likelihood and the a priori density can be calculated pointwise, the hidden state
sequence is estimated in the following way. Given an initial approximation {xi

0,w
i
0}

#s
i=1

for µ0(x0), the procedure is applied iteratively over all time steps. This algorithm is
called Sequential Importance Sampling (SIS) [7].

function S!"#!$%&'(I)*+,%'$-!S')*(&$.( {xi
0,w

i
0}

#s
i=1, y0:k)

for k = 1, . . . , # f do
Draw xi

k ! q(xk |xi
k%1, yk) ! Create particles for frame k

Calculate wi
k according to (1) ! Update weights

wi
k =

wi
k"#s

i=1 wi
k

! Normalize the weights

x̂k =
"#s

i=1 wi
k · xi

k ! Estimate the hidden state k
end for

end function

3.1.1 The problem of degeneracy and sample impoverishment

In practice we get a problem with the SIS. After a few iterations, most of the weights
will tend to zero. This phenomenon is called degeneracy [7] and it can only grow over
time [3].
The degeneracy is an undesirable e"ect. It means, that computational e"ort is put
on updating particles, which have little influence on the estimation, due to their small
weights.
The problem can be avoided by Resampling [7] the set of particles, whenever it is
severely degenerated. The idea is, to sample a set of new particles according to the
discrete approximation, which is represented by the existing set. This procedure does
not change the distribution of the particles, if their weights are resetted to wi

k =
1
#s

afterwards. Resampling leads the computational e"ort to be focussed on particles with
a big weight.
If the degeneracy is severe, Resampling can lead to another problem called sample
impoverishment. In this case, Resampling leads to a loss in particle diversity, because
those few particles with a big weight get chosen all the time. In an extreme case the
resampled set contains #s times the same particle. This is also an undesirable e"ect,
because the a posteriori density is then being approximated with a single point-density.
Severe degeneracy occurs, if the proposal density q(xk |xi

k%1, yk) is much broader than
the likelihood p(yk |xk). In this case, the proposal density spreads particles over a wide
area of the state space, but only those, which are lying in a close area will get big
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weights. The interesting areas are the regions, where the likelihood is big. This leads
to the crucial problem of getting a lot of particles into these interesting regions.
One approach is using a proposal density, which is similar to the likelihood density.
Another, more general approach is presented in [4]. The basic idea is to divide one step
(from k to k+1) into m smaller substeps, where the likelihood is introduced slowely but
surely. Additionaly to this procedure, Markov chain Monte Carlo (MCMC) moves are
performed after every substep to improve the approximative quality of the particle set.
Such a procedure leads the particles to ’herd’ in the interesting areas (fig:1). The big
advantage of this method is, that a suboptimal proposal density can be used, whithout
having a problem with degeneracy or sample impoverishment. During one step the
particles ’move’ to the right places by their own.

3.2 Particle filtering, using bridging distributions and MCMC moves
From now on, the a priori density is used as importance density.

p(xk |xk%1) =: q(xk |xk%1) (6)

This generates new samples in those areas, where xk can be expected based on the
knowledge about the process dynamic and the previous state xk%1. As a result of this
choice, the update step performs at low computational cost, because only the likelihood
needs to be calculated (formula:5):

wi
k ( wi

k%1 p(yk |xi
k). (7)

There are two ideas in the approach [4]. The first one is using bridging distributions.
They devide the update step into several substeps. Each substep consists of updating
and refining particles, according to a bridging density.
Consider a sequence of M arbitrary real numbers 1 = "0 < "1 < . . . < "M = 0. Dur-
ing the k-th prediction step particles {x0:k,wi

k%1}
#s
i=1 are sampled from the importance

density. They approximate p(x0:k |y1:k%1), which defines the initial bridging distribution
#0(xk). During the substeps, new sets are generated until a final set {x0:k,wi

k}
#s
i=1 approx-

imating p(x0:k |y1:k) =: #M(xk) is obtained.
The bridging distributions are:

