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ABSTRACT

In this paper we present a meshless particle method for solving the
electroencephalography (EEG) forward problem and more generally diffusion
equations on domains with discontinuous diffusion coefficients. The method
is based on a high accuracy discretization-corrected particle strength
exchange (PSE) operators (B. Schrader et al.. Discretization correction of
general integral PSE operators in particle methods. J. Comput. Phys.,
229:4159-4182, 2010). The key issue is the imposition of boundary conditions
at interfaces between regions of different conductivities. Two variants for
imposing the boundary conditions at the interfaces are proposed and
compared. The first one is based on an immersed interface method where the
interfaces are determined implicitly with a simplified phase-field equation.
The latter variant uses a regularization technique to transform the
heterogeneous interface conditions into homogeneous ones and thus involves
an additional continuous volume contribution to the Poisson equation. After
presenting the method, we demonstrate its capabilities and limitations on a
set of one and three-dimensional benchmark problems. These include a
simple discontinuous 1D diffusion problem and 3D Poisson problems in a
three-region spherical geometry with respectively Dirichlet and Neumann
conditions and a dipole source.
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1. INTRODUCTION

For a diverse range of medical and biological applications including neurobiology [79], behavioral
biology [89] and personalized surgical planning (e.g., in epilepsy [56]), it is very important to
perform live visualization of the electric brain activity, preferably with non-invasive methods like
electroencephalography (EEG) and magnetoencephalography (MEG) [25, 49]. They measuring
the distribution of the electric potential on the scalp surface (for EEG) or the magnetic field in
its immediate vicinity (for MEG). From these measurements it is possible to determine the lo-
calization and intensity of brain sources which are responsible for the measured potentials at the
EEG electrodes [21, 34, 44] or the magnetic field from induction coil MEG detectors [44, 45]. The
internal brain activity which is generally modeled with dipole sources[25, 49], generates an electric
potential distribution on the scalp. Reconstructing the internal brain activity from these mea-
surements is an inverse problem [21, 51], which is an ill-posed problem because for all admissible
output voltages or magnetic field levels, the solution is non-unique [10] as the number of sources
is much larger than the number of sensors. It is also unstable as the solution is highly sensitive
to small changes in the noisy data [21, 30] and material conductivity [8, 20]. Accurate solutions
depend on good regularization schemes, which provide approximations of an ill-posed problem by
a family of neighboring well-posed problems [19, 21]. The problem is further complicated by the
complex and patient-specific geometric shape of the brain, and by anatomical differences or lesions
in the skull bone.

A first important step toward solving the source-localization problem is the development of a
robust and accurate simulation of the forward problem [25], which consists of predicting the ex-
pected potential or magnetic field distribution on the scalp from a known intracranial activity.
This activity is hereby frequently modeled with a set of dipoles [27, 54, 64, 83] in EEG whereas
higher-order multipole expansions [32, 49] are needed in MEG. Knowing the position and orien-
tation of the dipoles or multipoles, a numerical simulation is used to compute the potential on
the scalp or the magnetic field in its vicinity. Results from such simulations can be used to regu-
larize the inverse problem of localizing unknown sources from EEG or MEG measurements [19, 21].

As the brain is composed with materials, mainly grey and white matters, skull and scalp, of
different electrical properties and complicated shapes, it is of utmost importance to have a realis-
tic estimate of the location of the various types of materials. The discontinuity of these properties
at interfaces between the materials induces jumps in the normal components of the electromagnetic
fields. In the past, simplified spherical head models have been used, whereas nowadays a combina-
tion of imaging modalities are used to accurately describe the geometry of the head model. Many
efforts have been put in describing the shape of the head model and the heterogeneity of the tissue
types realistically as well as determining the conductivity accurately [25, 82]. However, determi-
nation and validation of the in vivo conductivity values are still an important topic in this field
[87]. Tomographic techniques such as magnetic resonance imaging (MRI) and X-ray computed to-
mography (CT) provide geometrical information about slices through a 3-D biological structure,
and an assembly of such slices allows one to represent the geometry of the entire structure [81]
as a cartesian grid of voxels [56]. Image segmentation techniques can then be used to differentiate



between the various anatomical parts of the structure and allow one to assign a tissue type to
each voxel. This voxel grid can be considered as the starting point for a computational analysis
of the electromagnetic fields involved in EEG or MEG [23, 24].

The origin of EEG signals is in the post-synaptic potentials generated in the apical dendrites
of pyramidal neurons of the grey matter cortex. These cells induce extracellular currents which
can be considered as stationary under quasi-static conditions. The induced fields are not static as
the neural activity is modified with time but changes are sufficiently slow that propagation effects
can be neglected. A general Poisson equation with associated Neumann and Dirichlet boundary
conditions can be used to determine the potential generated by the current sources, which are
modeled with equivalent dipoles [25].

The most popular methods used to simulate the forward EEG problems are mesh-based such as
the boundary element method (BEM) [1, 35, 50, 86], the finite element method (FEM) [83, 84, 88],
and the finite difference method (FDM) [26, 33, 36]. In the last two methods, anisotropic conduct-
ing compartments can be introduced [8, 82, 26] conveniently. The corresponding discretizations
lead to the need of solving large sparse linear systems for which classical iterative methods like
the successive over-relaxation, conjugate gradient and algebraic multigrid ones can be used. The
BEM uses Green’s second identity to calculate the surface potentials resulting from a current
source distribution in a piecewise homogeneous volume conductor of arbitrary shapes through the
superposition of the potential of infinite extent and the secondary source term that accounts for
the inhomogeneity in the volume conductor. Unlike the volume methods, the implementation of
the BEM only requires the discretization of the interface between regions of differing conductiv-
ity and the outer surface. The advantages of the BEM include reducing computational load and
increasing the relative ease of mesh generation compared to the volume methods.

A few meshless methods have been proposed to solve the EEG forward problem or more gen-
erally diffusion equations. Such methods bypass the tedious and time-consuming meshing step
that is needed by mesh-based methods for complex geometries like those encountered in elec-
troencephalography or the close field of electrocardiography (ECG). A meshless finite element
method [39] has been adapted to solve the electrocardiography (ECG) forward problem. It has
been evaluated on a single-layer torso model, for which the analytical solution exists, and tested in
a realistic but simplified geometry corresponding to a homogeneous torso model. As it only uses
the boundary description and the node distribution without explicit meshing of the geometry,
it still requires the development of a consistent geometric model. A finite point mixed method
(FPMM) based on a collocation scheme has been applied to discretize the diffusion equation with
discontinuous coefficients associated with the forward EEG problem [80]. The electric potential is
determined on a set of particles regularly or irregularly located in the computational domain and
expressed as a linear combination of shape functions, each of them being associated to one particle
and determined by minimizing a functional involving weight functions taken as smooth decaying
exponentials and the coefficients of the linear combination being the particle values. Thus, the
shape functions result from using a moving least squares local approximation of the electric po-
tential about the nodes in terms of a basis of simple functions. The method is called mixed as the
solution does not satisfy exactly the differential equation in the domain and the boundary condi-
tions as only a weak weighted residual integral formulation of them is ensured. One of the main



difficulties is the correct consideration of the jump in the normal component of the gradient of the
electric potential that occurs across the interfaces between materials of different conductivities. As
the electric potential is as a linear combination of smooth shape functions, the interface condition
cannot be enforced. The problem is circumvented by first considering each layer independently
and then imposing the corresponding boundary conditions at the interfaces. This results in a first
linear system to be solved for the potential values on the particles. Another system of equations
results from the discretization of the Laplace equation in each layer. Although they cannot be
solved simultaneously as such because this lead to a formulation where there are more equations
than particles. A solution is found by resorting to a constrained optimization problem, finding
the vector that minimizes the discretized Laplace equation under the constraint imposed by the
boundary conditions. The method is applied to a three-layer spherical head model and results are
compared to those obtained with a boundary-element method. A similar approach called the fi-
nite point-set method (FPSM) has been proposed for solving the Poisson equation with a different
functional to be minimize, involving in addition boundary conditions [74, 75]. Very recently, the
smoothed particle hydrodynamics (SPH) method has been applied to the MEG forward problem
[2] and could be as well readily be considered to solve its EEG counterpart. The method has been
applied to three different examples: a homogeneous conducting sphere, a two-layer conducting
sphere with an inside source dipole placed near the external surface, and a realistic head model.
However, although a comparison has been carried out with analytical expressions and results ob-
tained with a commercial BEM software and a good qualitative agreement can be observed, no
quantitative error estimate on solutions has been provided.

