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Question 1: Proofs of the Weak Law of Large Numbers

a) The characteristic function is an alternative way to describe a random variable and
is defined as ϕx(t) := E[eitx] for a random variable X. Prove the weak law of large
numbers by showing that the characteristic function of XN = 1

N

∑N
i=1Xi approaches

eitµ as N →∞.

b) Chebyshev’s inequality states that, for a random variable X with finite mean µ and
variance σ2, no more than 1/k2 of a distribution’s values can be more than k standard
deviations away from the mean µ.

P (|X − µ| ≥ kσ) ≤ 1

k2

Another form of this inequality is:

P (|X − µ| ≥ ε) ≤ σ2

ε2

Prove the weak law of large numbers using Chebyshev’s inequality by showing:

lim
N→∞

P (|XN − µ| ≥ ε) = 0

Question 2: Monte Carlo Integration

Find
∫ 1

0
exdx by Monte Carlo integration using a sample size of N = 20 random numbers

from a uniform distribution U(0, 1). Compute the mean and variance of the estimator.
How does it compare with the analytical mean and variance?
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Question 3: Multivariate Monte Carlo Integration

Evaluate the double integral
∫∫

R
(3y−2x2)dA analytically and using Monte Carlo integration.

R is the area consisting of all points (x, y) for which −1 ≤ x ≤ 2 and 1 ≤ y ≤ 3. Use
sample sizes of n = {10, 50, 100, 500, 1000} and plot the mean and standard deviation vs.
sample size. Compare the Monte Carlo integration with the analytical result.

Question 4: Importance Sampling

Solve for the expectation of the function f(x) = 10e−2|x−5|, where x ∼ U(0, 10), using simple
Monte Carlo integration and importance sampling from a gaussian distribution N(5, 1). Use
a sample size of N = 200 and calculate the mean and variance of the estimator. What can
you observe about the variance between the simple Monte Carlo integration and importance
sampling strategies?
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