#m(x0:k) := p(x0:k%1|y1:k%1)p(xk |xk%1)p(yk |xk)1%"m . (8)

At every substep m, the algorithm uses a set of particles to approximate #m%1(x0:k). To
progress one substep, the weights of the particles are changed to obtain an approxima-
tion for #m(x0:k). The importance weights are given by:

wi
k,m ( wi

k,m

#m(xi
0:k,m%1)

#m%1(xi
0:k,m%1)

= wi
k,m%1 p(yk |xi

k,m%1)"m%1%"m . (9)

In each substep, the degeneracy is much smaller, than if we would do a whole step,
due to the ’flatened’ likelihood. At this point an optional Resampling step can be
performed without the risk of sample impoverishment. The resulting particles approx-
imate the wanted distribution #m(x0:k).
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Figure 1: During 30 bridging substeps, the particles move towards the true state (ar-
row). The colored points are the particles at the beginning (green), after one (red), ten
(yellow) and 30 (blue) substeps.

At this point, the second idea comes in. MCMC sampling [10] is an e!cient way to
sample from complicated distributions. The idea is, to apply iteratively a stochastic
kernel to a set of particles. At every step of this procedure a new set of the same size is
generated. A MCMC sampler has two important properties. Firstly, it is designed to be
invariant under a certain target distribution. This means, that once a set of particles has
the same density as the target distribution, every following set does. Secondly, it can
be used for simulation. Starting with an arbitrarily distributed set, a MCMC sampler
produces a sequence of sets converging against the target distribution. This allows to
sample from this target distribution, without having a correctly distributed initial set.
As mentioned in the previous section, the problem of sample impoverishment leads to
a bad approximation of the a postieriori density. The solution is using a MCMC sam-
pler, which is invariant under the bridging densities. This improves the approximative
quality of the particle set.
MCMC sampling could be used to approximate the a posteriori density directly, with-
out bridging distributions. The problem is, that depending of the target-density and the
initial particle set, the convergence can occur very slowly. On the other hand, bridging
distribution and Resampling create suitable initial sets for the sampler. If you consider
this combinated procedure over all substeps, it leads the particles to ’herd’ in interest-
ing regions of the state space (fig:1).
The following algorithm is a result of this approach. The Resampling step is optional
and triggered, whenever a measure for degeneracy called Ne f f (e"ective sample size)

Ne f f :=
#s

1 + Var(wi)
; #Ne f f =

1
"#s

i=1(wi)2

falls below some threshold.
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function B,&/.!MCMCP',%&-(!F&(%!,( {xi
0,w

i
0}

#s
i=1, y0:# f

)
Choose 1 = a0 < a1 < a2 < . . . < aM = 0
for k = 1, . . . , # f do

Draw xi
k,1 ! p(xk |xi

k%1) ! A priori estimation
for m = 1, . . . ,M do

Calculate wi
k,m = p(yk |xi

k,m)
1%a(m%1)

1%am ! Update weights
Set wi

k,m = wi
k,m%1 · wi

k,m

if "Ne f f < Treshold then ! Optional Resampling
Resample {xi

k,m,w
i
k,m}

#s
i=1

end if
{xi

k,m,w
i
k,m}

#s
i=1 = MCMC({xi

k,m,w
i
k,m}}

#s
i=1) !MCMC steps

end for
x̂k =

"#s
i=1 wi

k,M · xi
k,M ! Estimate the state k

end for
end function

3.3 Implementation
This algorithm is implemented in Matlab. The framework is designed to estimate the
trajectory of a small intensity source in a video. This means, that the observations con-
sist of pictures, which were taken sequentially at equidistant time steps.
The choice of a suitable state space is problem specific. In a simple case, the physical
state of a small intensity source can be modeled on a 3 dimensional space. It consists
of two dimensions for the position (x,y) and one for the intensity I. We are working
with 8-bit graylevel images, therefore the intensity is a value between 0 and 255.
To use the framework, a model of the process dynamic on this state space is needed.
This model defines the a priori distribution p(xk+1|xk) and therefore, where new par-
ticles should be generated. Beside the model the framework needs a start value x0 to
create an initial set of particles.
There are di"erent implementations of MCMC samplers. This framework uses a Ran-
dom Walk Metropolis sampler [9].