The forward EEG problem amounts to solving a Poisson equation with constant conductivities
over various subdomains, which is a particular case of a diffusion equation with discontinuous
coefficients on irregular domains, a topic that has been extensively covered previously in the lit-
erature with various methods that have also been applied to multiphase flows or fluid-structure
interactions. A widespread approach is to use regularization techniques to smooth out the singu-
larities or discontinuities appearing in the form of Dirac or Heaviside functions in the modeling
equations by replacing them with more regular functions that can be used with standard com-
putational discretization in order to obtain the corresponding numerical solution [14, 47, 76, 77].
In the same framework, it is possible to use a continuum method to account for the singularity
of the function to be evaluated on the interfaces as this is done for instance in multiphase flows
for evaluating surface tension effects on the interfaces between the various fluids [7]. It eliminates
the need for interface reconstruction, simplifies the calculation of the corresponding function and
does not impose any modeling restrictions on the number and complexity of the interfaces. This
approach has been recently adapted to impose Neumann and Robin boundary conditions in do-
mains with different physical properties in which an advection-reaction-diffusion equation is to be
solved using the SPH method [58].

The Immersed Boundary Method in its continuous form (IBMC) [52] uses a Dirac function for-
mulation to smear out the solution of the variable coefficient Poisson equation on a thin finite
band about the interface. It can be combined with a level set method in order to obtain a smooth
implicit representation of the interface between regions of different properties [72, 71]. The key
advantage is that it can be formulated somewhat independently of the spatial discretization and



thus can be implemented without much effort into an existing solver. One drawback is that the
corresponding numerical smearing at the interface has an adverse effect on the solution, forcing
continuity at the interface regardless of the appropriate interface boundary conditions. Therefore,
the numerical solution is continuous at the interface even if the actual boundary conditions imply
that the solution should be discontinuous, which may be prohibitive for some applications. Addi-
tionally, it produces a diffuse boundary, meaning that the boundary condition on the immersed
surface may not be accurately satisfied at its actual location but within a localized region around
the boundary. The Immersed Interface Method (IIM) [38, 41] has been to designed to preserve
the jump conditions at the interface and incorporates the interface boundary conditions into the
discretization stencil in a non-trivial way that preserves jumps in both the function and its deriva-
tives leading to a fairly complex algorithm.

An alternative to the regularization or continuum approach is to smoothly extend the solution
outside the physical domain into a fictitious domain for the outer boundary or into a ghost layer
for inner interfaces and to use these extended values in the numerical method. This corresponds
to the so called Embedded Interface Method (EIM) [66] or the Immersed Boundary Method in
its discrete version (IBMD) [48, 67]. For these methods, the scheme enforcing the boundary or
interface condition is very much dependent on the spatial discretization but one key advantage is
that for certain formulations, they allow for a sharp representation of the immersed boundary.

On the other hand, the price to pay is that they require an explicit or implicit determination of
the interface location and therefore must be combined a dedicated method like e.g. a level set
[15, 29] or phase-field [70] method. One possibility to determine the interface explicitly is to track
interface particles [37, 78], the location of the neighboring particles being used to produce local
interpolations (e.g. splines), which are then applied to compute geometric information such as
curvature and normal directions. Although this approach can be quite accurate, it requires special
treatment when the interface is geometrically complex. They allow for an efficient and accurate
representation of the interface and are conceptually simple as only the motion of particles is
considered. If an implicit representation is selected, the interface can be given as the zero level of
a level set function or the zero-level iso-contour of a field that is defined everywhere in the domain
or at least in the vicinity of the interfaces. The geometric problem can therefore turned into a
partial differential equation (PDE) problem on a fixed grid with simple data structure, thus not
requiring any parametrization or surface mesh and topological changes can be handled easily. Due
to the implicit representation, these methods are usually less accurate and less efficient than the
tracking explicit ones in terms of interface representation and require an extra effort to determine
the interface explicitly. Excessive numerical dissipation can be introduced in the computations.

Although originally designed for flow applications with discontinuities, the Ghost Fluid Method
(GFM) can be also used to solve the Poisson equation in the presence of interfaces where both
the variable coefficients and the solution itself may be discontinuous [42]. If the corrections are
solution-independent, they can be moved to the right-hand-side of the discretized equations so
that the coefficient matrix of the associated linear system is the standard symmetric matrix for
the variable coefficient Poisson equation in the absence of interfaces allowing for straightforward
application of standard black box solvers. In its original form using a simple linear extrapolation
of the interface jump conditions in each cartesian direction, only first-order accuracy has been



obtained [42]. Recently, in the constant coefficient case, the method has been improved in the
2D case so that the correction function being determined by a least-square approximation and
allowing for the use of any discretization scheme can be calculated at any point near the interfaces
using a bicubic formulation [43]. Its extension to 3D remains to be derived. The idea of using ex-
tended values and fictitious domains has also been used to solve the Poisson equation on irregular
domains with the help of an integral equation formulation [46]. A system of integral equations is
solved and then the results are used in the discretization of the Laplacian operator.

As the input data obtained from imaging techniques like MRI and corresponding to material
properties (here conductivity for EEG) comes in the form of constant values assigned on regular
grids of samples, it has been suggested to superimpose a regular mesh of rectangular finite elements
on the voxel grid, each element including several voxels in every direction and possibly interfaces
between different types of materials with large differences in conductivity. This is not possible with
conventional finite elements, but the usual basis functions of the element can be replaced by the
computed ones that take the different material properties and the interfaces [23, 24] into account.
It enables one to get rid of the interface and the development of a consistent geometric model.
This reduces the computational cost of a prior similar approach assigning a finite element to each
voxel [56], which leads to a very large number of unknowns, thus requiring an efficient solving
technique combining algebraic multi-grid and preconditioned conjugate gradient algorithms.

Here, we consider a mesh-free particle method based on a high accuracy discretization-corrected
PSE operators [65] for simulating the EEG forward problem [12]. Two variants for imposing the
boundary conditions at the interfaces are proposed and compared. The former builds upon an im-
mersed interface method which implicitly determines the interfaces using a simplified phase-field
equation. The latter is based on a regularization technique to transform the heterogeneous interface
conditions into homogeneous ones then involving an additional continuous volume contribution to
the Poisson equation. The PSE is a mesh-free discretization scheme for differential operators, first
developed for diffusion operators [11] and later generalized to arbitrary differential operators [13].
It has previously been used for simulations in complex geometries [62] and on complex-shaped
surfaces [61]. Recently, members of our group have proposed a general discretization-correction
(DC) framework for PSE operators [65], which allows using arbitrary particle distributions and
remains consistent near boundaries. This allows more flexibility to place particles of various res-
olution in and around a geometric model of a brain or head as, e.g., segmented from 3D MRI or
CT scan images. The Parallel Particle Mesh (PPM) library [5, 63] is used to implement a scalable
and efficient parallel simulation. It provides a parallelization middleware for hybrid particle-mesh
methods featuring automatic domain decomposition, load balancing, and communication schedul-
ing. The library actualizes a set of abstract parallel data structures and abstract operators for
particle methods [60].

This paper has the following structure: in sections 2 and 3, we introduce the EEG forward problem
and the benchmarks to validate our approach. The computational method and the imposition of
interface conditions either according to an immersed interface/phase field method or a continuous



surface reaction method ar presented in section 4. In section 5, we discuss the results of the method
obtained with two variants for implementing the interface conditions, on the test cases for which
analytical solutions are available. Lastly, section 6 concludes the paper and outlines future work.

