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Question 1: Variance of MC Integration vs Importance Sampling

a) Numerically compute the mean and variance of
∫ 1

0
(x2)dx using simple MC integration

with a standard uniform PDF proposal p(x) and importance sampling with the proposal
PDF q(x) = 2x, (0 ≤ x ≤ 1). Compare the mean and variances with the analytical
solution (see lecture notes) for N = 100 samples.

b) Compute the variance from using simple MC integration with a uniform proposal
distribution from X ∼ U(0, 10) and importance sampling with a normal proposal

distribution from X ∼ N(5, 4) to estimate
∫ 10

0
(10x − x2)dx. Solve this problem

analytically and numerically with N = 100 samples for each method. You may use
numerical solvers to evaluate definite integrals in the analytical solution.

Question 2: Optimum Proposal Distribution

Find the optimum σ2 for the proposal distribution q(x) ∼ N(0.5, σ2) to estimate the integral
of the PDF of X ∼ Beta(2, 2) from 0 to 1 by importance sampling. Solve this problem
numerically by scanning through σ2 values from 0.03 to 0.3 in increments of (0.3−0.03)/20.
Use N = 1000 samples to obtain the variances.

Question 3: Variance Reduction by Antithetic Variates

a) Estimate
∫ 1

0
(10/(x+1))dx using MC integration with 2N = 100 samples from a uniform

proposal distribution X ∼ U(0, 1) and with N = 50 samples from X together with its
antithetic variates 1−X. Compare the mean and variance between the two approaches
from 1000 trials.

b) Estimate
∫ 10

0
(10x− x2)dx by importance sampling with a proposal distribution p(x) ∼

N(5, 4) using antithetic variates from a uniform distribution. Use 1000 trials and a
total of 2N = 100 samples to obtain the importance sampling variance. How different
is it from the variance obtained in question 1b?

Hint: Generate random numbers and their antithetic variates from a uniform distribution
and do a transformation to a normal distribution for importance sampling OR generate
antithetic variates of random numbers from a normal distribution by getting their mirror
image values from the mean.
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