3.3.1 Calculating the likelihood

Calculating the likelihood is an essential part of the algorithm. The framework is de-
signed to work with pictures of a CCD digital camera, which implies the calculation of
the likelihood.
An image consists of pixels, which are located on a two dimensional grid. Their po-
sition is given by an integer-valued vector (px, py), which expresses their location on
the grid (in x- and y-direction). Every pixel has an intensity, which is an integer value
between 0 and 255. Consider the state to be the position and intensity of a very small
light source. It can be modeled as a vector s = (x, y, I) in R3. According to [11], it
would have the shape of a Gaussian blob on a resulting image. This ’ideal’ image can
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be described by a function, which maps every pixel to an intensity.

Ims(px, py) := round(I · e%
(px%0.5%x)2+(py%0.5%y)2

4$2 ) (10)

The o"set arises from a convention. In case, the image is interpreted as a part of the
real plane, the pixels are counted beginning at their edges. This implies substracting an
o"set, because the Gaussian curve is sampled at the center of the pixel.
In a simple model the background has a constant intensity b, which can be added to
the ideal image. In reality, this sum between background and source intensity is always
disturbed. Due to the technique of photoelectric counting, the noise is assumed to be
independently Poisson distributed at every pixel [11].
If this model is assumed to hold, the likelihood can be calculated in the following way.
Firstly, an ideal image Ims(px, py) is generated. Secondly, the likelihood is calculated
by multiplying the marginals, which are Poisson distributed:

p(y | s) ' p(y | Ims(px, py) + b) =
$

&(px,py)

P%(px,py)(yk(px, py)) (11)

%(px, py) = Ims(px, py) + b P%(k) :=
%k

k!
e%%

Calculating the likelihood is computationaly expensive. Fortunately the theory of im-
portance sampling only demands a function, which agrees with the likelihood on the
ratio of di"erent proposals. This means, that only the ratio p(y | a)/p(y |b) between
two proposal a and b is important. Therefore, the product can be reduced for a given
particle set. This is done by pulling out factors, which are the same for all particles.
Such factors are the marginals at those pixels, where none of the particles generate
intensity.

4 Benchmarks
In this section the precision and accuracy of the framework is tested on synthetic
videos. They are generated according to three di"erent process dynamics.
For two of these dynamics, the present particle filter (PF) is compared against the par-
ticle tracker (PT) introduced in [11]. The PT is based on a fast centroid method, which
does not involve a model of the process to estimate particle trajectories. The results
should illuminate in which cases the estimation can be improved by using a model-
based method.
All of the three following process dynamics are modeled on R3. Two dimensions
are encoding the x-,y-position and the third is for the intensity of the imaginary light
source.

(x0, x1, x2, . . .) " R3 # R3 # . . . (12)

xk = (xk, yk, Ik)
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Figure 2: Image of the same state at SNR 2.8 (left), 4.55 (center) and 8.43 (right).

4.1 Benchmark measures
The di!culty of estimating the hidden states depends on the ratio between the total
signal I = Ik + b and the background intensity b. The SNR (signal to noise ratio) [11]
is a common measure for this di!culty. In case of Poisson distributed measurement
noise, it is given by:

S NR =
I % b)

I
. (13)

If the SNR is small, it is more di!cult to seperate the intensity of the source from the
background (fig:2).