2. EEG FORWARD PROBLEM

The waves observed in EEG data result from synchronous electrical activity of large groups of
neurons which can be modeled as electrical current sources usually in the form of dipoles [25].
The current generated by these sources flows in closed paths within the electrical conduction
media of the head tissues, creating a potential distribution on the scalp. This distribution can
be measured non-invasively by electrodes located on the skin surface. As the wavelength of the
fastest electrical signals in the brain is much larger than the diameter of the head, there is need to
resolve transient electromagnetic waves and quasi-static Maxwell equations for volume conduction
can be considered to determine the electric potential generated by the current source distribution
[25, 53]. Therefore, the volume conduction phenomenon can be described mathematically using
the following partial differential equation :

∇× ~E = ~0 , (1)
∇ · (σ ~E) = −∇ · ~Jc , (2)

where ∇ denotes the nabla differential operator, ~E is the electric field, ~Jc is the source current
density from the active dipoles, and σ(~x) is the spatially varying electric conductivity tensor.
There are tissues in the human head that have an anisotropic conductivity. This means that the
conductivity is not equal in every direction and that the electric field can induce a current density
component perpendicular to it, which may require the introduction of a tensor for the conductivity
instead of a scalar for isotropic materials [82, 25]. Given the impressed current density ~Jc, we solve
for the electric potential φ:

~E = −∇φ. (3)
From equation (2), the electric potential φ(~x) at every location ~x in the head can be found by
solving

∇ · (σ∇φ) = ∇ · ~Jc . (4)
The solution automatically also satisfies equation (1) because the curl of the gradient of any scalar
field is always the zero vector.

The current source in the EEG forward problem can be considered to be modeled by a set of
dipoles. Using the superposition principle, the solution with multiple sources can be obtained
by adding the corresponding contributions obtained with single elementary sources. The EEG
forward problem thus amounts to solving Poisson’s equation to find the potentials on the scalp
for different configurations of the dipole location ~rd and moment ~qd. In practice, one calculates
a potential between an electrode and a reference which can be another electrode or an average
reference. A transfer matrix can be built connecting the values of the electric potential at various



electrode locations and discrete time samples and the dipole magnitudes at the same instants.
In the literature one finds two approaches to solve the forward problem. The transfer coefficients
making up that matrix are obtained by calculating the surface potentials evoked by the dipole
sources via Poisson’s equation. The calculations are made for each dipole position within the
head model and the potentials at the electrode positions are recorded. An alternative is using the
Helmholtz principle of reciprocity [57]. The electric field that results at the dipole location within
the brain due to current injection and withdrawal at the surface electrode sites is first calculated.
The forward transfer coefficients are obtained from the scalar product of this electric field and
the dipole moment. Calculations are thus performed for each electrode position rather than for
each dipole position. This reduces the time necessary to perform the forward calculations since
the number of electrodes is much smaller than the number of dipoles [25].

In this manuscript we will focus on the simple EEG forward problem, which involves solving
the Poisson equation with the source taken as a dipole located at the position ~rd. The computa-
tional domain contains the brain along with its surrounding materials and an external air volume.
It is decomposed into N subdomains of different conductivity. Using a single dipole as the current
source the equation (4) becomes

∇ · (σ(~x)∇φ(~x)) = ∇ · (~q δ(~x− ~rd)) (5)

over the domain Ω = ⋃N
i=1 Ωi for i ∈ {1, ..., N − 1}. The associated interface condition at the

interface Γi for imposing continuities of the potential is

φ(~x)|Γ−
i

= φ(~x)|Γ+
i

(6)

Similarly, the interface condition for the current density ~J = σ ~E has the following form:

[σi(~x)∇φ(~x) · ~n(~x)]Γ−
i

= [σi+1(~x)∇φ(~x) · ~n(~x)]Γ+
i

(7)

This condition states the inability to concentrate charges at the interface. All charge leaving one
subdomain through the interface must enter the other subdomain. In other words, all current
(charge per second) leaving a compartment with conductivity σi through the interface enters
the neighboring compartment with conductivity σi+1 : In equation (6), the symbols Γ−i and Γ+

i

correspond respectively to the interface seen from subdomains i and i + 1. Therefore, φ(~x)|Γ−
i

and φ(~x)|Γ+
i

respectively correspond to the potential evaluated on domains i and i+ 1. Assuming
that the N -th domain is the air volume with a very small conductivity, the associated boundary
conditions for i = N consist of the sole equation (7) with a vanishing right-hand side.

To make the solution of the problem easier by removing the source singularity induced by the
dipole, it is convenient to consider the potential φ generated by a dipole as a sum of two terms
[64, 80]:

φ = φd + Φ (8)
where φd is the electric potential generated by a dipole source located at ~x0 in an infinite homo-
geneous medium of conductivity σ(~xo), which is known analytically.
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Fig. 1. Domain with multiple regions Ωi of different conductivities σi and associated interfaces Γi

The correction potential Φ = φ− φd therefore satisfies Laplace’s equation:

∇ · (σ(~x)∇Φ(~x)) = 0 (9)

In the remainder of the paper, we will restrict ourselves to the isotropic case where the conductivity
is taken in the form of a scalar for the sake of simplicity. Extensions to the anisotropic case could
be achieved without major difficulty. In addition to the fact that the subdomain decomposition
is carried out according to the various materials, it is further assumed that the conductivity is
constant in each subdomain, thus one needs to solve a Laplace equation over each subdomain i:

∇2Φ(~x)) = 0 (10)

with associated interface conditions

Φ(~x)|Γ−
i

= Φ(~x)|Γ+
i

(11)

and
[σi∇Φ(~x) · ~n(~x)]Γ−

i
= [σi+1∇Φ(~x) · ~n(~x)]Γ+

i
+ [(σi+1 − σi)~n(~x) · ∇φd(~x)]Γi (12)

The subscript Γi in the last term denotes that the dipole field ∇φd is continuous at that interface.



3. TEST CASES

We consider a set of one and three-dimensional benchmark problems to test the capabilities and
limitations of our computational method, which is presented in the following section. These include
a simple discontinuous 1D diffusion problem with three regions, each of them with a different
diffusion coefficient and 3D Poisson problems in a three-region spherical geometry with respectively
Dirichlet and Neumann conditions and a dipole source.

3.1. 1D dipole in a two-region domain

Let us consider first the 1D case of a dipole located at x = 0 for the sake of simplicity, inside
a first region of conductivity σ1 extending from −R1 to R1. A second region of conductivity σ2
located in the intervals [−R2,−R1] and [R1, R2] where R2 > R1 > 0. The potential generated by
the dipole of moment qd in an inifinite medium of conductivity σ1 and its gradient are given by:

φd(x) = qd
4πσ1x|x|

(13)

∇φd(x) = − qd
2πσ1x3 (14)

The correction potential Φ satisfies Laplace’s equation on the interval [−R2, R2] i.e. in 1D:

d2Φ
dx2 = 0 (15)

which means that it is a linear function of the form Φ(x) = aix + bi for the coordinate x in each
subdomain i. By imposing the boundary conditions (11) and (12) on Φ and its derivative at the
interfaces x = −R2, x = −R1, x = R1, x = R2 the correction potential is determined on the whole
domain [−R2, R2]:

Φ(x) = −dφd
dx

R2x−R1

(
σ2

σ1
− 1

)(
dφd
dx

R1 −
dφd
dx

R2

)
+ φ0, x ∈ [−R2,−R1] (16)

Φ(x) =
[(
σ2

σ1
− 1

)
dφd
dx

R1 −
(
σ2

σ1

)
dφd
dx

R2

]
x+ φ0, x ∈ [−R1, R1] (17)

Φ(x) = −dφd
dx

R2x+R1

(
σ2

σ1
− 1

)(
dφd
dx

R1 −
dφd
dx

R2

)
+ φ0, x ∈ [R1, R2] (18)

where φ0 is an arbitrary constant. Due to the symmetry of the problem, the relation dφd
dx

(R2) =
dφd
dx

(−R2) is valid.



3.2. Multi-layered spherical domain without dipole

Let us consider as a second test case, a 3D geometry which consists of three concentric spheres of
radii R1, R2 and R3 (0 < R1 < R2 < R3) and conductivities σ1, σ2 and σ3 but without a dipole.
Furthermore, we suppose that the potential φ is known on a small sphere of radius R0 < R1 with
the same center and a general Neumann condition ∇φ · ~n = G is imposed on the surface of the
largest sphere r = R3 where G is the specified radial component of the potential gradient. Due to
the spherical symmetry of the problem, Laplace’s equation can be expressed simply as :

d(r2 dφ
dr

)
dr

= 0 (19)

which means that Φ can have the following form on each subdomain i = 1, 2, 3 :

φ(r) = −Ai
r

+Bi, x ∈ [Ri−1, Ri] (20)

Applying the boundary conditions (6) and (7) on φ and its derivative at the interfaces r = R1,
r = R2 and r = R3 as well as the Dirichlet condition φ(r) = φ0 on the sphere r = R = 0 allows for
the determination of the correction potential on the whole domain R0 < r < R3. The coefficients
Ai and Bi are given by:

A1 = σ3

σ1
GR2

3 (21)

A2 = σ3

σ2
GR2

3 (22)

A3 = GR2
3 (23)

B1 = φ0 + σ3

σ1

G

R0
R2

3 (24)

B2 =
(

1− σ2

σ1

)
σ3

σ2

G

R1
R2

3 + φ0 + σ3

σ1

G

R0
R2

3 (25)

B3 =
(

1− σ3

σ2

)
G

R2
R2

3 +
(

1− σ2

σ1

)
σ3

σ2

G

R1
R2

3 + φ0 + σ3

σ1

G

R0
R2

3 (26)

The two and one layer case can be obtained straightforward by taking corresponding identical
conductivities in the previous equations.

3.3. 3D multi-layered spherical volume with dipole source

This configuration corresponds to an approximation of the multi-region model of the human head,
which has been used quite intensively by practitioners before efficient computational methods that



consider more realistic head geometries have been proposed [57]. By its very shape, the spherical
model distorts the true distribution of passive currents in the brain, skull and scalp. Spherical
models also require that the sensor positions be projected onto the fitted sphere resulting in a
distortion of the true sensor-dipole spatial geometry and ultimately the computed surface potential
[16]. Here, we use this simplified model to test the accuracy of our computational method. In the
case where there are several shells (i > 1), it is not possible to compute the potential exactly and
a series expansion must be used [3, 59].
The potential generated by a dipole in a multishell spherical volume where layer i of conductivity
σi is bounded by radii Ri−1 and Ri can be expressed by the series involving Legendre Pm and
associated Legendre polynomials P 1

m of order m [3, 9]:

φ(~r) = ~qd
4πσi

·
[ ∞∑
m=1

(
Aim

‖ ~r ‖m+1 +Bi
m ‖ ~r ‖m

)(
~r

‖ ~r ‖
Pm( ~r · ~rd
‖ ~r ‖‖ ~rd ‖

) + 1
m

~rd × ~r × ~rd
‖ ~rd × ~r × ~rd ‖

P 1
m( ~r · ~rd
‖ ~r ‖‖ ~rd ‖

)
)]

(27)

The quantities ~r, ~rd and ~qd are respectively the point at which the potential is to be computed,
the dipole position and the dipole moment. Imposing the continuity of the potential and electric
current at various interfaces ‖ ~r ‖= Ri enables one to determine the various coefficients Aim and
Bi
m in the expansion [3]. More explicitly, for a volume with four layers the following relationships

hold:

1
σi

(
Aim
Rm+1
i

+Bi
mR

m
i

)
= 1
σi+1

(
Ai+1
m

Rm+1
i

+Bi+1
m Rm

i

)
(28)

−(m+ 1) Aim
Rm+2
i

+mBi
mR

m−1
i = −(m+ 1) A

i+1
m

Rm+2
i

+mBi+1
m Rm−1

i (29)

for 1 ≤ i ≤ 3 and m ≥ 1. An additional equation is obtained by imposing that the current vanish
at the outermost radius R4:

−(m+ 1) A4
m

Rm+2
4

+mB4
mR

m−1
4 = 0 (30)

There is still one equation missing to determine the eight coefficients Aim and Bi
m (1 ≤ i ≤ 4)

for each m. The requirement that the part of the series expansion including only the terms with
coefficients Aim (not Bi

m) should correspond to the potential in an unbounded conductor arising
from a dipole [3] at a distance ‖ ~rd ‖ from the origin leads to:

A1
m = m ‖ ~rd ‖m−1 (31)

Using the set of equations (28), (29), (30) and ( 31), it can be shown that the potential in region
i can be expressed as:



φ(~r) = ~qd
4πσiR2

i

·
∞∑
m=1

Ci
m(‖ ~r ‖)

(
‖ ~rd ‖
R4

)m−1 [
~r

‖ ~r ‖
Pm( ~r · ~rd
‖ ~r ‖‖ ~rd ‖

) + 1
m

~rd × ~r × ~rd
‖ ~rd × ~r × ~rd ‖

P 1
m( ~r · ~rd
‖ ~r ‖‖ ~rd ‖

)
]

(32)

if Ri ≤‖ ~r ‖≤ Ri+1 using the convention R0 =‖ ~rd ‖. The functions Ci
m(‖ ~r ‖) can be determined

from the recursive relationships:

Ci
m(‖ ~r ‖) = m(

Ri
R4

)m−1
(2m+ 1)2

Gm

(
R2R3

R2
4

)2m+1
αim

(
‖ ~r ‖
Ri

)−m−1

+ βim

(
‖ ~r ‖
Ri

)m (33)

αim = (m σi
σi+1

+m+ 1)αi+1
m +m

(
σi
σi+1

− 1
)(

Ri

Ri+1

)2m+1

βi+1
m (34)

βim = (m+ 1)
(
σi
σi+1

− 1
)
αi+1
m + ((m+ 1) σi

σi+1
+m)

(
Ri

Ri+1

)2m+1

βi+1
m (35)

for 1 ≤ i ≤ 3 and α4
m = 1, β4

m = m+1
m

. In equation (33), the coefficient Gm is given by:

Gm =
(
R3

R4

)2m+1 [(R1

R4

)2m+1
m(m+ 1)

(
σ1

σ2
− 1

)(
σ2

σ3
− 1

)]

·
[
m
σ3

σ4
+m+ 1 + (m+ 1)

(
σ3

σ4
− 1

)(
R3

R4

)2m+1]

+
(
R3

R4

)2m+1 [(R2

R4

)2m+1 (
m
σ1

σ2
+m+ 1

)(
m
σ2

σ3
+m+ 1

)]

·
[
m
σ3

σ4
+m+ 1 + (m+ 1)

(
σ3

σ4
− 1

)(
R3

R4

)2m+1]
(36)

+(m+ 1)
(
R2

R4

)2m+1 [(R1

R4

)2m+1 (σ1

σ2
− 1

)(
σ2

σ3
(m+ 1) +m

)]

·
[
m
(
σ3

σ4
− 1

)
+
(
σ3

σ4
(m+ 1) +m

)(
R3

R4

)2m+1]

+(m+ 1)
(
R2

R4

)2m+1 [(R2

R4

)2m+1 (
m
σ1

σ2
+m+ 1

)(
σ2

σ3
− 1

)]

·
[
m
(
σ3

σ4
− 1

)
+
(
σ3

σ4
(m+ 1) +m

)(
R3

R4

)2m+1]

It is possible to compute an approximation for the solution in equation (32) by summing typically
the first 100 terms but this is computationally expensive as high order Legendre polynomials are
involved. A numerical technique has been proposed to compute the potential on the sphere of



radius R4 at a reduced cost [69] by using a closed-form approximation to the corresponding sum
based on an optimal fitting to the weights of the Legendre polynomials. We have adapted it to the
computation of the potential everywhere in the considered volume and present it briefly hereafter.