For the tests, the following measures for the precision and the accuracy [2] of the
algorithm are used. The precision quantitifies the indeterminate error. For this purpose,
the L2-norm is used. It is the Euclidian distance between the true state at step k and it’s
estimation.

||x̂k % xk ||L2 =
%

(x̂k % xk)T · (x̂k % xk) (14)

If the L2-error does not systematically increase or decrease over time, the mean squared
error (MSE) makes sense. It quantifies the average precision error:

MS E =
1
# f

k!

i=0

(x̂k % xk)T · (x̂k % xk). (15)

The accuracy is a measure for the systematic estimation error. It is represented by the
bias in x- and y-dimension:

biasx =
1
# f

k!

i=0

(x̂i % xi), biasy =
1
# f

k!

i=0

(ŷi % yi). (16)

4.2 Generation of synthetic video data
In order to generate synthetic videos, the following procedure was applied. State se-
quences of length 150 frames were created by sampling from the stochastic processes,
given by the models.
From every state xk of such a sequence x0:149 = (x0:149, y0:149, I0:149), one artificial
picture of size 100x100 pixels was generated, using the imaging process model from
the previous chapter. Firstly, an ideal image was created, using $ = 1 pixel for the
Gaussian point spread function. Then, the image was added to the intensity of the
background b and then disturbed with Poisson distributed noise.
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Figure 3: A 2-dimensional random walk with $ = 1 pixel. The green line denotes the
trajectory of the light source over the frames

The three following test were performed at 4 di"erent SNR. For every SNR, the results
for the PF are averages over 15 independent sequences. For the random walk- and the
spiral dynamic, one of these sequences (for every SNR) was additionally estimated,
using the PT.

SNR Ik b
2.8 13.9 10

4.55 28.1 10
8.83 87 10
13.8 200 10

Table 1: The source and background intensity for 4 di"erent SNR

4.2.1 2D random walk

The first dynamic is called 2-dimensional random walk [12]. In this case, the process
noise is the only dynamic.
The initial value is x0 = (50, 50, I0), where the intensity I0 is depending on the SNR
(table:1). The state sequence is constructed with the following algorithm:

function 2D ,'$/+) 0'(1( x0, y0, I0)
for k = 1, . . . , # f do

Draw a ! Uni f (0, 2#) ! Choose an angle
Draw l ! N (0,$ = 1) ! Choose a step length
(xk, yk, Ik) = (xk%1 + l · cos(a), yk%1 + l · sin(a), Ik%1)

end for
end function
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According to [12] the increments of a 2-dimensional random walk are multivariate
normal distributed. Thus, the dynamic can be written in the following way:

&
''''''''(

xk
yk
Ik

)
********+ =

&
''''''''(

1 0 0
0 1 0
0 0 1

)
********+ ·
&
''''''''(

xk%1
yk%1
Ik%1

)
********+ + vk%1

vk%1 $ N (0,Cov) Cov =

&
''''''''(

1 0 0
0 1 0
0 0 0

)
********+

The intensity of the source is constant over all frames, which implies, that the SNR is
constant too.
The process noise with $ = 1 pixel is chosen high, to show the properties of the algo-
rithm, if the dynamic is fast and probabilistic. In this case, the algorithm relies on the
herding e"ect, because the prediction step spreads the particles over a wide area. In this
test, the model, which should improve the estimation, is weak (i.e. undeterministic).
Therefore the PF is expected to have a similar precision and accuracy as the PT.

4.2.2 Spiral dynamic

The second test should show the properties of the algorithm, when the process is highly
deterministic (i.e. low process noise). The PF, which uses the knowledge about this
dynamic, can be expectet to have a better precision and accuracy than the PT.
The initial value is set to x0 = (50, 50, I0) again. The following process dynamic
generates trajectories with the shape of a spiral (fig:4)

&
''''''''(

xk
yk
Ik

)
********+ =

&
''''''''(

1 0.1 0
%0.1 1 0
0 0 1

)
********+ ·
&
''''''''(

xk%1
yk%1
Ik%1

)
********+ +

&
''''''''(

%5
5
0

)
********+ +

&
''''''''(

vx
vy
0

)
********+

vx, vy $ N (0,$ = 0.1)

4.2.3 Linear movement

The last test is performed on a model, which is deterministic (no process noise). The
dynamic is a linear motion. This test should show the properties of the algorithm, if it
starts with a wrong initial distribution (i.e. a wrong initial point) and if the dynamic is
only partially known.