φ(~r) = ~qd
4πσiR2

i

·
∞∑
m=1

Ci
m(‖ ~r ‖)

(
‖ ~rd ‖
R4

)m−1

Fm(~r, ~rd) (37)

with

Fm(~r, ~rd) = ~r

‖ ~r ‖
Pm( ~r · ~rd
‖ ~r ‖‖ ~rd ‖

) + 1
m

~rd × ~r × ~rd
‖ ~rd × ~r × ~rd ‖

P 1
m( ~r · ~rd
‖ ~r ‖‖ ~rd ‖

) (38)

φ(~r) = ~qd
4πσiR2

i

·

 M∑
m=1

C̄i
m(‖ ~r ‖)

(
‖ ~rd ‖
R4

)m−1

Fm(~r, ~rd) +
L∑
l=0

dl

 M∑
m=1

ml

(
‖ ~rd ‖
R4

)m−1

Fm(~r, ~rd)


(39)

where

C̄i
m(‖ ~r ‖) = Ci

m(‖ ~r ‖)−
L∑
l=0

dl m
l (40)

φ(~r) = ~qd
4πσiR2

i

·

 M∑
m=1

C̄i
m(‖ ~r ‖)

(
‖ ~rd ‖
R4

)m−1
~r

‖ ~r ‖
Pm

(
~r · ~rd

‖ ~r ‖‖ ~rd ‖

)
+ 1
m

~rd × ~r × ~rd
‖ ~rd × ~r × ~rd ‖

P 1
m

(
~r · ~rd

‖ ~r ‖‖ ~rd ‖

)
+ ~qd

4πσiR2
i

·
[
L∑
l=0

dl

(
~r

‖ ~r ‖
Sl(~r, ~rd) + ~rd × ~r × ~rd

‖ ~rd × ~r × ~rd ‖
Tl(~r, ~rd)

)]
(41)

where Sl(~r, ~rd) = ∑M
m=1m

l
(
‖~rd‖
R4

)m−1
Pm( ~r·~rd

‖~r‖‖~rd‖
) and Tl(~r, ~rd) = ∑M

m=1m
l−1

(
‖~rd‖
R4

)m−1
P 1
m( ~r·~rd
‖~r‖‖~rd‖

)
can be expressed for l ∈ {0, 1, 2, 3} as [69]:



S0(~r, ~rd) = 1
f(~rd)

( 1
u(~r, ~rd)

− 1)

S1(~r, ~rd) = s(~r, ~rd)− f(~rd)
(u(~r, ~rd))3/2

S2(~r, ~rd) = s(~r, ~rd)2f(~rd) + s(~r, ~rd)(1− f(~rd)2) + f(~rd)(f(~rd)2 − 2)
(u(~r, ~rd))5/2 (42)

S3(~r, ~rd) = s(~r, ~rd)3f(~rd)2 + s(~r, ~rd)2(5f(~rd)− 2f(~rd)3) + s(~r, ~rd)(1− 9f(~rd)2 − f(~rd)4)
(u(~r, ~rd))7/2

+f(~rd)(−5f(~rd)4 + 10f(~rd)2 − 4)
(u(~r, ~rd))7/2

where f(~rd) = ‖~rd‖
R4

, s(~r, ~rd) = ~r·~rd
‖~r‖‖~rd‖

and u(~r, ~rd) =
√

1− 2f(~rd)s(~r, ~rd) + f(~rd)2)

T0(~r, ~rd) =
(1 + u(~r, ~rd))

√
1− s(~r, ~rd)2

u(~r, ~rd)(1− f(~rd)s(~r, ~rd) + u(~r, ~rd))

T1(~r, ~rd) =

√
1− s(~r, ~rd)2

u(~r, ~rd))3/2

T2(~r, ~rd) =
(1 + s(~r, ~rd)f(~rd)− 2f(~rd)2)

√
1− s(~r, ~rd)2

u(~r, ~rd))5/2 (43)

T3(~r, ~rd) =
(s(~r, ~rd)2f(~rd)2 + s(~r, ~rd)(5f(~rd)− f(~rd)3) + 1− 10f(~rd)2 + 4f(~rd)4)

√
1− s(~r, ~rd)2

u(~r, ~rd))5/2

The coefficients dl can be determined by solving the system

W d = v (44)

where W is a (L+1)× (L+1) matrix with coefficients Wij = ∑∞
m=1

(
R1
R4

)2m
mi+j−3

2m−1 and v is a vector
of coefficients vi = ∑∞

m=1

(
R1
R4

)2m mi−2Cim
2m−1 . The quantity d denotes the vector of components dj. In

practice L and M can be taken equal to 3 and the number of terms to be used to evaluate the
sums in W and v can be limited to typically 100.

A slightly less accurate but more time-consuming alternative is to consider a model with a single
sphere of radius R4 with several dipoles oriented like the original dipole and located at various
positions in the volume [6]. From the superposition principle, the resulting potential is the sum of
the contributions obtained with a single dipole.



The potential generated by a dipole located at ~rd in an infinite medium of conductivity σ is
given by the formula [85]:

φd(~r) = ~qd · (~r − ~rd)
4πσ ‖ ~r − ~rd ‖3/2 (45)

If only one conducting sphere of conductivity σ and radius R is considered, an analytical value of
the resulting potential everywhere is available everywhere in the volume [85] :

φ(~r) = ~qd
4πσ ·

 ~r − ~rd
‖ ~r − ~rd ‖3/2 +

~r − ‖~r‖
2

R2 ~rd

R3(1 + (‖~r‖‖~rd‖
R2 )2 − 2‖~r‖‖~rd‖

R2 )3/2

+

~q

4πσ ·
 1

(1 + (‖~r‖‖~rd‖
R2 )2 − 2‖~r‖‖~rd‖

R2 )3/2

~x+
~r·~rd
R2 ~r − ‖~r‖

2

R2 ~rd√
1 + (‖~r‖‖~rd‖

R2 )2 − 2‖~r‖‖~rd‖
R2 + 1− ~r·~rd

R2

 (46)

The corresponding analytical expression for the correction potential Φ can be then obtained from
equations (8), (45) and (46).

4. METHODS

4.1. Discretization method with DC-PSE operators

In grid-based methods, mesh generation for the problem domain is a prerequisite for the numerical
simulations. Constructing a grid for irregular and complex geometry like the ones encountered in
EEG problems is not an easy task and usually requires additional complex mathematical trans-
formation that are even more expensive than solving the problem itself. Therefore, there is a
growing interest in developing mesh-free methods, which allow for the relief of the computational
burden associated to the mesh generation. These methods are mainly based on three main for-
mulations: strong form (e.g. collocation methods [28]), weak form (e.g. meshless finite element
methods [18, 39]) and computational particle-based [2, 58] form although some mixed approaches
have also been proposed.

Here, we focus on the latter type, particularly in the particle strength exchange (PSE) frame-
work, which is well adapted to the solving of diffusion problems [11]. An integral operator in-
volving a kernel function is used to approximate the corresponding Laplacian (mollification) and
the integral is then discretized by a quadrature over the particle positions. The method has been
extended to allow for the treatment of partial derivatives of any order with high accuracy [13].
The parameters involved in operator kernels are determined by enforcing moment conditions up
to the desired order of accuracy. Accordingly, the method induces two types of error, the first



due the mollification and the second due to the quadrature (discretization). In order to enforce
consistency of the discretized operator, the condition that the ratio h

ε
between the characteristic

particle spacing h defined as as the nth root of the average particle volume and the width ε of the
operator kernel tends to zero as both parameters do, must be satisfied. It comes in addition to the
one that requires that particles should overlap (h

ε
< 1) in order to reduce the discretization error.

This means that the particle spacing should be much smaller than the kernel width, thus involving
a large numbers of particles for small kernel sizes, which unfortunately restricts the practical use
of the method to a certain range of resolutions.

This constraint can be efficiently alleviated by replacing the continuous moment conditions by
discrete ones [65]. It has been demonstrated that using such discretization-corrected (DC) ker-
nels ensures that the discretization error cannot dominate the overall order of accuracy of the
approximation and that DC-PSE operators are always consistent, independent of the value of the
ratio h

ε
, leading to the desired rate of convergence for any resolution, both on uniform Cartesian

and irregular particle distributions, as well as near boundaries. The corresponding operators also
induce no overlap condition, allowing for the desirable feature that the kernel width can be chosen
arbitrarily small for constant particle spacing. In this section, we briefly recall the expressions
of the approximating DC-PSE operators including the determination of the corresponding kernel
parameters and how they are employed for solving the EEG forward problem.

In the PSE formulation, partial differential derivatives evaluated at location ~x, such as:

D
~βΦ(~x) = ∂|

~β|Φ(~x)
∂xβ1

1 ...∂x
βn
n

(47)

are approximated with discrete operators of the type ;

D
~β
hΦ(~x) = 1

ε|~β|

∑
p∈V(~x,h,rc)

vq(Φ(~xq) + (−1)|~β|+1Φ(~x))η~β(~x, ~xp, ε) (48)

where | ~β |= ∑n
j=1 βj. This formulation results from the approximation of the differential operator

with an integral one involving the kernel function η
~β and the discretization of the integral by a

quadrature rule involving the particle positions. This involves the definition of a cut-off parameter
rc such that the corresponding sphere S(~x, rc) of center ~x and radius rc approximates the support
of η~β with a certain accuracy.