&
''''''''(

xk
yk
Ik

)
********+ =

&
''''''''(

1 0 0
0 1 0
0 0 1

)
********+ ·
&
''''''''(

xk%1
yk%1
Ik%1

)
********+ +

&
''''''''(

a
b
0

)
********+

The vector (a,b,0) is constant over time. It is chosen to point in an arbitrary direction
and having an euclidian length of 1 pixel. The algorithm starts at (51,51) instead of the
true position (50,50). This is more realistic than the examples above, because in a real
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Figure 4: A feature point tracking on spiral dynamic data.

situation x0 has to be estimated anyway. The second important thing about this exper-
iment is, that the algorithm does not use a fix model anymore. The idea is performing
an additional step, which estimates model paramters based on the estimations x̂0:k.

&
''''''''(

xk
yk
Ik

)
********+ =

&
''''''''(

1 0 0
0 1 0
0 0 1

)
********+ ·
&
''''''''(

xk%1
yk%1
Ik%1

)
********+ +

&
''''''''(

â = x̂k%x̂0
k

b̂ = ŷk%ŷ0
k

0

)
********+ + vk%1

vk%1 $ N (0,Cov) Cov =

&
''''''''(

0.04 0 0
0 0.04 0
0 0 0

)
********+

The dynamic is modeled to have a constant process noise. Although, the dynamic
is known to be deterministic, it is needed to ensure, that the PF, ’catches’ states, which
di"ers from the model prediction.
This test is expected to prove, that the estimations from the PF converge against the
hidden states up to an average precision error.

4.3 The particle filter parameters
The design of the particle filter includes some crucial parameters. There are the num-
ber of particles and the number of bridging steps. Using more than 50 particles and 30
bridging steps (equidistant partition of the unit intervall) did not improve the precision
or accuracy. They are fixed at these values for all tests.
The number of MCMC moves and the choice of the proposal density for the sampler
is another important point. Both of them a"ect the ability of the sampler to improve
the approximative quality of a particle set. The problem is, that MCMC moves are
slow, because the pointwise calculation of the targetdensity (bridge densities) is com-
putationally expensive. For the test, 3 MCMC moves were used at every substep. The
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Figure 5: L2-error compared for the PT (red) and the PF (blue) at an SNR of 4.55. The
algorithms show a similar precision.

proposal density for the sampler, that was implemented (random walk metropolis) has
to be symmetric. If it is chosen too sharp or too flat, it reduces the sampler’s conver-
gence speed [9]. Using two normal distributions with $ = 0.1 pixel for sampling new
x-,y-positions worked well in all test.
The last parameter is the threshold for the Resampling step. It is set to #s/2.

4.4 Results
The results on the 2d random walk show a similar precision (table:2). The accuracy
(table:3) is high in both cases. Note, that the bias is smaller for the PF, because it’s an
average over 15 independent runs. The results fit the expectation, that the PF reaches
about the same performance as the PT, when the model is highly probabilistic.
In the case of the spiral dynamic, the PF shows a only little higher precision (table:4)
at a low SNR. This is suprising, because the PF can rely on a strong model (i.e. low
process noise). In general the performance is similar to the PT again.
The test with the linear motion dynamic (fig:6) shows, that the estimation tends against
the true state. Whitin at most 8 frames it reaches a level of avarage precision error,
which is caused by the constant assumed process noise.
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SNR MSE PF MSE PT maxk ||x̂k % xk ||L2 PF maxk ||x̂k % xk ||L2 PT
2.8 0.147 0.1219 1.012 0.845

4.55 0.037 0.0392 0.476 0.465
8.83 0.0073 0.0087 0.203 0.22
13.8 0.0026 0.0041 0.122 0.141

Table 2: PT vs. PF precision on 2-dimensional random walk data. All results are
measured in pixel.

SNR biasx PF biasx PT biasy PF biasy PT
2.8 0.0031 -0.0419 -0.004 0.0141

4.55 <0.0001 0.0187 -0.0024 -0.0099
8.83 0.0003 0.0041 0.0002 -0.0030
13.8 <0.0001 <0.0001 -0.0006 -0.0055

Table 3: PT vs. PF accuracy on 2-dimensional random walk data. All results are
measured in pixel.