In the previous equation, the symbols q, V(~x, h, rc) and ε respectively denote the particle index, the
set of particles that are located in S(~x, rc) and the kernel width. The quantity vq = h3 corresponds
to the volume of particle q. The function η

~β(~x, ~xq, ε) is given by [65]:



η
~β(~x, ~xq, ε) =

 |~β|+r−1∑
|~γ|=αmin

a~γ(~x)
(
~x− ~xq
ε

)~γ e|~x−~xq
ε
|2 (49)

where r is the order of the approximation, αmin is an integer equal to 1 if |~β| is even and 0
otherwise and the coefficients a~γ(~x) are determined by solving the following linear system of
equations, resulting from the requirement that the error terms must vanish up to order r − 1 :

|~β|+r−1∑
|~γ|=αmin

a~γ(~x)w~α~γ(~x) = (−1)|~β| ~β! δ~α~β (50)

for any vector ~α such that αmin ≤ |~α|≤ |~β|+r−1. The quantity δ~α~β is equal to 1 if the two vectors
~α and ~β are identical, 0 otherwise. The symbol ~β! = ∏n

j=1 βj! denotes the product of the factorials
of each component of ~β. The weights w~α~γ(~x) are expressed as:

w~α~γ(~x) = 1
ε|~α+~γ|+3

∑
p∈V(~x)

vq (~x− ~xq)~α+~γ e|
~x−~xq
ε
|2 (51)

Instead of solving such a equation (10) with a constant conductivity over each subdomain, we are
using an equivalent unsteady formulation leading to the wanted steady solution [12]:

∂Φ(~x, t)
∂t

= ∇2Φ(~x, t)) (52)

which is in practice solved over each subdomain i considering the corresponding boundary con-
ditions (11) and (12). An arbitrary initial potential field Φ0(~x) can be prescribed. Here, t can be
understood as a pseudo-time as the evolution of Φ until a steady-state is reached, is not a physical
process.

The proposed approach has the advantage that no global matrix needs to be inverted as op-
posed to classical mesh-based methods like FEM or FDM and is thus well suited for a parallel
implementation. Successive over-relaxation can be used to speed up the computations.

As opposed to the easy implicit imposition of continuity boundary conditions on the potential
Φ (cf. eq. (11)) by letting potential values propagate between particles located on each side of
the interface, more involved techniques are needed to enforce those related to the charge current
(eq. (12)). We have considered here the use of either a combined immersed method with an im-
plicit determination of the interface location by solving a phase-field-like equation or a continuum
smoothing approach of discontinuities at the interface that we present in the following sections.

In the real-world applications to which the method will be applied in the future, the conductivity



Fig. 2. Ghost and image particles in the vicinity of the interface

is known only in the voxels whose size is set by the imaging device. This fact sparks off another
fact that the locations of the interfaces between different tissues cannot be determined exactly
and are limited to the imaging device’s accuracy. Thus, we opt for an implicit approach by using
a simplified phase-field/level-set technique.

4.2. Immersed interface (II) method

In the framework of our particle method, enforcing a boundary or interface condition just consists
of imposing values of the potential on specific particles. For the immersed interface method that
we consider here, these particles are referred to as immersed ghost particles (IGP). They are
located inside the subdomain i within a distance equal to the cut-off radius rc of a particle located
in subdomain i, assuming that regions i and i + 1 are sharing a common interface, it is possible
to find its interface intercept particle (IIP) corresponding to its projection on the interface as
shown in Fig. 2 and subsequently its image particle (IP) in the subdomain i. In general the IP
does not coincide with the initially generated particles on the grid and the potential value at the
corresponding position can be computed by interpolation from values at the neighboring particles
on the regular grid. For second-order accuracy, linear interpolation from the eight particles the
cell to which the IP belongs is sufficient. A more complicated scheme can be considered if a higher
accuracy is needed [67].

Here, we restrict ourselves to the second-order case. We discuss first the enforcement of the nor-
mal derivative condition (12) at interfaces and then briefly explain how Dirichlet and Neumann
conditions can be imposed on boundaries.

The normal derivative of the potential at the IIP position can be approximated by using Taylor’s
formula restricted to the first terms:



ΦIGP = ∆l ∂Φ
∂n
|BI+ΦIIP (53)

This approximation results in a total error of order O(∆l2)+O( h2

∆l) where h represents the regular
spacing between the grid particles in every direction and ∆l the distance between the ghost
and image particles. The potential can expressed as a second order expansion in terms of the
coordinates xj as:

Φ(x1, x2, x3) = C1x1x2x3 + C2x1x2 + C3x2x3 + C4x1x3 + C5x1 + C6x2 + C7x3 + C8 (54)
The coefficients Ci are computed from the equation:

C = X−1Φ

where CT = (C1, ..., C8) and ΦT = (Φ1, ...,Φ8) is the transpose of the vector of electric potential
values at the neighbors and the matrix X is given by:

x1x2x3|1 x1x2|1 . . . x3|1
... ... . . . ...

x1x2x3|8 x1x2|8 . . . x3|8



where the monomials in matrix X are evaluated at eight neighbors’ positions. Knowing the position
of IIP, equation (54) is used to evaluate Φ at the corresponding location in equation (55). To
enforce the condition (12), the quantity ∂Φ

∂n
|BI is evaluated from the equation (12), from which the

right-hand side is evaluated using the potentials on subdomain i+ 1.

The same procedure is used to impose conditions on the internal boundary of subdomain 1 (if it
exists) or the external boundary of subdomain i = N . In particular, if a Dirichlet condition is to
be imposed on the former, the potential value at the IGP position can be approximated by using
Taylor’s formula restricted to the first terms:

ΦIGP = 2ΦBI − ΦIIP (55)

This approximation results in a total error of order O(∆l2)+O(h2) where h represents the regular
spacing between the grid particles in every direction and ∆l the distance between the ghost and
image particles. Using the prescribed value at the interface and the interpolated value at the image,
enables one to impose a consistent potential value for the immersed ghost particle. Imposing a
Neumann condition on the external boundary of subdomain i = N is just a particular case of
the method described previously by considering that the subdomain N + 1 would correspond to
medium with zero conductivity.



Fig. 3. Phase-field variation in the vicinity of interfaces

The prescription of the boundary or interface conditions requires obviously that the location of the
corresponding surface should be determined at least implicitly. This can be done for instance with a
phase field method [70] as an alternative to level-set methods, requiring the introduction of a partial
differential equation that is to be solved for a phase field ψ, the zero phase-field contour being used
to implicitly track the sharp interface on a fixed grid. The corresponding phase-field propagation
equation has been derived from an interface advection equation by expressing the interface normal
and curvature in terms of a hyperbolic tangent phase-field profile across the interface as shown
in Fig. 3. As we are not considering curvature-driven interface motion, a counter term is used in
the phase-field equation to cancel out such motion [17]. In addition, no interface motion occurs
as the interfaces between the various subdomains are stationary, the relevant expression for the
corresponding PDE is therefore:

∂ψ

∂t
= ∇2ψ + ψ

w2 (1− ψ2)− |∇ψ| ∇ ·
(
∇ψ
|∇ψ|

)
(56)

the values of ψ being respectively equal to +1 and −1 at positions sufficiently remote from the
shared interface in the respective subdomains i and i + 1. A generalized Heaviside function can
be considered as an initial condition to enforce initially this boundary condition. The parameter
w is related to the width of the transition region between the +1 and −1 levels. This equation is
solved by discretizing the various terms within the DC-PSE framework described in section 4.1.

In practice, interfaces between N subdomains are considered, This can be taken into account, e.g
,by shifting the initial value of the phase field on each subdomain by a predefined value so that
each interfaces correspond to phase-field contours in a set of given level values corresponding, e.g.,
to integers. As there is no physics involved in the phase field, the interface is no longer viewed as
being diffused, the method shares some similarities with level-set methods. Interface normals and
curvatures can be easily calculated from the phase field. The phase field can be related to a signed
distance function to the interface d by the relation:



ψ = −tanh( d√
2w

) (57)

so that the corresponding interface location correspond to d = 0. Knowing the interface position
enables one to determine the normal vector ~n = ∇ψ

‖∇ψ‖ on those surfaces and therefore the image
particles once the immersed ghost particles are defined. For each region Ωi bounded by the in-
terfaces Γi−1 and Γi the ghost particles are determined by selecting all the neighbors of particles
located inside Ωi within a distance equal to the cut-off radius rc of Γi−1 and Γi. An example giving
the locations of the immersed ghost points for a spherical configuration with three regions is given
in Fig. 7.

4.3. Continuum surface reaction (CSR) method

An alternative to the determination of a sharp interface is to use a smoothing technique to im-
pose the related conditions, which has been treated in the literature under various terms like
regularization techniques [14, 47, 76, 77], continuum surface method [7, 58], diffuse interface [31],
or immersed boundary method in its original continuous form [52]. This alleviates the interface
topology constraint by not requiring any explicit or implicit determination of the interfaces as
opposed to the method described in the previous section.

Here, we consider the possibility of transforming the original diffusion equation (10) with its
heterogeneous normal derivative condition (12) into a reaction-diffusion one with homogeneous
Neumann condition by including a non-zero local source term at the vicinity of interfaces. Our
approach share some similarities with the very popular one used for modeling surface tension in
multiphase flows [7] and adapted recently for the treatment of Neumann and Robin boundary
conditions for advection-diffusion problems with the SPH method [58]. It also involves the use of a
smoothing kernel to produce diffuse interface effects but the approach for determining the kernel
is different.

If the discontinuous characteristic function χi associated with a given subdomain i is replaced
by a smooth function S(χi) varying from 1 to 0 over a distance of order O(w) where w is a length
comparable to the resolution afforded by a computational set of particles with spacing h, this
replaces the boundary-value problem at the interface by an approximate continuous model. The
interface where conductivity changes from σi to σi+1 discontinuously is therefore replaced by a
continuous transition. It is no longer needed to apply the flux condition (12) at the interface. In
the general case where there are several regions of different conductivities, a general characteristic
function taking for instance different integer values on each of them can be defined and the pro-
cedure described here can be easily generalized. Yet, we restrict ourselves here to the case of two
regions for the sake of simplicity.



The quantity Sis is defined as follows:

Sis(~xs) = σi∇Φ(~x−s , t) · ~n(~xs)− σi+1∇Φ(~x+
s , t) · ~n(~xs) (58)

with
~x−s ∈ Γ−i , ~x+

s ∈ Γ+
i (59)

for i = 1, ..., N − 1 and
SNs (~xs) = σN∇Φ(~x−s , t) · ~n(~xs)

Using the previous notation, the original unsteady diffusion problem (52) can be formulated as:

∂Φ(~x, t)
∂t

= σi∇2Φ( ~x, t)), ~x−s ∈ Ωi (60)

Φ(~x, 0) = Φ0(~x) (61)
Φ(~x−s , t) = Φ(~x+

s , t), ~x−s ∈ Γ−i , ~x+
s ∈ Γ+

i (62)
Sis(~xs) = (σi+1 − σi)~n(~xs) · ∇φd(~xs), ~xs ∈ Γi (63)

is converted into the following reaction-diffusion one:

∂Φ(~x, t)
∂t

= σi∇2Φ( ~x, t))− Siv(~x), ~x ∈ Ωi (64)

Φ(~x, 0) = Φ0(~x) (65)
Φ(~x−s , t) = Φ(~x+

s , t), ~x−s ∈ Γ−i , ~x+
s ∈ Γ+

i (66)
Sis(~xs) = 0, ~xs ∈ Γi (67)

In equation (64), the source term Sv(~x) can be specified in terms of Ss(~xs). In practice the two
conditions are automatically satisfied so there is no need to take them into account. The problem
can be globally reformulated as:

∂Φ(~x, t)
∂t

= σi∇2Φ( ~x, t))− Sv(~x), ~x ∈ Ω =
N⋃
i=1

Ωi (68)

with associated boundary condition :

Ss(~xs) = 0, ~xs ∈ Γ = ΓN (69)

In fact, this boundary condition can also be automatically satisfied. In equation (68), Sv is the
function that prolongates the Siv’s over Ω i.e. Siv is the restriction of Sv on Ωi ∪ Ωi+1. All Siv’s
vanish except in the vicinity of the related interfaces.



Smoothing the characteristic function χi of each subdomain i can be achieved by applying on
it the convolution operator S defined as:

S(χi)(~x) =
∫

Ωi∪Ωi+1
χi(~y)G(~x− ~y, Tw)d~y, ~x ∈ Ωi ∪ Ωi+1 (70)

where the kernel function G can be taken, e.g., as the Green’s function:

G(~z, t) = 1
(4πDt) 3

2
e−

~z2
4Dt (71)

and Tw is a parameter allowing for the tuning of the diffuse interface width w. There is no direct
explicit relation between Tw and w.

The smoothing function S(χi) is therefore the solution of the heat equation problem:

∂u(~x, t)
∂t

= D∆u(~x, t), ~x ∈ Ωi ∪ Ωi+1, t ∈ [0, Tw] (72)
with initial condition :

u(~x, 0) = χi(~x), ~x ∈ Ωi ∪ Ωi+1 (73)
so that

S(χi)(~x) = u(~x, Tw) (74)

The function χi is defined as:

χi(~x) = 1, ~x ∈ Ωi − Γi (75)
= 0, ~x ∈ Ωi+1 − Γi (76)
= 0.5, ~x ∈ Γi = Ωi ∩ Ωi (77)

The gradient of S(χi) can be expressed as:

∇S(χi)(~x) =
∫

Ωi∪Ωi+1
χi(~y)∇xG(~x− ~y, Tw)d~y (78)

Decomposing the integral as a sum of two integrals over each subdomain, using the definition of
χi(~x) and applying the divergence theorem leads to the following expressions:

∇S(χi)(~x) =
∫

Ωi
∇xG(~x− ~y, Tw)d~y (79)

=
∫

Γi
~n(~ys)G(~x− ~ys, Tw)d~ys (80)

=~n(~xs)
∫

Γi
G(~x− ~ys, Tw)d~ys +O(w

2

R2 ) (81)



In the last equation, which results from a Taylor expansion, ~xs denotes the closest point to ~x
located on Γi and R is the averaged radius of curvature at ~xs. As the Green kernel G has bounded
support, the portion of the surface contributing to the integral is of order O(w2). Assuming that
the point ~x lies within a distance w of Γi and letting w tend to zero, implies that:

lim
w→0

~n(~x) · ∇S(χi)(~x) = lim
w→0

∫
Γi
δ(~x− ~ys, Tw)d~ys = 1,∀~x : d(~x,Γi) ≤ w (82)

This results from letting ~x and G respectively tend towards ~xs and the Dirac function δ as w
vanishes and the definition of the Dirac function on a surface. It also implies that:

lim
w→0

~n(~x) · ∇S(χi)(~x)Ss(~x) = Ss(~x), ∀~x : d(~x,Γi) ≤ w (83)

Therefore, if the function Siv is defined as:

Siv(~x) = Sis(~x)~n(~x) · ∇S(χi)(~x), ~x ∈ Ωi ∪ Ωi+1 (84)

it tends to Sis as the interface width parameter w tends to zero.

The gradient of the smoothed characteristic function can be expressed, using equations (71) and
(78) as:

∇S(χi)(~x) = 1
2DTw

∫
Ωi∪Ωi+1

χi(~y)(~x− ~y)G(~x− ~y, Tw)d~y (85)

= 1
2DTw

(~x
∫

Ωi∪Ωi+1
χi(~y)G(~x− ~y, Tw)d~y −

∫
Ωi∪Ωi+1

χi(~y)~yG(~x− ~y, Tw)d~y) (86)

= 1
2DTw

(~xS(χi)(~x)− S(I × χi)(~x)) (87)

where I is the identity function and the function I×χi is defined by I×χi(~x) = χi(~x)~x. Therefore,
the source term Sv(~x) can be finally expressed as:

Siv(~x) = Sis(~x)
2DTw

~n(~x) · (~xS(χi)(~x)− S(I × χi)(~x)), ~x ∈ Ωi ∪ Ωi+1 (88)

4.4. Implementation and additional remarks

In this section, we give some details relative to the implementation of the numerical method and
additional remarks. Clearly, the method is not restricted to the EEG problem and could be used



for many other diffusion problems with coefficients varying across interfaces.