SNR MSE PF MSE PT maxk ||x̂k % xk ||L2 PF maxk ||x̂k % xk ||L2 PT
2.8 0.0923 0.1119 0.7354 0.6392

4.55 0.0361 0.0389 0.4629 0.4152
8.83 0.0075 0.0089 0.2070 0.2516
13.8 0.0024 0.0040 0.1240 0.1409

Table 4: PT vs. PF precision on spiral dynamic data. All results are measured in pixel.

SNR biasx PF biasx PT biasy PF biasy PT
2.8 -0.0101 -0.0126 0.0042 -0.0034

4.55 -0.0020 -0.0182 -0.0039 <0.0001
8.83 <0.0001 -0.0054 0.0005 -0.0024
13.8 0.0003 0.0027 0.0003 -0.0015

Table 5: PT vs. PF accuracy on spiral dynamic data. All results are measured in pixel.
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Figure 6: L2-error for the linear motion at 4 di"erent SNR (blue=2.8, red=4.55,
green=8.83, magenta=200). A wrong initial distribution, causes the big error in the
beginning. During the tracking the estimation reach a model determined average pre-
cision.
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Figure 7: S.cerevisiae during di"erent stages of the mitosis. source: segal lab,
http://www.gen.cam.ac.uk/Research/segal.htm

5 Microtubule dynamic in the budding yeast - a case
study

This section shows, how the particle filter can be applied on biological data. The goal
is to analyze astral microtubule dynamics in budding yeast, S. cerevisiae.
In the yeast Saccharomyces cerevisiae, prior anaphase onset (fig:7), the spindle
apparatus is positioned with one spindle pole at or through the neck between the
mother cell and the growing bud [8]. This orientation of the spindle enables proper
chromosome segregation to occur during anaphase, allowing one replicated genome to
be segregated into the bud and the other to remain in the mother cell [8]. The spindel
apparatus consists of two spindel pole bodies (SPB), which nucleate long filaments,
called microtubules.
The dynamics of purified microtubules in vitro is stochastic. Transitions between
growth (rescue) and shrinkage (catastrophe) can not be predicted from observations at
the level of microscopic resolution. In vivo, dynamics of microtubules are highly
regulated through a plethora of microtubule interacting proteins, which can
specifically stabilize or destabilize the microtubule. To investigate the mechanism of
spindle orientation, a green fluorescent protein (GFP)-tubulin fusion protein was used
to observe microtubules in living yeast cells. GFP-tubulin is incorporated into
microtubules, allowing visualization of both cytoplasmic and spindle microtubules,
and does not interfere with normal microtubule function [1].
The following part should illustrate, how the particle filter could be applied on this
problem. Due to the short length of the video (28 frames), the positions of the SPB’s
is assumed to be constant. The goal is estimating the microtubule tip with respect to
it’s attached SPB. This state sequence is estimated in polar coordinates xk = ("k, lk, Ik)
(fig:8).
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Figure 8: left: (smothened version of the picture from the right side) We are interested
in the relative position of a microtubule tip (blue) compared to its spindle pole body
(yellow). The state is estimated in radian. right: The observations are noisy and the
intensity of the background is fluctuating.