The accuracy of the method is evaluated on the various benchmark by using the classical L2 and
infinite norms classically used for EEG problems [64, 80] and respectively defined as:

‖Φ‖2=

√√√√ Np∑
k=1

(Φ(k)− Φanalytical(k))2

√√√√ Np∑
k=1

(Φanalytical(k))2

(89)

and

‖Φ‖∞=
max
k=1...Np

|Φ(k)− Φanalytical(k)|

max
k=1...Np

|Φanalytical(k)| (90)

In order to simplify the accuracy estimation of the method via errors versus particle spacing,
particles are located at regular positions in a grid-like manner but the method is by no means
limited to such a configuration and scattered locations could also be used as well. It is clear that
the method could benefit from adaptivity, thus enabling to tune the particle spacing according
to the solution gradient [55]. We have not considered it at this stage for the sake of simplicity
but will definitely implement it to tackle problems with more complex geometries as this feature
is already available in the PPM library [4, 55] and it would only induce minor adaptation of the
present algorithm.

As this has been already underlined, the potential continuity equation(11) is implicitly satisfied
by the method whereas homogeneous Neumann condition are also implicitly imposed by the use
of symmetric kernels, which are therefore well adapted to the CSR approach.

???
The phase-field-like equation (56) used to implicitly determine the interface location is solved
with a generalized step function taking different as indicated in section and Dirichlet boundary
conditions imposed sufficiently far from the transition region.
???
It can be observed that a traveling wave develop in the field solution as this can be inferred
from the theory of reaction-diffusion systems after a certain pseudo time causing the isocontour
associated to the interface to drift away radially. Although this issue has not been mentioned in
reference [70], it is very important to be aware of it as the corresponding location is used to impose
the interface conditions. In practice, either a method to compensate the drift has to be provided
or the pseudo time iteration process must be stopped before the wave develops.

The two integral terms S(χi)(~x) and S(I ×χi)(~x)) involved in equation (88) giving the expression
of the source term Sv are computed recalling the analogy between using the convolution with a



Green function and solving a heat equation problem as underlined in section 4.3 . A diffusion
problem such as (72)-(74) is solved for each of these integral terms. Their expressions are obtained
by replacing in equation (70) the operand of operator S by the function to be smoothed. In
practice, only a few steps are used, thus making the evaluation of the reaction function Siv fast.
An alternative would be of course to use fast Gauss transforms, which involve a fairly substantial
amount of numerical and analytic machinery [22, 73, 68] or Fourier transforms [40].

Due to the smoothing process in the vicinity of the external boundary, the value of potential
gradient in a small region close to that surface is not correct, the extension of that region being
controlled by the parameter w, it is necessary either to extrapolate it from values of the poten-
tial outside that region. An alternative is to use the immersed interface method to apply the
corresponding Neumann condition.

5. RESULTS

5.1. 1D dipole in a two-region domain

This simple test case presented in section 3.1 enables to check that the computational model
handles the conditions at the interfaces correctly. The theoretical correction potential Φ is a
simple piecewise linear function. We present only the results corresponding to the CSR method
as the imposition of the interface and boundary conditions are trivial with the immersed interface
one. The potential profiles for various inter-particle spacings h can be seen in Fig. 4. As expected,
the computed profile gets closer to the analytical one as the number of particles is increased.
In small regions surrounding the interfaces and boundaries, the solution is locally different from
theory due to the imposition of homogeneous Neumann conditions. The width of these regions
decay as the particle spacing is reduced. From Fig. 4, it is clear that the efficiency of the method
could be improved by reducing the particle spacing in the vicinity of the interface points, thus
performing local adaptivity.

The shape of the reaction function Sv is shown in Fig. 5. As expected Sv tends to a one-sided
Dirac function as h decreases.

The variations of the L2 and infinite relative errors defined from equations (89) and (90), vs. the
number of particles are visible in Fig. 6. A convergence order better than 2 can be observed.

As required by equation (83), it has been checked numerically that the dot product ~n(~x) ·
(~xS(χi)(~x)− S(I × χi)(~x)) tends to 1 as the diffuse interface width parameter w tends to zero.
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Fig. 4. Potential profiles for four various inter-particle spacing (h = 0.25, 0.5, 1.0, 2.0). The continuous
line corresponds to the analytical solution.
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Fig. 5. Sv profiles for various inter-particle spacing (h = 0.25, 0.5, 1.0, 2.0).
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5.2. Multilayered spherical volume

To be shown:

1) error plot versus particle spacing h for both IB and CSR methods

2) Plot in the x-y plane showing the position of the immersed ghost particles in the vicinity of
each interface/boundary (cf. Fig. 7).

3) Potential computed for the three-sphere model (cf. Fig. 8)

5.3. 3D dipole

To be shown:

1) error plot versus particle spacing h for both IB and CSR methods

2) Plots of the computed potential

6. CONCLUSIONS

To be completed.
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Fig. 7. Immersed ghost particles for the various interfaces and external boundary.
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Fig. 8. Potential computed for the three-sphere model without dipole (blue symbols correspond to the
analytical solution and red ones to computed values.

A meshless particle method based on a high accuracy discretization-corrected PSE operators
for solving the EEG forward problem has been presented. One of the main difficulties is the
imposition of conditions at interfaces between regions of different conductivities as the knowledge
of the interface location. Two variants for imposing the boundary conditions at the interfaces are
proposed and compared. The first one is based on an immersed interface method the implicit
determination of interfaces with a simplified phase-field equation while the second is based on
a regularization technique to transform the heterogeneous interface conditions into homogeneous
ones then involving an additional continuous volume contribution to the Poisson equation. We
have demonstrated its capabilities and limitations on a simple discontinuous 1D diffusion problem
and 3D Poisson problems in a three-region spherical geometry with respectively Dirichlet and
Neumann conditions and a dipole source.

For real EEG, as the geometrical data directly related to conductivity is provided only on voxels



of given size, which implies a degree of uncertainty on the interface location, one question that
has not been addressed in the literature is the needed level of refinement of the computational
model and the accuracy that can be expected from a sensitivity analysis. This can be assessed for
simplified geometries where the interface location is known and for which an analytical expression
can be obtained for the corresponding potential and is left for a future study.

in order to simplify the accuracy estimate of the method via errors versus particle spacing, a
grid-like distribution of particles has been used but the method is by no way limited to such a
configuration and scattered particle locations could also be used as well. Clearly, it could benefit
from adaptivity, thus enabling to tune the particle spacing according to the solution gradient and
reducing the number of involved particles and subsequently the computational burden. This is
particularly true if the continuum surface reaction approach is selected as its accuracy is even more
sensitive to particle clustering in the vicinity of interfaces than its immersed interface counterpart.
This feature will be implemented in order to tackle problems with more complex geometries.

Clearly, the method is not restricted to the EEG problem and could be used for other diffu-
sion problems with properties varying across interfaces and for many other engineering problems
involving fixed or moving interfaces as e.g. those related to fluid mechanics.
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[51] W. Ou, M. S. Hämäläinen, and P. Golland. A distributed spatio-temporal eeg/meg inverse
solver. NeuroImage, 44(3):932 – 946, 2009.

[52] C. S. Peskin and B. F. Printz. Improved volume conservation in the computation of flows
with immersed elastic boundaries. J. Comput. Phys., 105(1):33 – 46, 1993.

[53] R. Plonsey and D. B. Heppner. Considerations of quasi-stationarity in electrophysiological
systems. Bull. Math. Biophys., 29:657–664, 1967.

[54] C. Ramon, J. Haueisen, and P. H. Schimpf. Influence of head models on neuromagnetic fields
and inverse source localizations. Biomedical Engineering OnLine, 5(55), 2006.

[55] S. Reboux, B. Schrader, and I. F. Sbalzarini. A self-organizing lagrangian particle method for
adaptive-resolution advection-diffusion simulations. J. Comput. Phys., 231(9):3623 – 3646,
2012.

[56] M. Rullmann, A. Anwander, M. Dannhauer, S. Warfield, F. Duffy, and C. Wolters. Eeg
source analysis of epileptiform activity using a 1â mm anisotropic hexahedra finite element
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