First, the process dynamic has to be modeled. This is a problem, because it is
unknown. One approach is doing the estimation in two steps. In a first step, a feature
point tracking is performed with a robust, perhaps unprecise method. An empirical
model is then created from the resulting estimation. In a second step, it is used to
compute a new estimation with the PF.
For the first step, the microtubule trajectory was estimated with the PT. Note that a
tracking on these data is di!cult, because the background intensity is fluctuating over
time.
The angle shows no trend over time (fig:9). Therefore, it is modeled to perform a 1d
random walk. The length of the microtubule on the other hand seems to grow (rescue)
in average. It is modeled to grow, but also under the influence of Gaussian noise. The
paramters for the growth and the process noise, can be estimated from the
PT-tracking. This leads to the following model.
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If the PF is applied with this model to the video, a second estimation is obtained.
Again, the PF is used with 50 particles, 30 bridge- and 3 MCMC-steps. The $ of the
point spread function is set to 0.5, because the Gaussian blob seems to be smaller then
in the artificial test at a similar SNR. The estimation for the angles (see Fig. 9) are
almost congruent for the two algrithms. The estimation for the lengths is also similar,
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Figure 9: The estimation from the PT (blue) was analyzed to create a model for the
PF (red). The plots show the position of the microtubule tip relative to its SPB. The
estimation is in radian (angle=above , length=below).
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except for the 18th frame, where the estimation shows a di"erence of 0.3 pixel. As
this frame is di!cult to estimate, this di"erence should not be overemphasized. If the
results at this step are compared by eye, it is di!cult to judge which one is better.

6 Conclusions
I presented a recursiv Bayesian method, which can be used for high precision feature
point tracking. The algorithm is based on a particle filter and therefore requires a
model of the process dynamic. The algorithm combines the idea of particle filtering
with Markov chain Monte Carlo techniques. This approach e!ciently diminishes
degeneracy and sample impoverishment, which are common problems with other
particle filters.
The algorithm has been implemented in Matlab and tested on synthetic and real data.
The synthetic videos were created according to three di"erent process dynamics. One
dynamic was totally probabilistic (2D random walk), one was highly deterministic
(spiral dynamic) and the third was deterministic, but only partially known (linear
movement). During the benchmarks, the framework was compared with an existing
feature point tracker, which proved in [11] to be fast and precise whithout using a
model of the process dynamic.
In a case study the framework was applied on the problem, of tracking the motion of
astral microtubules during the mitosis of a budding yeast cell. The dynamic of this
process is mostly unknown, what causes problems in applying a recursiv Bayesian
method. I tested a possible procedure, which could be applied in that case. First an
empirical model is created, by using an estimation from the PT. Second, the resulting
model is used by the PF to do a feature point tracking.
In the random walk and spiral dynamic test, the PF showed similar precission and
accuracy as the PT. This was expected from the random walk, because the model is
weak (i.e. high process noise).
The results for the spiral dynamic are surprising. In this experiment the PF was
expected to reach a higher precision than the PT. Although, the model was strong (i.e.
low process noise) it could not help to improve the estimation. The reason seems to be
the behavior of the likelihood. Intuitively, it could be thought to be less spiked in case
the SNR is low. In reality however, the likelihood stays spiked and is dominating the
estimation. It seems to be vulnerable to pixels, which are lying in the tails of the
Poisson distribution. This causes the peak to be located at wrong positions. The PT is
doing well on these data, although it does not use a model. The reason could be, that
the PT uses an image-smoothening procedure before estimating the position of a
particle. This reduces the e"ect of the imaging noise. If such a procedure would be
applied on the images before using the PF, it may help to calculate a likelihood, which
is robust to outliers.
Optimizing the parameters is another point to improve. At the moment the speed is
low. On a 2.99 Ghz Intel-Pentium computer and with the parameters for the linear
movement test, it needed 6835s to compute 150 frames of size 100x100 pixel. The
number of bridging steps has a big influence on the speed of the algorithm. Their goal
is, to improve the particle set by herding it to interesting areas. This e"ect is only
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needed up to a certain degree. If it is too strong, it concentrates the particles on a
small area (fig:1), which does not help to improve the estimation anymore. For the
tests, the partition of the unit intervall was chosen equidistant, which is not necessary.
Better bridging densities (i.e. a better partition of the unit intervall) could boost the
algorithm without making it less precise.
MCMC moves are used to force particle diversity. There are other approaches for this
task. MCMC has the advantage of not only forcing the diversity, but activelly improve
the quality of a particle set. This advantage goes at a high computational price. The
impact of using MCMC steps on the estimation, could be investigated.
The framework presented in this report is designed for feature point tracking. The
algorithm itself, is not limited to this problem.
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